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ON RELATIVE CHINESE REMAINDER THEOREM
YouNG Soo PARK aND SEoG-HooN Rim

Previously T. Porter [3] has given a relative Chinese Remainder The-
orem under the hypothesis that given ring R has at least one 7-closed
maximal ideal (by his notation Max,(R) # ¢). In this short paper we
drop his overall hypothesis that Max,(R) # ¢ and give the proof and
some related results with this Theorem.

In this paper R will always denote a commutative ring with identity
element and all modules will be unitary left R-modules unless otherwise
specified.

Let 7 be a given hereditarty torsion theory for left R-module category
R-Mod. The class of all 7-torsion left R-modules, dented by 7 is closed
under homomorphic images, submodules, dire~t sums and extensions.
And the class of all 7-torsionfree left R-modules, denoted by F, 1s
closed under taking submodules, injective hulls, direct products, and
isomorphic copies([2], Proposition 1.7 and 1.1C).

Notation and terminology concerning (hereditaty) torsion theories
on R-Mod will follow [2]. In particular, if 7 i¢ a torsion theory on R-
Mod, then a left R-submodule N of M is said to be 7-closed (7-dense,
resp.) submodule of M if and only if M/N is 7-torsionfree (7-torsion,
resp.). A module M is called 7-cocritical if M € F and M/N € J for
each nonzero submodule N of M. A left ideal L of R is 7-critical if
R/ L is T-cocritical.

Follow Porter [3], we denote Max,(M ) be the set of all maximal 7-
closed submodules of M and we say ideals I, J are 7-comazimalif I+ J
15 7-dense in R. Let Iy, I, - , I, be ideals of R, they are patrwise 7-
comazimal in case I; + I; is T-dense in R whenever ¢ # j. For example,
if each I, is a maximal 7-closed ideal of R or each I; is a 7-critical ideal,
then these ideals are pairwise 7-comaximal.
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The following Lemma 1 and Theorem 2 can be found in [3], we give
the proof of Lemma 1 for the completeness of this paper.

LEMMA 1. (Porter, [3]) Let M be a left R-module, and I, J be 7-
comaximal ideals in R, then (IM N JM)/IJM is t-torsion.

Proof. If e € IMNJM, (I + J)x € IJM. Since I + J is 7-dense
in R, we have that ann(z 4+ IJM) is 7-dense in R. As r was arbitrary
we find ann((IM N JM)/(IJ)M) D I + J. Thus we have the desired

result.

The author can find the following relative Chinese RemainderTheo-
rem in [3]. The version of Porter gave us an impression to study it.

THEOREM 2 (PORTER). Let R be a commutative ring and t be a
torsion theoryon R-Mod. Suppose that Max.(R) # & and let {L]i =
1,2,---,n} be a finite family of pairwise T-comaximal idelas in R. For
any left R-module M, we have

(1) (I ;)M — (N, [,)M is 7-surjective and

(2) M — @7 M/I;M is 7-surjective with kernel "\"_ I, M

The condition Max,(R) # ¢ was used by the fact that every member
in Max,(R) is prime ideal in R, which is Albu and Nastisescu’s work

[1].

In order to drop the condition Max,(R) # ¢, we need a lemma,
which is useful in the proof of main Theorem.

LEMMA 3. Let R be a commutative ring and {L;|i = 1,2,--- ,n} be
pairwise T-comaximal idels of R. Let M be any left R-module, then we
have the following :

(1) I + Njxil; is T-dense in R for each i = 1,2,--- ,n

(2) M + (N;%:1;)M is 7-dense in M for eacht¢ = 1,2,--- ,n.

Proof. (1) We prove for the case I} + D, is 7-dense in R, where
Dy = Njx11;. For the case n = 1 is clear. Assume that I) + ﬂf:,zfj is
7-dense in R.

Note that I; + ﬂf:;[]- contains (I; + ﬂszIj)(Il + Igy1), which is
7-dense in R, thus I; + ﬂf:; is 7-dense in R i.e., the induction step is
proved. Consequently I + Ni=2l; = I1 + Dy is 7-dense in R. A similar
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argument shows that for each ¢ = 1,2,--- ,n, [; + D; is 7-dense in R,
where D,‘ :Il ﬂIgﬂ---I,-_] ﬂ_[,'_}.] ﬂﬂ[n

(2) For each ¢ = 1,2, -+ ,n, note that LM + D;M = (I, + D;,)M.
M/(I; + D;)M can be a left R/(I; + D;)-module by the action (r+1I; +
Dz)(m + (I + Dl);M) =rm+ ([; + D)M

We regardM/(I; + D;)M as a homomorphic image of free R/(I; +
D;)-module @oem(R/(L; + D;))a, by (1) R/(1; + D;) is 7-torsion and
r-torsion class is closed under direct sum, we Lave that LM + D; M is
T-dense in M.

THEOREM 4.(RELATIVE CHINESE REMAINDER THEOREM). Let R
be a commutative ring and {L;Jt = 1,2,--- ,n} be a finite family of
pairwise 7-comaximal ideals in R. For any left R-module M, we have

(1) (I, IL;)M — (N, I,)M is T-surjective and

(2) M — & M/I;M is 7-surjective with kernel N7_, ;M

Proof. (1) The case n = 1 is trivial. Assume the result holds for
any left R-module M and all families of pairwise 7-comaximal ideals

having fewer than n. Consider {I;|: = 1,2,-- ,n} and we denote by
P; = 2.1 and D; = Nj4;1; We want to show that I; 4+ P; is 7-dense in
R. By Lemma 3 (1), for each ¢ = 1,2, -+ ,n, I, and D; is 7-comaximal
ideals in R.Now apply to Lemma 1, we have that %’—?im T-torsion, so

its homomorphic image IIL{—% is 7-torsion. Consider the following short
exact sequence,

I, + D, R R
— — —
I + P I+ P I; + D;
By the Lemma 3(1), R/I; + D; is r-torsion module. And the 7-
torsion class is closed under extension, so we have R/(I; + F;) is 7-

torsion, thus I, + P; is 7-dense in R.
Now we can apply the Lemma 1, and get

(H}C’:,Ik)_M = ILLPM — LM N P;M is au T-epimorphism.
Now by the induction hypothesis, [ M N P,M — LM N (D;M) is

T-surjection.
Thus (II7_ Ix)M — (N7_1Ix)M is 7-surjection.

— 0
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(2) The case n = 1 is clear.

We also assume the result holds for any left R-module M and all
families of pairwise 7-comaximal ideals having fewer than n.

Consider the following short exact sequence

- M MM M
(ﬂqu,-IjM)OIi./LI DM~ LM DM+ M

By the Lemma 3(2), M/(D;M + I,M) is 7-torsion. Thus M/(D;M
N I;M) is 7-dense in M/D;M & M/I;M. Now apply the induction
hypothesis

M M . M M . M
DM IM M Y Tar =UTM

1s T-surjection. Thus we have the desired result.

We examine R-submodules {I;M]: = 1,2,--- ,n} of M in above
lemmas and theorems, and consider the following concept in module
theoretic sense.

DEFINITION. Let M be a left R-module, a set of left R-submodules
of M {N;v = 1,2,--- ,n} is called T-coindependent in M if (i) each
Ny is not 7-dense in M and (ii) N; 4+ N;%.N; is r-dense in M for each
i=1,2,-.n

For example, given pairwise 7-commaximal ideals of commutative
ring R {I;|t = 1,2,--- ,n}, consider left R-submodules {I;M}i = 1,2,

,n}, then the Lemma 3(2) shows that {I;[M|i = 1,2, | n} is a set
of 7-coindependent in M.

Properties on 7-coindependent submodules can be found in [4].

In here,we mention only the fact related with Relative Chinese Re-
mainder Theorem.

PROPOSITION 5. Let R be a ring with identity (R may not be com-
mutative) and let {]V le = 1,2,--- ,n} be a set ofT coindependent R-
submodules of M. Then we have M — @7 11\/ is T-surjectivewith
kernel N7_, N,.
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Proof. The case n = 1 is clear. We assume for any left R-module
M and all families of 7-coindependent submodules having less than n.
Consider the following short exact sequence ;

0 M M o M M
o - £ G
(M35 1] N)NN, M 11 N, N, NP-IN, + N,

1=1

— 0

By the 7-coindepency of {N;jz = 1,2,---  n}, AN, + N, is 7-

=1 "
densein M. Use the induction hypothesis we have the result.
COROLLARY 6. If Max.(M) is finite, then M /J, (M) is 7-semisimple
T-artiman, where J.(M) is the relative Jacohson radical of M.

Proof. Since Max,(M) is finite, J.(M) = 7| N,, where N, is 7-
critical submodules of M. And the set {N,|t = 1,2,--- ,n} forms a 7-
coindependent submodules in M, then the relative Chinese Remainder
Theorem (Theorem 4) gives an 7-epimorphism 7%5 — DIy '2747

i

Hence 7—%‘—5 18 T-semisimple and r-artinian as left R-module.
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