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ON p—ADIC DIFFERENTIABLE FUNCTIONS

HAN S00 KiM AND PIL-SANG LiM, TAEKYUN KM

I. INTRODUCTION

Throughout this paper, Z,, Q, and C, will denote the ring of p-
adic rational integers, the field of p-adic rational numbers and the
completion of the algebraic closure of Qp, respectively. Let N be the
set of natural numbers and @, and let J denote the set of N with the
p-adic valuation | |, which is so normalized that |p| = p~!. Hence § is
regarded as a dense subset of the p-adic integer ring Z,. If a function
f is continuous on J, then f can be uniquely extended to a continuous
function on Zp, and Mahler’s expansion

=3 (Z)amso)

n=0

holds on Z,, where {A"f(0)| — 0 as n — oo and (%) denotes the
binomial coefficient in Q,. Moreover,

A™f(0) = :Zo(wl)“"’ C’) ()

means the nth iterative of a linear difference operator A to f(0), which
is defined by Af(z) = f(z 4+ 1) — f(z). If a function f is differentiable
at a point x € Z, if and only if

fim 2% .
n—oo 7
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And C.5.Weiseman proved the following theorem: Any function f is
uniformly differentiable on Z,, if and only if

nlA"f(0)}—-0 as n — oo.

Furthermore, it is necessary and sufficient condition for a function f
to be analytic on Z, that

| A™ f(0)
n!

|—>0 as n—ooo

holds in C,. Recently, several problems which include Mahler’s ex-
pansion as a special case were treated in [2],[3],[5]. In this paper, we
treat a few relationships between the magnitudes of p-differences of
any differentiable function f and the p-adic values of its Mahler’s co-
efficients A" f(0). In particular, we will prove that a function f on Z,
is C™)function if and only if n™|A"f(0)] — 0 as n — co.

II. RESULTS.

Let

o)=Y a50)(?)

n=0
be a continuous function on Z,. Now we can prove easily that

x

Af(z) =Y (:) A" £(0).

k=0

Since

f(z+y)=§:A’“f(0)(x+y) ZA"‘ 0% () (" )

- ‘Z (¢ ) > A"+*f(0)( )- 5 ({)_A"f(y),

n=0

f(x+y:2—f(y) =%§°§ (Z>Anf(y)=§: (Z:Déf_‘;’f?(gl

n= n=1
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If ﬁtr{—(yl 1s any p-adic null sequence, then the hmit

6 = im, 3 () S0
n=1

1s equal to
= ~18™f(y)
1) — I i P A28
f 2;_;( T,

where (1) denotes 1th decrivative.

Thus the derivative f(1) exists and is continuous on Z,. Then all
series

R AWMy = S (_qyki—t ATA0)
(amf) (0)—’;( 1) i

converges for n = 1,2,--- and

@) =S @7

n=0

for all = € Z,.
Suppose that f(?) exists and is continuous on Z,. Then

(@) = gm"f)%)(ﬁ)

for all € Zjp, where

(a™H®(0) = f} (-1)::1_1(&**2‘)(”(0)

k]_=1

D )
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Since
ki-1 2 /.
FD(z 4y) = Z( - Z( + y)A"*"‘f(O)
(=1)»— 1)'° 1T X Atk
-3 G pamo())
k-1
EEEOEol)
1=0 1=0
( l)kl— A'+k
= . 1 1.f( ))
> SR (e
Dz 4 ) — FO 1 & (C)B & (o 1
f ( ya): f (y) — ; z= ) kz=1 (kz) Akg+k f(y)
Therefore
fP) = Z( 1)1“_1 Z( 1) Akt £(y),
ky=1
Let
(arpyo@ =y G 5 U svvatts
k=1 ko=1
Then -
120) =3 (1) @& n® o)

Continuing this process.
If f{™) exists and is continuous on Z,, then

oo

fm@) =3 (Z)(A"f)‘""m),

n=90
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where
(Anf)(m) (0)
i f: (_1)k1+l2+ +km——mAk1+k3+ +km+nf(0)

kiky -

We denote C(™(Z,,C,) = {f|f™ € C(,,Cy))-

THEOREM 1. Let

oo

s = Y (38770 € otz cy)

=0
for all x € Z,. If f € CU™)(Z,,C,) for m > 0, then all series
)kl ka4 +km-‘mAk1+kz+"'+km+nf(0)

@@=y .y & .

kx:l km=1

converges , that is,
Fm@) = (@ ™) (7).
=0 J

Let » € N, n > p™. Then n has the p-adic expansion n = ag +a;p+
---a;p’, where a; # 0 and ¢ > 0. Here we use R.Ahlswede, R.Bojanic
method, that is,

n:k1+k2+"'+km+j
P=kitkat +km
Pl =k 4tk

P =p' T =k, —p T =y, p T = P =
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Therefore
eyl = p~ 1 [ka| = p= 2, | fo] = p~ ™t
By the above results,
Akitkate +hati £(0)
—_ An mi~—
T = AT
Then, for p* < n < pitth)

Ak1+kz+---+km+:f(0)
kiky -k

m!m—l!
2

| = |Amf(0)|pmetmpm- g

= |An (Ol V=5

2 |A™f(0)n p‘mn; 2

Thus we have the following result.
THEOREM 2. Let
@)=Y (3)ars0 e oy
j=0
forall x € Z,. If
(- l)kl+k2+“‘km Ak1+kz+---+km+1f(0)

(Anf)(m)(()) Z Z e

k1=1

converges, then

() = Z(Am‘m%m( )

3=0
exists and is continuous from Z, to C,. Moreover, n™|A™f(0)] — 0 as
n — 00.
In particular, if n™|A"f(0){ — 0 as n — oo, then

Ak1+kz+~~+km+1f(0)
kiky - knp

| 20 as n-—-oo



On p-adic differentiable functions 217

because of

Ak1+kz+"‘+km+3f(0)l
Frky
< (klkz . km)lAk1+k3+"-+km+Jf(0)]
(k4 bz oo 4 kg + g) | AR R 1)),

Therefore we obtain the following result.

THEOREM 3. If

@)=Y (3) ATF(0) € C(Zy,C)

1=0

for all z € Z, and m > 0. Then

feC™(Z,,C,) ifandonlyif n™A"f(0)] =0 as n - oco.

DEFINITION. ([1]) Let f be a p-adic valued function defined on J
by

max |f(k +p*) - f(k)| = O(p™*").

Then f is called a—Lipschitz function.

THEOREM 4. Let
o)=Y C)A’f(ﬂ) € C(Z,,C,)
=0

for all x € Zp. f n®|A™f(0)] - 0 asn — oo fore > 1 witha ¢ N,
then 4D is o — [a]-Lipschitz function, where [] is Gauss’ symbol.

Proof. Since

~

FUeD (4 pty — fled(n) = Zn: (’;)(A"ﬂ f)([“D(O))(Z),

k=0 3=1
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?* t
17D (5 + pt) — £UD(n) < max | J};(Akﬂf)([a])(o) (1; ) .

And since n®|A”f(0)] — 0 as n — oo,

IZ(A"“J‘)“"]’(O)( )| <pt max (AN,

1<y <p J

<p~ 13“’2‘; ik + 5 [a* (o)

=p ' max j(k+ j)_“+[°'](k +7)° [a](k + J)[Q}IAHJf(O)i
<r

< Mp™' max jI < Mp~{elebt for some constant M > 0.
15)<pt

Thus we have
| FED(n + p) — floD(n)| < Mp~(a-ladt,
for some constant M > 0.

References

1 R.Ahlswede and R.Bojanic, Approzimation of continuous functions in p-adic
analysis, J.Approx. Theory. 15 (1975), 190-205.

2. K.Ikeda, T Kim and K.Shiratani, On p-adic bounded functions, Mem. Fac. Sci.
Kyushu Univ 46 (1992), 341-349.

3. T.Kim, Some variants of a theorem of Mahler, Kyushu J.Math 48 (1994), 1-8.

4. K.Mahler, An inierpolatron sertes for contsnuous functrons of a p—adic variabdle,
J.Reine Angew. Math. 199 {1958), 23-24.

5. L.Van Hamme, Three generalizations of Mahler’s expansion for conlinuous
Junclions on Zy, (p—adic Analysis) Lecture Notes in Mathematics. 1454 (1990).

Department of Mathematics
College of Natural Sciences
Kyungpook National University



