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THE MULTIPLE HURWITZ ZETA FUNCTION

Tae Young Seo*, Junesang Choi**, 
Jin Sook Kang*, Bo Myoung Ok*

1. Introduction

Recently the theory of multiple gamma function융) which were 
first introduced by Barnes [WB2]； [WB3], [WB4], [WB5] and others 
about 1900, has been revived according to the study of determinants 
of Laplacians [HP1], [HP2], [O], [PS], [IV], [AV]. Vigneras [FV] gives us 
Weierstrass canonical product forms for multiple gamma functions by 
using a result of Dufresnoy and Pisot [JD]. Barnes [WB5] introduces 
these functions through n-ple Hurwitz zeta functions. We give detailed 
computation for the analytic continuation of the n-ple Hurwitz zeta 
functions <n(s,a) which is important for us to give Barnes5 approach 
for multiple gamma functions. We can also exp흐ess some special values 
of n-ple Hurwitz zeta functions as n-ple Bernoulli polynomials.

2. The Analytic Continuation for the n-ple Hurwitz zeta 
Function

In this section we give an analytic continuation for Cn(5,a) by the 
contour integral representation. First we introduce Eisenstein^ theo­
rem [RF] which gives a criterion f。호 the convergence of a n-ple series.

THEOREM 2.1. (Eisenstein^ Theorem)

oo oo oo 1
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converges if fi > where ' denotes that we exclude the case mi = 
m2 =.・.=mn = 0.

Let s = b + 讶，where a, i g R. The n-ple Hurwitz zeta function 
Cn(5,a) is initially defined for a > n, a > 0 by the series

00
= 〉： (a + 知 + 灼 + … + 幻) 항、
知,知,…扁=。

THEOREM 2.2. The series for Cn(s, a) converges absolutely for a > 
n. The convergence is uniform in every half^plane a > n + 5, > 
0, so GJs, a) is an analytic function of s in the half-plane a > n.

Proof. Note that, for cr > 0,
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A；i,fc2,—,A；n=0
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=HL [(^1 + "2 H------- F 幻)2] Y
灼止2,…扁=0
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色 £ (好+冏—口*厂项，

灼小幻…,fcn=0

in which the last series is convergent for a > n by Eisenstein's theorem. 
Thus all statements in Theorem 2.2 follow from the inequalities
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>2 IS + 加 + H-------F 幻i) 3\

#n=0
OO

— 〉(tl + 知 + 統 + …+ fczz) a
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THEOREM 2.3. For a > n we have the integral representation

r3-l -ax 
r(s)G」s,a)= /  ----- 二조w&c.

Jo (1 - e x)n

Proof! Note 난for cr > 0,

广8 
P(s) = / x3~1e'~xdx

Jo

First we keep s real, s〉1, and then extend the result to complex s by 
analytic continuation. In the integral for F(s) we make the change of 
난2 variable ⑦ = (a + 知 + 加 + … + 知J执 where — 0,1,2,... , 1
z < n, to obtain

/*oo
I、(s) = (a + 灯 + 統 + . . . + kny / 厂8+妇+喝+"・+给)#-1出

Jo

or

roo
(a + ki+^ + ・・・ + kn)f「(S)= / e-(fci + fc2 + -+fcn)te-at/S-ljf

Jo

Summing over kt > Q,1 < i < n, we find

8 POO
£ / 厂**2+ +场)电城

灼,fcn=0 °

the series on the right being convergent if 5 > n.
Now we wish to interchange the sum and integral. The simplest way 

to justify this is to regard the integrand as a Lebesgue integral. Since 
the integrand is nonnegative, Levi's convergence theorem (Theorem 
10.25 in [TM]) tells us that the series

8 /*OO
£ / e一(灼+5 네)%—旳2击,

加,左2,…佔n=。 °
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converges almost everywhere to a sum function which is Lebesgue- 
integrable on [0, +oo) and that

<n（s,a）r（s）
_8_ 广 8

= £ 厂（妇+的+・+"）%7廿~项出

妇，加，…扁=0 0

广8
{ 厂（灼+的+…+加」）％ 一旳8-1出

0 灼，成…，編=。

But if t > 0 we have 0 < e-t < 1 and hence

18
尸广庆― ，
J 1 - e-i fc=0

the series being a geometric series. Therefore we have
8E —(ki+bT--- \-kn)t—atj.s—lC D b -- ‘ _ . x

(1 — e"z)n虹上2,…,fcn=o

almost everywhere on [0, +oo), in fact everywhere except at 0, so

Cn(s,a)r(s)
广8 8
I £ 厂(加+*2+ …

Q =0

f°° 厂％I
I 7------------TT-at.F0 (1 -广广

This proves (2.1) for real s > n. To extend it all complex s a + it 
with cr > n we note that both members in the left side of (2.1) are 
analytic for a > n. To show that the right member is analytic we 
assume n + 8 < a < where c>n and > 0 and write

0

oo

(1 一 e-t)n

/*oo —atd.ff — 1dt=L a二*

=(/+广)客드財
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If 0 < / < 1 we have and if i > 1 we have ta~n < #c~n. Also
since — 1 > f for t > 0 we have

/ 7-------- 亦―出Jo (1 一 L 广

尸 e("—a)q어거1—1
< / —T-7-------T-------dt

Jo (e* — l)n
V ( e(re"a) £ g 出=与2 if 0 < a < n,

I Jo 臍一' dt = * if a 그 n.

and
/*8 at^a—1 /*oo at^c—1
/ ①二二少 < L ^TF^* =「(c)G(c,。).

This shows that the integral in (2.1) converges uniformly in every strip 
n + 6 < a < cohere 5 > 0? and therefore represents an analytic func­
tion in every such strip, hence also in 나ic half-plane a > n. Therefore, 
by analytic continuation, (2.1) hold옹 for all s with a > n.

To extendbeyond the line a = n we derive another rep­
resentation in terms of a contour integral. The contour C is a loop 
around the positive real axis, as shown in Fig.

G
尸、으

I _ "一J --------  + 00

5

Fig.
The loop is composed of three parts C^C^C秘 where % is a pos­

itively oriented circle of radius c < 2tt about the origin, and C\, C3 
are the upper and lower edges of a cut in the z- plane along 난re posi­
tive real axis, traversed as shown in Fig. This means that we use the 
parametrizations —z = 質厂"허 on C\ and —z = reKt on C脆 where r 
varies from c to +00.
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THEOREM 2.4. If a > 0, the function defined by the contour integral

is an entire function of s・ Moreover^ we have

G(s, a) = r(l 一 a) if a > n.

Proof. Here (—z)$ means r^e-7r*5 on Ci and r8evts on C3. We 
consider an arbitrary compact disk \s\ < M and prove that the integrals 
along Ci and C3 converge uniformly on every such disk. Since the 
integrand is an entire function of s this will prove that In(s, a) is entire. 
Along Ci we have, for r > 1,

|(_2)$一1| = r<r-l|e-7rt(a-l+it)| = yb-L저 < rAf-ie7rM

since |s| < M. Similarly, along C3 we have, for r > 1,

[(一= 7”—一너中)| = r^-le-rZ rM-lenM

Hence on either C\ or C3 we have, for r > 1,

(__2尸一1厂心 rM-leirMe—ar rM—l eirMe(n-a)r 
(l-e-2)n " (1 一 L7)" — (er - Ip '

But J^° rM~xe~ardr converges if c > 0 this shows that t£e integrals 
along Ci and C3 converge uniformly on every compact disk \s\ < M, 
and hence •扁(s,a) is an entire function of s.

To prove (2.2) we write

一2航扁(s,a) = ( / + [ + [ )(一2广项一z)dz 
Jcx Jc2 Jc3

where g(—z) = e-az/(l—e-z)n. On Cy and C3 we have 5(-2) = r),
and on C2 we write —z = celS where 6 varies from 2% to 0. This gives
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US

—2mZ“(s,a)= / rs-1e~7r^s-1^(—r)dr
Joo

fO
-i / 广峑1)吧/g(cW)d。

丿2打
yOO

+ J r^-le^(^-l)^(_r)dr

广8
=—2zsin(7Fs) / rs-15(—r)Jr

一沽/邱g((/)血 
J2n

Dividing by —2z, we get

7rZn(5,a) = sin(7T3)Ii(s,c) +/"C

where
/*OO

/1(S,C)= J r，Tg(—r)dr

l2(s,c) = ；广邱g(c恭)曲.

Z J27T

Now let c t 0. We can find

f°° rs — l e—ar
프卩 1(S,C)= L ［了二〒 dr =「(s 扁 (s,a),

if a > n. We will 아low next that limc—o 心侶“) = 0. To do this note 
that g(—z) is analytic in |히 V %k except for a pole of order n at z = 0. 
Therefore (—z) is analytic everywhere inside \z\ < 2tt and hence is 
bounded there, say |g(—z)| < 4/|히七 where |히 = c V 2tt and A is a 
constant. Therefore we have

b r2?r a
W(s, c)| < ^- / e-tB^dd < 7%2찌頌5

Z Jo C
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If a > n and c —> 0 we can find &(s, c) —> 0 hence

7rln(5,a) = sin(7rs)r(5)^n(5, a).

Since r(3)r(l — s) = %/ sin ns this proves (2.2).

In the equation = r(l — 5)Zn(3,a), valid for a > n, the
function In(s,a) and F(1 — s) are meaningful for every complex s. 
Therefore we can use this equation to define ^n(s,a) for a < n.

DEFINITION 2.5. If a <n we define ^n(3,a) by the equation

Cn(5,a) = r(l -5)In(5,a).

This equation provides the analytic continuation of <n(s,a) in the 
entire 5-plane.

THEOREM 2.6. The function ^n(s,a) so defined is analytic for all s 
except for simple poles at 5 = Z, 1 < Z < n3 with their residues

1 dn~l zne~az
(n _ /)!(/ „ 1)1 쓰^ 如시 (] 一 广广

In particular, when s = n, its residue is l/(n — 1)!.

Proof. Since Zn(s,a) is entire, the only possible singularities of 
(n(s,a) are the poles of F(1 — $)・ Since l/r(l — s) has simple zeros 
at s = 1,2,3, • - • , r(l 一 s) has simple poles at s = 1,2,3, • • . But 
Theorem 2.4 shows that ^n(s, a) is analytic at s = n + l,n 4- 2, ••- , so 
s = 1,2,3, ••• ,n are the only poles of ^n(s,a).

Now we show that there are poles at s,= Z, 1 < Z < n, with their 
residues

1 dn~l zne~az
(n 一帅 -1)! 쁴，dZ (1二e二邛广

If s is any integer, say s =，the integrand in the contour integral for 
In(s,a) takes the same values on Ci as on C3 and hence the integral 
along Ci and C3 cancel, leaving

—az

In(l, a)=-
(—z)ie .

一一 --- 7—az(1 - L)n
_ R (-2】-匕-心
_ —Resz=o(i_e-z)n .
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We can show that (—^)^~1e~az/(l — e~z)n has a pole of order n + l — l 
at 2 = 0,1 < Z < n. Therefore we have

r ” 一、 (T)' v_. dn~l 2产厂心
t, €Z) — 11 Hl ~ t ~7~ r .v } (n - 1)1 —o dzn~l (1 - e~z)n

To find the residue of <n(禹 a) at 5 = Z, 1 < Z < n, we compute the limit

lim(s 一 /)^n(5,a) = lim(s — Z)r(l — s)In(5,a)
3—*/ S-시

=In(Z, a) lim(s — Z)F(1 一 s) 
3—+?

7T
=In(I, a) lim(5-Or(5)sin?-

兀，n(L a) s — I
r(/) s氏 sin 7T5

_ 妇(3) 1
r(/) COS(7rZ)

_ Li(Z, a)
=(T)'(ZLL)!

1 dn~l zne~az
—«一― 一 一——11 m ——— .... ....
-(n- /)!(/ - 1)!宀希询-1 (1 -厂今“-

In particular, the residue of (n(5, a) at 5 = n is l/(n — 1)!.

The generalized zeta function (or Hurwitz zeta function) <(s,a) is 
defind for a > l,a > 0 by the series

oo

<(s,a) = £(a + 旷.
k—0

In particular, when a = 1, ((5,1) = £當} k~s is usually called the 
Riemann zeta function, denoted by <(s) [TW]. Corollary 2.7 follows 
easily from Theorem 2.6.
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COROLLARY 2.7. a) can be continued analytically to the entire 
s-plajie except for a simple pole only at s = 1 with its residue 1.

3. Some Special Values of ^n(s,a)

Now the value of ^n(—Z,a) can be calculated explicitly if Z is a non­
negative integer. Taking s = —/ in the relation = r(l 一
5)In(5,a) we can find

Cn("/, a) = r(l + 7)R(T a) = a).

We also have

r Z , X _ 1 [(一初一‘一蝴。
n(，a)= _ 滿 Jc2 (1 - e-^~dZ

c (_力一'一1厂心
= J"ReSz=0 ―,(1 _ e~z)n

The calculation of this residue leads to an interesting class of functions 
known as Bernoulli polynomials.

DEFINITION 3.1. [HB]. any complex z we define the functions 
Bi(x) by the equation

^exz 冬 BAx) I _ . . _
--------=> ―-—z\ where \z\ < 2冗.
严 一 1 Z! ' 1 1z=o

The functions Bi(x) are called l-th Bernoulli polynomials and the num­
bers B；(0) are called Bernoulli numbers and are denoted by Thus

7~)Z yr JDl 1 ..
------ 7 = 〉 -二-z , where 기 < 2?r.ez -1 匕丿 7! ' 1 1z=o
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The Bernoulli polynomials and numbers of order n are defined re­
spectively by, for any complex number x,

•必片

(e2 - l)n

zn
(e2 - l)n

where \z\ < 2tf,

I
 

一
 !

z
 T

xlzn(/

8
E

心

쯔
、
e

Note that 13卩)(c) = B/(x), j?^(0) — Bi and 3")(0) = B^n .

There are lots of formulas involved in Bernoulli polynomials. Here 
we give some of them:

The Bernoulli polynomials satisfy the addition formula

B

THEOREM 3.2. The Bernoulli polynomials B^n\x) satisfy the equa­
tion

(-l)n-kBfn)(x + 幻= „l-n
(Z - n)!

if I N n.

In particular, when n = l,Bz(x + 1) — Bi(x) = if I >1.
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Proof. We have
8 E^0^(-l)n-kB；n)(x + k)

S n---- ?
=£(小寸-
=沈、)

Lfc=o v z

=뜨드恐”

m=0

e(어에:)z 
(ez 一 l)n

znexz
(e2 - l)n

n

8=2靠■二矿， 
l=n ' z

For Z > n7 equating the coefficients of z\ the theorem follows.

THEOREM 3.3. B^n\n — £)= (—件(z) for every integer I >Q.

Proof. For \z\ < 2tf, we have
2e(n-x)z 

(ez - 1)»
= 克 空々 二끼u

. I«1=0
Replacing z by 一z, we have

(-砂％(客-心 ~ B{n)(n-x) ,
(L 一匸严=U (F • 
V 7 1=0

On the other hand
(-z)“e住-n)z 2%以 _ ~ B^\x) ?
(e~z - l)n - (e2 - l)n =，―n—'z

Equating coefficients of we obtain the desired results.
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THEOREM 3.4. Jbr every integer I > 0, we have

上(-展)=(一1*寿砂2皿一2).

Proof. As noted earlier,we have ^n(—Z, a) = Z!In(—Z,a). Now

a)=项敢=0-&二二寻-

=(-l)'Resz=oz & _ 1)n
ynJn-a)z

=(T^Reszm 广it (ez — l)ra
8 k

=(-l)，Re&=o/it £ 成％ - a)} 
fc=0 *

= Jl)理匝二의

—()(n + Z)!'

from which we obtain (3.4).

From Theorems 3.3 and 3.4 we have the following.

CROLLARY 3.5. for every integer I > Q we have

G(Ta) = (—l)” 次布邳(a).
十匕丿.

In particular,《(—，a)= -切+i(q)/(Z + 1).
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