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ON p—AD工C DIFFERENTIABLE FUNCTIONS

Han Soo Kim and Pil-Sang Lim, Taekyun Kim

I. Introduction

Throughout this paper, Qp and Cp will denote the ring of p~ 

adic rational integers, the field of p-adic rational numbers and the 

completion of the algebraic closure of respectively. Let N be the 

set of natural numbers and 0, and let J denote the set of N with the 

p-adic valuation | ), which is so normalized that \p\ = p-1. Hence J is 

regarded as a dense subset of the p~adic integer ring If a function 

f is continuous on J, then f can be uniquely extended to a continuous 

function on and Mahler's expansion

加=*(：)心。)

holds on Zp, where |An/(0)| —> 0 as n —> oo and (：) denotes the 

binomial coefficient in Qp. Moreover,

△"(0) =切1)T (財)

means the nth iterative of a linear difference operator △ to J(0), which 

is defined by A/(x) = /(x + 1) - /(x). If a function f is differentiable 

at a point x G if and only if

r △侦£) n
hm ----丄스 = 0.
n—>oo n
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And C.S.Weiseman proved the following theorem: Any function f is 

uniformly differentiable on if and only if

찌△"/(0)| t 0 as n —> oo.

Furthermore, it is necessary and sufficient condition for a function f 

to be analytic on that

I--- ----  T 0 as TZ T 8
n!

holds in Cp. Recently, several problems which include Mahler's ex

pansion as a special case were treated in [2],[3],[5]. In this paper, we 

treat a few relationships between the magnitudes of j>-differences of 

any differentiable function f and the p-adic values of its Mahler's co- 

eflficie교ts An/(0). In particular, we will prove that a function f on 

is 皿ction if and only if nTn|An/(0)| t 0 as 九 t 8.

II. Results.

Let
8 

•他）= £△“（（）） 

n=0
be a continuous function on Now we can prove easily that

Since

8
+，) = £ △”Y(o) 

m=0

(N)=財 

' 7 m=0

芝(:)京预)(:)=’:)△$,

+ y) — f(g)

n
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If 스~¥"业 is any p-adic null sequence, then the limit

河）=烟里二广皿n

is equal to

yd) = ^(-i)n-i △火) 

n=l n

where f⑴ denotes 1th derivative.

Thus the derivative exists and is continuous on Then all 

series

(An/)(1)(0)=負t)妇字肿里⑨

加=]
ki

converges for n — 1,2, ••- and

OO / -
J，⑴S) = £(△")(%))(：

n~0 '

for all x £ Zp.

Suppose that f ⑵ exists and is continuous on Then

OO /
•f ⑵ 3) = £(△")(0)(： 

n=0 '

for all x G where

（△勺：）（2）（o）=負_泸⑴8）

k\=l

= y (그虹一 y (크y △*毋2 /(o).

스] kl 白 k2
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Since

fW（x + y）=

흐
2

8

£

fcl=l8
_
M

F

스
 
8

2

n==0

『⑴ 3 二史也=1 £ （긜m £（小5顷〉

fcl=l *2 = 1 ' '

Therefore

爬⑴ = £〈긜F £ （긜三顼出贝）.

妇=1 b=l

Let

（△勺沪）（0） = f； （긜F E （기:二△*“+宵（0）.

Z：i=l 灼=1

Then

"）（o）.

Continuing this process.

If f（"订 exists and is continuous on then
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where

(△勺，)(m)(o)

(一])灼 + 的T- —7n^A：i4-A：24--------- 1~編+冗 j*(0)

Z一4 z」
灼 =1 &：m = 고

&2 " ' * "m

We denote C<m)(Zp,Cp) = {■用佃)e C(ZP,CP)}.

Theorem 1. Let

J3)= g (；)△侦°)€ C(茶,5

for all x E If f E Cp) for m > 03 then all series

oo oo
(△"*)=*... £ 

fcj 1 fcj7> = 1

(_] 广i+&2 + i -m △灼+&서--냬海+“/(0)

kik2 •,니临

converges

Let tz € N, n > pm. Then n has the p-adic expansion n — ao 

*j - <itpz, where % 尹 0 and i > 0. Here we use R. Ahiswede, R.Bojanic 

method, that is,

n =加 + 短 + . • , + kni + j

p* =知 + + , . . + km

p''=短 +，• • + km

P JT = km

Thus

pt _"T = 虹리 _广2 = 加,... ,p-m+2 _pt-m+l = 幻时
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Therefore

附=广+1,1知I =广+2,.. . , =广+m-l

By the above results,

I 스等FT 侦。)| 니 △*)广 F.

Then, for < n < p(바'),

I 쑨*写丝)| = I△如 )| 疗即厂-끄4 
kik2---km I I 八口 r

=|An/(0)|pm(t+1)p~i：i^±n

> lAVWIn^p-2^^11.

Thus we have the following re요ult.

Theorem 2. Let

g =立(：)△")C e(舞&)

>o \J 丿

for all x E If

(△”)(짜(0)= 勇; ...f; 成竺+fgw흐••:戚2饱 

fcj 1 km = l
kik2'-km

converges, then

oo
处)(0 = £®)S)

J=0

exists and is continuous from Zp to Cp. Moreover, nm|An/(0)| —> 0 as 

n t oo.

In particular, if nm|Anf(0)( 0 as n -> oo, then

△妇+ 屿+ …+*m+j f(Q\
I---- r—：---------------  0 as n —> oo

kik2--km
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because of

+  Hm+j f(0)

西2 " * * k：m '

W (知幻• • •知n)|△妇+ &+…+»叼(0)1

< (h + A：2 + • • • + A：w + 丿严仏妇+灼+…+綿+"(0)"

Therefore we obtain the following result.

Theorem 3. If

:for all x G and m > 0. Then

/eC(m)(Zp,Cp) if 히紀 only if nm|An/(0)| —> 0 as n t 8.

DEFINITION. ([1]) Let / be a p-adic valued function defined on J 

by

판警 IJ仆 + 洲) — f(fc)| = 0(0 一어).
«GJJ

Then f is called a—Lipschitz function.

Theorem 4. Let

•昭)=言(；)△勺(0)cC国 G)

for all x E Zp. If na|An/(0)| —> 0 as n —> oo for a > 1 with q《N, 

then J시에) is a — [a\~Lipschitz function, where [•] is Gauss' symbol.

Proof, Since

y(M)
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And since 九이△"f(0)| 0 as n — oo,

I 俨D(0) 01 < 广 ]舞' |(쏘繹의W).|
分尸 。+禪叫△*+勺(o)|

1<7<PJ

= 广 I衆+ 顶)一어•回0 +。广一回。+ j)[«]|Afc+V(0)|

< Mp~* 技1暨, ■尸 T이 < for some constant M > 0.

Thus we have

IN이)(n + p1) 一 jg)(n)| < Mp-(a-W)t.

for some constant M > 0.
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