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DIVISORIAL RELATIONSHIP BETWEEN A
NOETHERIAN RING AND ITS INTEGRAL CLOSURE

CnuL Ju HwANG

It is not always true that a divisorial ideal of a Noetherian domain
A comes from its integral closure A while the divisorial ideals of A
contract back to divisorial ideals of A [2, Proposition 4.6]. We have
interest on prime ideals and we will characterize divisorial prime ideals
of A which come from the integral closure A when 4 is root closed.

For an integral domain A and its quotient field K , the global trans-
form AY of A is defined to be the set {z € KlzM M, --- M, C A for
some maximal ideals My, -+ , M,, of A}. Thus A9 = U{(M) --- Ma) '}
M, € Maz(A),n € N} . There is a well-known result of Matijevic
about the global transform : any ring between the Noetherian ring
A and A is also a Noetherian ring . Pertaining to the relation of
divisorial ideals of the Noetherian ring A and those of its integral
closure A, we have a useful result of Beck [2, Lemma 4.5]: Let A
be a Noctherian domain. For any subset {ay,--- ,an} C fi, we have
A:(A:Y,a,A) C A:(A:Y], a,A). From this, it follows that for any
ideal 7 of A, I, C (IA), and

(I,A), = (I4), : I, C (IA), = I,A C (I4), = (I,A), C (I4),
= (I, A)y = (14),.

From now on A shall denote the Noetherian domain with quotient
field K. An ideal P of A is said to be strong if PP~ = P [1]. We de-
note the set of strong divisorial ideals(resp., maximal divisorial ideals)
of A by D,(A) (resp.,D(A) ). Let P be a prime ideal of A such that
P € D,(A)N Maz(A) and PP~! = Pre,P € D,(A) * Maz(A).
Then P! is a ring and since P! = (P :x P)C ANAY P lisa
Noetherian ring by Matijevic. Also note that P is an ideal of P~1. For
undefined terms, the readers are referred to [3,4].
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LEMMA 1. Let P be a strong ideal of A. Then P(P?)~! = P if and
only if (P?), = P,.

Proof. P(P?) ' =P & (P))"' C (P:P)= P! & (P!
Pl & (P?), = P,.

LEMMA 2. Let A be a root closed domain and P € D,(A)NSpec(A).
Then P(P~! :x P) = P if and only if P(P~! :x P) € /P where VP
is the radical of P in the ring P71.

Proof. (<) Since P is an ideal of the Noetherian ring P2, for some
n > 0,(P(P~! :x P))" C P. Since 4 is root closed, P(P~! :x P) C A
and so (P! :x PYC P! = (P?)"! C P! = (P?), = P. By
Lemma 1, P(P?)™! = P and P(P~):x P)=P

LEMMA 3. Let P be a primeideal of A. If P = QN A for @ € X'(4),
then (P?), # P and N3Z,[(P")] = (0).

Proof. Suppose (P?), = P. We have ((P?),A), = (PA)y. By Beck,
(P?A), = (PA), and ((P?4),)q = (PA).)g. Since Aq is a rank one
discrete valuation domain, (P?4)q = (PA)g. By the cancellation
law in a rank one discrete valuation domain, (PA)q = Aq. Now
P ¢ Q contrary to P = @ N A. The second assertion follows from the
observation (P"), C P"Aq = (PAg)" and NX,[(PAg)"] = (0) since
Ag is a rank one discrete valuation domain.

THEOREM 1. Let A be a root closed domain and P € D(A) N
Maz(A). Then (P?), # P ifand only if fora @ € X'(A),P = QN A.

Proof. (=) case I. PP~! # P. Pp is invertible and so Pp is
principal. By the principal ideal theorem, height of Pp equals 1, t.c.,
height of P equals 1. By LO&INCI5], the conclusmn follows. case
Il PP~ = P. In this case P~! C A7 and so P! is Noetherian
and P~ C A too. There exists a prime ideal M of P~! minimal
over P such that P(P~! :x P) € M by Lemma 1 and Lemma 2.
This implies that Py is invertible. Since (P~1)py is a Noetherian
domain, ht(Py) = 1. So ht(M) = 1. Since A C P C A by
INC&LO, there exists a @ € X'(A) such that M = QN P~'. Now
A2 MnNAD P implies that M N A = P since P is a maximal ideal.
Finally P=MNA=QNP1NA=QnNA.

(<) This implication follows from Lemma 3.
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THEOREM 2. Let A be a root closed Noetherian domain and P a
prime ideal of A. Then (P}), # (Pp)y if and only if P = QN A,Q €
X1(A).

Proof. Assume that (P3), # (Pp),. First we show that Pp is a
divisorial ideal of Ap. Otherwise (P3), = ((Pp)s): = Ap = (PP)v
contrary to the assumption. By Theorem 1, (P3), # Pp implies Pp =
QpNApfora Qp € X (Ap).

Now P=QnNA,Q ¢ X'(A). Thus (P2), # (Pp), ¢ There exists
a prime ideal @ € X'(A) such that P = @ N A (Note that Pp is a
divisorial ideal of Ap if and only if P is a divisorial ideal of A).

COROLLARY 1. Let (0) # P be a prime ideal of a root-closed Noe-
therian domain A. Then (P%), # (Pp), if and only if NS ([(Pp)y] =
(0)-

Proof. By Theorem 2, there exists a @ € X'(A) such that P = QN
A. Replacing A by Ap and applying Lemma 3, we get N3, [(P*),] =
(0).

(«<=) Suppose (P3)y = (Pp)y. Then ({PE)o(Pr))e = ((Pp)*)v.
So (Pp*')y = (P3)s = (Pp)y. Thus for k > 2,(P§)y = (Pp)y. so
(Pp)y = N1 ((PE)v) = (0) by the assumption. So P = (0) contrary
to P # (0).

CoRroLLARY 2. Let (0) # P be a prime ideal of a root closed
Noethenian domain A. Then ((P?),)p # (Pp), if and only if
Naz: [(PR)y} = (0).

We give an example of a root closed Noectherian domain A and
P € Ds(A) N Maz(A) which is not the contraction of a divisorial
prime ideal of A.

Example : Let K < F be exteusion fields such that (1) K is root
closed in F, i.e., for any n € N and z € F,z” € K implies 2 € K (2)
[F: K] < 00. For example, let Q ¢ = Q and Q ; be the smallest subfield
of C containg QQ and all the n th roots of elements of Q. Inductively
we define Q x4 =Q ;({zlz €C ;o™ € Q | for somen € N }). Let K =
UR2o@%. It can be easily shown that each element of K is contained
in a radical extension of Q and K is a root closed subfied of C. Let
a be a root of the polynomial z° — 4z 4 2 which is not solvable by
radicals over Q. Put FF = K{a). Then X is root closed in F, K #
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Fand [F: K] <oo. Let A=K+ (Xy,--- , Xo)F[[ X1, , X}, P =
(X1, Xn)F[[X1, -, Xall,B = F{[X1,- -, Xu]]. Then B is a finite
A-module and B is a Noetherian A-module. By Eaken’s theorem[6], A
is a Noetherian ring ; A is root closed in B and B = 4. So 4 is root
closed in its quotient field. Now (4 : P) C (B : P} = B and clearly
BC(A:P) Thus P7' =B # A Hence PC P, £ A. We deduce
that P = P, and P € Ds(A)N Maxz{A). Since P is the contraction of
the maximal ideal P of B, for n > 2, P can not be the contraction of
a height 1 prime ideal of B by INC.
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