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BETTI NUMBERS OVER ARTINIAN LOCAL RINGS

SANGKI CHOI

I. Introduction

Every ring in this paper is assumed to be commutative and noether-
lan.

Let (R,n) be a local ring with maximal ideal n and M be a finitely
generated R-module. The ith Betti number hf*(M) of M is the inte-
ger dim g, Tor®(M, R/n), which is also the rank of the i module in
the minimal R-free resolution of M. In this paper, we study the as-
ymptotic behavior of the sequence of Betti numbers. We focus on the
following two problems and develop tools for measuring nondecreasing
and exponential growth of the Betti numbers.

PROBLEM 1.1. (L. Avramov; [Av;, 5.8]) Is the sequence bf(M)
eventually nondecreasing for any finitely generated module M over the
local ring R?

PROBLEM 1.2. (M. Ramras; [Ry]) Is it true that for an arbitrary
finitely generated module over a local ring R, there are only two possibil-
ities: either the sequence bR( M) is eventually constant, or LHmbR(M) =
oo ?

Problem 1.1 is known to be true, if R is a Golod local ring [Lo,
Corollary 6.5], n* = 0 [L;, Theorem B(3), Proposition3.9}, or if R has a

regular presentation with an integrally closed kernel [Cy,Theorem 1.1].

Besides the possible asymptotic behavior of Betti numbers as stated
above we may introduce the growth of Betti numbers as follows:
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DEFINITION 1.3. [Avg, Definition 1.1] Let M be a finitely generated
module over the local ring (R,n). Put

sl = bR,

3=0

The complezity of M, cxgM, is defined to be d, if d — 1 is the smallest
degree of a polynomial in 7, which bounds b2(M) from above (the zero
polynomial is of degree -1); if no such polynomial exists, then we set
cxpM = oo.

We say that the sequence of Betti numbers has polynomial growth of
degree d, if there exist polynomials p(z) and ¢(z) with real coefficients,
which are both degree d and have the same leading term such that we
have the inequalities

pli) < BF(M) < q(i),  i>>0.

We say that the sequence of Betti numbers has ezponential growth, if
there exist real numbers 1 < 4 < B such that we have the inequalities

A' < gR(M) < B, i >> 0.

If we can replace 37 (M) by bR(M) in the inequalities above, then we say
the sequence of Betti numbers has strong polynomial growth of degree
d, resp. strong ezponential growth. An upper exponential bound B is
known to exist for any finitely generated R-module (see, [L;, Lemma
in sec.1] or [Avs, (2.5)]).

Over a complete intersection the sequence bF(M) has strong poly-
nomial growth of degree one less than czpM for a finitely generated
module M [Av,, Theorem 4.1]. The sequence of Betti numbers has
strong exponential growth, if R is a Golod local ring and the sequence
Is strictly increasing [Avs, Corollary 2.7}, or if R has a regular presen-
tation (S, m) with an m-primary m-full kernel [Cs, Theorem 3.5].

In this paper we study exponential growth of Betti numbers over
artinian local rings. By the Change of Tor Formula tle results in the
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paper extend to the asymptotic behavior of Betti numbers over Cohen-
Macaulay local rings. Using the length function of an artinian ring we
calculate an upper bound for the number of generators of modules, this
is then used to maximize the number of generators of sygyzy modules.
Finally, applying a filtration of an ideal, whick we call a Loewy series of
an ideal, we derive an invariant B(R) of an artinian local ring R, such
that if B(R) > 1, then the sequence bf( M) of Betti numbers is strictly
increasing and has strong exponential growth for any finitely generated
non-free R-module M (Theorem 2.7).

I1. Modules over artinian local rings

In this section we study the sequence of Betti numbers over artinian
local rings and exhibit classes of artinian local rings, over which the
sequence of Betti numbers is eventually nondecreasing and has strong
exponential growth. First, we minimize the number of generators of a
module when it is contained in IR® (I is an ideal of an artinian local
ring R). This is then used to maximize the lower exponential bound
of the growth of Betti numbers. Our main points in this section are
Lemma 2.4 and Proposition 2.6.

DEFINITION 2.1. Let (R,n) be an artiniar local ring with maximal

ideal n and let I be an ideal of R. Let I(I) denote the length of I and
let h(I) be the integer h satisfying n*I # 0 but n*+1I = 0. The Hilbert
function Hp(t) of R is the polynomial, 1 +et! +-- + eh(}g)th(R) where
€; = dimR/EQi/Q'“. Let

bx(R):=2cx + h(R) —I(R) — k. 1<k <h(R),
and let A{(R):=é,(R) and for 2 < k < h(R)

2ep +eg1+--+eg+hR)—I(R)—k
ek—1 + - +e +1 '

Ag(R) =

We now quote results of Gasharov and Peeva.
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LEMMA 2.2. [G-P, Lemma 2.1] Let (R,n) be an artinian local ring
and let M be a finitely generated R-module such that M C n"R® (b >
1, n>0). Then

u(M) < (I(n") +n — h(R))b.

PROPOSITION 2.3. [G-P, Proposition 2.2] Let (R,r) be an artinian
local ring and let M be a finitely generated R-module Then

S (RBI(M) <bE (M), i> M)

We generalize Lemma 2.2 as follows.

LEMMA 2.4. Let (R,n) be an artinian local ring and I be an ideal
of R. If M is a submodule of IR® (b > 1), then

p(M) < (I(I) — h(I))b.

Proof. By induction on A(I). If h(I) = 0, then both M and TR® are
vector spaces over &/n. So u(M) < I(I)b. Now let h(I) # 0 and assume

the induction hypothesis. Let vy,--- , v, be a minimal generating set of
M. We may assume that v;,--- ,v, (p < s) are contained in a minimal
generating set of IR® and vy41,- - ,v, are in nIR®.

Consider first the case when p < (p(I)—1)b. Let M' = Rvpq1+---+
Ru,, then M’ C nIR® such that h(nl) = h(I) — 1. So by the induction
hypothesis

p(M) =p+ p(M')
< (u(I) = 1)b+ (I(nd) — h(nI))b
= (I(I) = h(I))b.
Suppose now p > (pu(I)—1)b. Set ¢ = u(I)b—p, then 0 < g < b. Let

V1, -+ ,Vp, W1, - ,wy be a minimal generating set for TR®. We may
take w;s of the form

U?«,‘:(O,"',O,G,‘,O,"'.O), aieIﬂ
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where ¢; is in the k;th place. Furthermore, permuting the summand
of R®, if necessary, we may assume that k; > b—¢ (1 <: < ¢q). That
is, w; € IR? under the decomposition R® == R*~9 ¢ RI. Thus for
p+1< 7 <5 we have

P q
v; = E TijU + E S5 Wi, Tij,Si; € 1.
1=1 t=1

Let v; = Y 1 sijw; and M" = Rv,,, + -+ Rv,. Then M = Ruv1 +
-+ Rvp, + M" and M" C nIRY. Applying the induction hypothesis
for M" we obtain

(M) =p+ pu(M")
< ()b — g+ ((nl) - k(nl)q
= p(Db— g+ (l(nl) = k() +1)q
< ({{I) = R{I))b.

This finishes the proof of the lemma, O
DEFINITION 2.5. Let (R,n) be a artinian local ring and I be an
ideal of R. A sequence I of properly included ideals,
I: I=1,Ccl,,Cc---CcliCly=R,

is called a Loewy series of I, if nI; C I;4 (0 <1 < aa—1). We also

define
. (I)-=2l(nI)+ h(nl)

(o) 4+ p(Tamy)’
B(I) :=sup{ A(X) | I is a Loewy series of I },
B(R):=sup{ 8(I) | I is an ideal of R }.

AT

Note that for any ideal I of the artinian local ring (R,n) a Loewy
series of I exists. That is,

I=I,c(I:n)c(I:p))Cc---Cc(I:n*)=R

is a Loewy series of I. Note also I1 = n.
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PROPOSITION 2.6. Let (R,n) be an artinian local ring with B(R) >
1 and let M be a finitely generated R-module. Then for any 1 < A <
B(R) and i > p(M)
ABY(M) < b (M),

Proof. We may assume M is not free, otherwise the assertion is
trivial. There exists then an integer n, 1 < n < u(M), such that
bn > bn_1. Since B(R) > 1, there exists an ideal I and a Loewy series,

I: =1y Clyy C---CI Cly=R,of Isuch that A(I) > A for
any 1 < A< B.
Consider ,

IR — nIRb-1,

Set b = b, and d = d, for convenience. Let I be minimally generated
by ay,--- ,a. and fx = (0, --,0,a;,0,---,0) € IR for i = 1,--- e
and k =1,--- ,eb. Put L = Rdf; + -+ + Rdfey. By Lemma 6.4 L can
be generated by ¢ elements, say, by dwy,--- ,dw, where ¢ < (I(nl) —
h(nl))bn—y < (l(nl) — h(nl))b. Thus for ¢+ 1 < j < €b

g
df; = ZT‘z‘jdfﬁ rij € R.
=1
Hence uj = f; — >°9_, ri;fi is in ker d.
Step 1. Let Vi = {ug41.- -+ ,Ues}, and express V as a disjoint union
of two sets

VO = {U?"" ,USO}U{IU?,"' 7w?0}

where v) € kerd — I, kerd and w? € I kerd. Note that V; C kerd is
linearly independent modulo nIR®, and eb— ¢ = |V;|.

Step 2. Suppose that we have constructed Vg, -+, Vi (k < a — 2)
mductively, such that each V; is contained in I;kerd and is linearly
independent modulo n/R® (0 < i < k) satisfying

eb—q < (u(Io) + - + p(Jk=1))bnt1 + [Vil|.
Express Vi as a disjoint union of two sets,
Vi = {U{Cv"' ,vfk}U{wf,-“ vwf,,}
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where vf € It kerd — I;41 kerd and wf € Ixyr kerd.

If si < p(Le)bpt1, then let py = s and Viyy = {wk, - ,w{‘k}.
Otherwise take a maximal subset, say, v, ;v;’fk of vk ... ,vfk (pr <
s4), which are linearly independent modulo nly kerd. Join z¥ ... ,xgk,
such that px+gx = u(Ixkerd) < p(Ix)bpyq and vf, - - ,vzk,xf, e ,xgk

are a basis of Iy kerd. Then for py +1 < j < sy

Pk

9k

ko E k E . ok .

b]' = T'i]"l)i + b;fjl',"’ Tl]',bij E R
=1

=1

We claim that s;; € n for all 7 and 5. Suppose not, say, s1p,+1 is not
in n. Then

Pk 9k
k_ k , k , Kk
Iy = 1/511’k+1(vpk+1 - E Tipy+1V; =~ Zslpkﬂl’i ).
1=1 =2
Substituting v;ij for 2%, we see that v¥,. .. .vl,‘k+1,:r§, e ,a:gk are a
basis of It ker d. This contradicts the choice of of,--- v} .

Now consider

Pk gk
k__ _k Z._,k_ﬁ:“k
ZJ' = Uj — 71]'01‘ = 51]1‘1-
=] =1
contained in nl; ker d so contained in Iy ker d and let
gk Kk k Uk
Vk+1—‘{u17"'7u’ik7"pk+h' '-,~'~3k}

. Then Vj41 is contained in Iy ker d and is linearly independent mod-
ulo nITR? satisfying
eb—q < (u(lo) + -+ pu(Ix-1))bns1 + sx + i
= (o) + -+ + pu(Le—1))bntr + gk + (sk — pr) + tk
<{p(Lo) + -+ + pldk))bntr +

Viril-
Step 9. Inductively, we have constructed Vi, - , Vo1 such that
eb—q < (p(lo) + -+ p(Ia—2))bat1 + [Va-1l.
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Note that V,_; is contained in I,._; kerd and is linearly independent
modulo nIR®. So it is linearly independent modulo nf,_1 ker d, since
nl,_1kerd C I'kerd C nIR®. Hence

Va—1] < p(la-1 kerd) < P(To—1)bnts.
Therefore

(o) + - + M La-1))bat1 > eby — g
= pu(I)b, — ¢
2 u(Dby — ((n) ~ h(nl))bs
= (I(I) — 2U(nI) + h(nl))b,.

In particular, by41 > b, and we can iterate the above argument. 0O

In terms of exponential growth and nondecreasing of Betti numbers,
Proposition 2.6 can be restated as follows.

PROPOSITION 2.7. Let (R,n) be an artinian local ring and M be a
finitely generated R-module.

(1) If B(R) > 1, then for any non-free R-module M the sequence
bE(M), 1 > u(M) of Betti numbers is strictly increasing and
has strong exponential growth with a lower exponential bound
A for any 1 < A < B(R).

(2) If there exist an ideal I of R and a Loewy series, I : I = I, C
In_1 C---CIi CIy=R, of I such that A(I) > 1, then

ADBE(M) < bR [(M).

So the sequence bIR(M),-Z“(M) of Betti numbers is nondecreas-
ing for any finitely generated R-module M.
Proof. Immediate from Proposition 2.6. [

REMARK 2.8. If A(I) > 1 for a Loewy series, I : f =1, C I, 1 C
-+ C I) C Iy = R, of an ideal I in an artinian local ring (R,n). Then
the denominator of A(I) satisfies the inequality,

u(lo)+ -+ pu(lo—1) 2 U(R) — l(nla-1)
>U(R)-UI).
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Hence for A(I) > 1, it is necessary that
{I) — 2Unl) + h(nl)
I(R)—I(I) -

L,

equivalently,

2u(l) + h(nl) = I(R) > 1.

If we interpret Proposition 2.6 and 2.7 in terms of the Hilbert’s co-
efficients e;, then we obtain the following theorem which also extend
Proposition 2.3.

THEOEM 2.9. Let (R,n) be an artinian local ring with Ax(R) > 1
for some k and let M be a finitely generated F-module. Then

AR(RBE(M) < bR (M.

So if Ax(R) > 1, then for any non-free module M the sequence bE(M),
i > u(M) of Betti numbers is strictly increasing and has strong expo-
nential growth with a lower exponential bourd A = Ag(R). And if
Ax(R) > 1, equivalently, éx(R) > 1, then for any finitely generated
R-module M the sequence bfz(]ﬂ),;zu(M) is nondecreasing.

Proof. For I = n* we have an obvious Loewy series,

I:nfcn*'c - nchR,

of n*. In this case A(I) = Ay and the assertion of the theorem follows
from Proposition 2.6 and 2.7. [

REMARK 2.10. The result of Gasharov and Peeva (Proposition 2.3)
has been applied for artinian local rings of ‘lower’ lengths (cf. [G-P,
Theorem 1.1]). On the other hand the generalized form (Theorem 2.9)
can be used for artinian local rings of ‘higher’ embedding dimensions,
in which case e; may increase fast. For example, let S = k[[z,y, z]],
the power series ring in three variables z, y and z over the field k
and let R = S/I where I is the homogeneous ideal generated by all
monomials of degree 3 except ryz, then the Hilbert’s polynomial is
Hp(t) = 1+ 3t + 6t* + 3. Hence A1(R) = -3 and Ay(R) = 5/4.
So the sequence b M) of any finitely generated non-free R-module M
is strictly increasing and has strong exponential growth with a lower
exponential bound 5/4.
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