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ON TIME DECAYS FOR SOME SEMILINEAR
WAVE EQUATION WITH A DISSIPATIVE TERM

Kosuke ONO

0. Introduction
In this paper we investigate on the decay properties of the solu­

tion and its derivatives to the Cauchy problem for the semilinear wave 
equation with the dissipative term :

uu — Au + s + /(w) = 0 in RN x [0, oo),
0)=㈣(z) and 編(跖 0) = &i(z),

where f(u) is a nonlinear function like /(u) = |u|au, a > 0 (i.e., 
/(w)u > 0).

In the case 0 < a < 4/[2V — 2]+, we have already studied on certain 
decay rates for the solution and its derivatives of the equation (0.1). 
(See Kawashima, Nakao & Ono [1이.) For example, in the typical case 
N = 3 and a = 2)

||2也顿圳任 %너-喜 + 顷스尹F

for 0 < A:,Z, fc + Z < m + 1, m > 1, where r/ is some positive number and 
고] is some positive constant given by (0.5b) and (0.6) respectiv시y. 

Here, we note that this results^ do not need a smallness condition to 
initial data (㈣，勺)£ 丑m+iZf x Hm A Lry m > 1, 1 < r < 2. 
Moreover, this results are effective even for weak solutions.

The purpose of this paper is to improve previous results in [10] for 
its derivatives with respect to t of the solution of the equation (0.1). To 
this end, we need to improve 乙호-estimates of the linear dissipative 
wave equation which is (0.1) with f(u) = So, we shall give more 
detailed Z^-Z^-estimates than [10] do. (For the nondissipative case, 
see Brenner [1], Pecher [18], Mochizuki [13], Ginibre & Velo [5], etc.) 
Under initial data (uq,ui) is sufficiently small, similar results on decay
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property of classical solutions are given by Matsumura [11]. Recently, 
Rack [19] have given some I^-L^-estiniates for the dissipative equation 
in more general setting for the case IV = 3 and /(u)三 0. Moreover, 
in this paper, adding the improved Lp-L9-estimates, we utilize the 
Z2-norm of the equation (0.1) and its differentiated equations, e.g., 
IB华시 I < ll-Df (utt 一 △“ + /(ti))||, « = 0,1,---, etc. Then, we regard a 
decay rate of as a decay rate ||Au(t)U in a certain case.

포he existence and uniqueness for a solution of usual nondissipa- 
tive wave equations (eg, ut be removed from (0.1))have already been 
proved by many scientists. (Cf. Jorgens [9], Strauss [22], Pe산icr [18], 
Brenner & W. v. Wahl [3], Grillakis [6], [7], Struwe [23], etc.) Thus, 
we can obtain the similar results for our equation (0.1) by trivial mod­
ifications.

Recently, we have give some results the case when we do not need an 
assumption such that f(u)u > 0 (for example f(u) = —|u|au) under 
some smallness condition of (uq, «i), or when the nonlinear dissipative 
term case (see [15], [1이). Moreover, we have derived precise results on 
the decay of solutions for the equation (0.1) with /(u) replaced by a 
nonlinear function g(ut) like g(ut) — 시"也釦 0〉0 (see [17]).

The content of this paper is as follows. In Section 1 we state some 
known Lemmas (but we omit thei호 p호oof). In Section 2 we give en­
ergy decay estimates and Lp-Lg-estimates for a linear dissipative wave 
equation. In Section 3 we state our hypotheses on the nonlinear term 
/(w) and our main results for the nonlinear dissipative wave equation 
(0.1). Their p호。of consist of several steps and will be given in Section 
3-6.

Notation We shall denote by D% A: > 0 integer, any partial 
differential operators of order k with respect to the space variables

i = 1,2, • • -. The differentiation of order I with respect to the 
time t is denoted by D[ or (으)'. In particular, D denotes a partial 
differential operator Dx or D*. We use only standard function spaces 
Hp (Lp 三 Hs — H奇)equipped with the norm :

(0.2) II 이原리 派)}||p,

where < f >=、/i + 火卩 &以]|| . ||p denotes the usual Lp-norm (we use
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ll - II for II • ||2), and :F denotes the Fourier transform :

(0.3)"赤)E)三渣血.

We denote special notations by
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for 1 < r < 2,

(0.5b)
(min{77* , Na/4：} if

77 리 0 if a > 4/JV , 
a < 4〃V.

Here, we note that

(0.5c) r] = min(77* , N이4、=77； if TV < 4 and ot > 4/IV .

And, we denote by C various positive constants independent of (四)，) 
and , in particular, denote by various positive constant depend­
ing on + |hi||wm or ||第)|^顼너」+ |阮||丑皿 + ||w0||r +
and other known constants, namely,

(0-6) 疳+U 三 C(|go||Hm+t + + Iluo||r + ll^lllr) .

Moreover, let [a\^~ — max{0, a}, where = cq if — 0, and let
pairs of conjugate indices be written as where 1/p + l/pl — 1.

A. Preliminaries and Linear Dissipative Wave Equation

1. Some Lemmas
We use the following Lemmas through this paper (but we omit their 

proof).

The first one is well k교own.



138 Kosuke ONO

LEMMA 1.1. (Gagliardo・Nirenbe호 g) Let l<r<p<oo, 1<
q <p and 0 < < m. Then, the inequality

(1-la) II琪이Ip M시이修||에尸 v e Q Lr

holds with some constant Cq > 0 and

provided that 0<6<1(0<0<1 if l<q<cx)and m — N/q is a 
nonnegative integer).

The second one is powerful in deriving decay rates of energies.
LEMMA 1.2. (Nakao) Let ©(£) be a nonnegative function on

— [0,8), satisfying

(1.2a) sup ,(s)너9 < feo(l + *)'{0(Z) — 枇f + 1)} + h(t)

for some > 0,a > < 1, and a function h(t) with

(1.2b) 0 < h(t) < fcj(l +

for some k± > 0 and 7 > 0. Then, ^(t) has a decay property

(l-2c) < Co (1 + 0 = mini -一一,
I a 丄+。丿

where Cq denotes a positive constant depending on 0(0) and other 
known constants.

REMARK 1.1. The proof of this lemma is given in Nakao [14] under 
a little strong assumption h(t) = o(厂丁)with 7 = (1 + a)(l — ^)/a as 
Z —> 8. The perfect proof of this lemma is given in [10].

The third one is useful in deriving Lg-estimates.
LEMMA 1.3. ([10]) Let g(f) be a nonnegative function on [0,T),T >

0 (possibly T = 00), and satisfy the integral inequality

(l-3a) y(t) < fc0(l + t)~a + ki / (1 +1 - s)-"(1 + s)Tg(s)%s
Jo
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for some k贓 k\ > 03 a, /?,7 > 0 and 0 < /z < 1. Then, the function y(t) 
has

(l-3b) y(t)<CQ(l + trd

for some constant Co > 0 and

(1.3c) 0 = min{aW, 亍으—, 벅^으一-] ,

I 1 一“ 1 — // J

with the following exceptional case : If a > 6 and (0 + 丁 一 1)/(1 一 “)=

6 < 1, where

(1.3d) 0 = ~~—},

then, the function y(t) has

(1.3e) I/W <C0(l + t)-^(log(2 + t))1/(1 气

REMARK 1.2. Once we know y(t) is a bounded function, we can 
apply Lemma 1.3 also to the case // > 1. In particular, if 7 > 0 and 
/? + 7 — 1 > 0, we obtain (1.3b) with

(1.3f) ° = min{a,月} ( = min{@早，卩：=_口 ) •
Moreover, we note that even for the exceptional case, (1.3b) is valid if 
0 is replaced by 0 — e, 0 < e 1.

The forth one is well known.
LEMMA 1.4. (Fourier Multiplier (cf. [8], [12], [21]) Let f(£) be 

class Cm, m > N/2, in the complement of the origin of Rg)satisfying

(1.4a) I 卽也打(QI V Mo, 0<fe<m,

with some Mo > 0. Then, for 1 < p < oo and v € C^°(RN), 

(L4b) Ilk、{•您网)}II, 涇‘。&지|메p,
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(2-1) {

where Co is a certain positive constant independent of Mq .

2. Energy Decay and Lp-Lq-estimates for Linear Dissipative 
Wave Equation

In this section we consider the linear wave equation with a dissipa­
tive term :

utt — Au + = f(xy t) in 砂 x [0, oo),
u(x,0) = uo(x) and 印(w)0) =勺(w).

First, we give here a decay property for the energy E(t)三 ||Pxu(t)||2+ 
||l?tu(t)||2 to the linear equation (2.1), which is useful in deriving the 
decay rates of its derivatives to the nonlinear equation (0.1). The fol­
lowing result is proved by Propositions 4.1 and 4.2 in [1 이. (We omit 
here the proof.)

LEMMA 2.1. Let(Uo)tti) G H'xI? and let f(t) € L|oc([0,oo); L2). 
Suppose that tz(f) is a solution of the linear equation (2.1) which be­
longs to C([0, oo); H1) D Crl([0, oo); L2). Further^ we assume that

(2.2a) ||u(i)||2<Ml + i)-2a

and for n = 1,2, • • •,

n
(2-2b) ||/(0||2<£^(1 + /)-26^(^

with some k3 > 0,a > 0, > 0, and 0 < /i7 < 1 for j = 1,2, ••- ,n.
Then, the energy E(t) has the decay property

(2.2c) E(t)三阳顷(圳|2 + ||£g(圳|2 <Ci(l + ty2e,

where Ci is a positive constant depending on E(0) and other known 
constants^ and 0 > 0 is given by

(2.2d) 0 = mini+ a, min (•石~, : 土" .
[2 l<J<nl[l -//,]+ 5 2-/Z, J J
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Next, we shall derive 乙。-estimates for the solution and its deriva­
tives of the linear equation (2.1). Now, we see that the solution u(i) 
is given through Fourier transform :

Here, we define

(2.3a) 疝(&t) = /(&t) + E(&t).

where we set

(2.3b)

而、+ 姒撰))诡(f) +液(撰词'(f), 
厶

and

(2.3c)
£(&"=/ — s)f@,s)ds ,

Jo

(2.3d)

S(& i) = e~비&시 2 + 厂刈/2 }
_ f 2厂”2 cosh(糸/2) if |e| < 1/2, 

t 2厂〃2 cos(A*f/2) if |f| > 1/2,

and

(2.3e)

姒3)=；疽/2{决〃2_厂*〃}

_ J 2人一1厂*/2点나1(#/2) if |히 <1/2, 
t 2A~1e-</2 sm(A*i/2) if 罔〉1/2

with A 二二 4|f|2 and A* = \/4罔2 一1 (= /五人).Then, we see 
easy that for l — 0,1,2,••-,

(2.4a)
陽) 시即)

1 (二^) %T+M/2 + (Z命！스)'e(TT)'/2 , 4 = 1,

1 1 ［专스)'e(T+W 一 (느스)'e(T-시刑 ,，• = 2.
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In particular, if |^| > 1/2 we see

(2.4b)
(备)侦,即)

_ f 이 fT/2 — l 况T COS(스버*业) , 2 = 1,

I 2，-】广/2 急=o(T)“-I sin(쏘普二在) , 2 = 2.

Now, we take Xj € C°°(RN), j = 1,2,3, such that 

(2.5a)
if I히 WL/4, 

X1{ ) ~ { 0 if |CI >1/3,

(2.5b)
fO if I히 <2/3, 

X3(^ = I 1 if I히 2 3/4,

and

(2.5c)
3

X2(0 = 1 一 Xi(f) 一 X3(0， ie, = 1.
j=i

The purpose here is to improve the Lp-Z9-estimates for the solution 
and its derivatives of the linear dissipative wave equation (2.1) given 
in a previous paper [1 이 (with the case fc = Z = 0). To this we give 
the Lp-Z^-estimates for a function v which belongs to CH(RN) and is 
divided up the function Xj(E), j = 1,2,3, by the following forms.

THEOREM Al. Let V belong to Cf(RN) ,and let k and I be 
nonnegative integer. Then, we have :

(i) For l<p<2, 2<q<ooJ0<j<k, and g C 兄

JR）三11・1｛引泌/二快）*（财饱即）祗）｝屈 
CLL

（2.6） 《。（1 + "一代크+'+씈*勺）||疣애八 £ = 1,2.
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（ii） For l<p<2,Q<j <k, and g € R,

加）三||尸"（泌/二时（财M,t）恭）｝脚

（2.7） CCLW，—1,2,

with some 0 < z/ < 1/2.
（iii） For 1 < p < 2, 7 G and an integer m > 0,

丿业）三II戸T｛x3（f）（、/二[&*（£）財』&坂派）｝||可， 

（2.8a） V C厂씨에”, "=1,2, 

with some 0 < u < l/2? provided that

（2.8b） E + "（】V + 1）（「脳｛；"] * :二

（iv） For y E R,

，如）三II尸】｛X3（0（、/二鬟）*傍）'侦撰）恭）｝ I® 

（2.9a） VCe—庭||에 h，, —1,2, 

with some 0 < 1/ < 1/2 and

（2.9b）
（k + I + y if z — 1, 
t fc + I + 7 — 1 if z = 2.

Proof. We consider the case z = 2 only （because that the case 
/ = 1 is proved in the same way）. First, we shall show （2.6）, Noting 
the （2.4a）, we have from the Hausdorff-Young inequality that

睥） < 腕（& < e >7 （vF）* （打姒撰）6（派

< 11X1（0 < e >7 （、/F）哼 （专스） 侦T+M/2祗）||g，

+ llxi（0 < 七 >7 （、/二快）竺（그广스"-】-시”*）||『, 
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where A =、j\ 一 4|£卩.Here, since |^| < 1/3 (see (2.5a)), we see that 
—4罔2 < —1 + A < —2|f |2 and、/$/3 < A < 1. Thus, we have that for 
any 0 < j < fc,

Ji(i) V 에Xi(澜I|히기e니시"赤(Q||g，

(2-10) +。广/2||乂1(0虱(£)||矿三 0叩)+ 本(以

Here, we see from the Holder inequality that
<C ( [ 罔p'g'd+2【)/3,-矿)©F矿I이勺成-/)(於)'" q 이* q

1 一 U 이 Q/3 J

IL以이 ly,

and we see from the Hausdorff-Young inequality that

jqi)(t)< c (/ / 罔p'q'(*_•거■""(p'—gD+N-] 

广旳叭/d%)d)/p'q 血에 卩 

<c(i + t)-(V+«+f(|-i))||pju||p(,(2-U)
using the following inequality : If 0 < e < 1, A：i > 0, and 統 > 0, then

(2.12) 「I히、-이지2니I히 <C(l+i)-(fcl+1)/2 . 
Jo

On the other hand, we see easy

(2.13) J；2)(t) < Ce-^\\Dlv\\pl V ”t/2|皿매p.

Thus, from the above estimates (2.10), (2.11), and (2.13), we obtain 
the desired estimate (2.6).

Next, we shall show (2.7). Noting that suppx2(C) C (1/4 < |^| < 
3/4} (see (2.5c)), we see that for any j such that 0 <j < k,

sup I < C >7 (、/二顼)1 (扌)財2(&t)\
1/4织亿3/4 成

(2.14)
, eAt/2 _ e-Xt/2

< C |t| e~tl2 sup ------—TT------ < CeTv
1/4# 이《3/4 AtfZ 
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with some 0 < 1/ < 1/2. Thus, applying the HausdorfF-Young inequal­
ity, we arrive at the desWed estimate (2.7).

Moreover, we shall prove (2.8). Noting (2.4b), we see

= 2leT/2|,T{x3(Q < (7=TC)fc

立 (-l)"Ein(쓰斗띄}||p,. 

j=o

Here, since suppx3(0 C {|^| > 2/3} (see (2.5b)) and

卷&言삐

< e >7 (J二呀 E；=°(T)况* I히3+i)(Dsin(쓰]岑二쁴 - 

Ifl^si 피히 t .
<C(l+t)N,

where y + k + (l—j — 1) + (N + 1)(1 / p — 1/2) < m for any j such 
that 0 < j < Z (by (2.8b)), we can choose

(、/F)"=°(T)J시I히(N+gT)sin("+g.그)쯔) 

I히m sin I 那

as a Fourier multiplier on suppy3(^) (see Lemma 1.4) to get

") 邹(1 + 痹"/2||尸1柵(。禮뽆引이”*)}]|p, .

Now, we take x £ C°°(R) such that

JO if |3|<l/4, 
~ I 1 if |s| > 1/2.

Then, we can choose

I 히
n=0
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as a Fourier multiplier o요 suppx延) to get

砧)<。(1+泸广/2耳尸虫3(%品卷顼赤)0唤)川'•

Furthermore, we take

X( 很)1 히 m/(、/二0m

as a Fou호ier multiplier. Then, we have

丿3(t) < c(i + f)Ne-(/2 £ ||尸"(％展"*詩疝(£)}llp，.

Finally, using an estimate used for the Lp-Lp -estimate of the usual 
wave equation (cf. [1], [18], [2이), we obtain

N
J3(t) < C(l + t)、T/2旷2N(I)+(n+i)GT)£"q辭*IM 

n=0
(2.15)

< ("T邛|TNT)(MY)|B)?이|p

with some 0 < z/ < 1/2, where k + 1 + 7 + (TV + l)(l/p — 1/2) < m + 1, 
which implies the desired estimate (2.8).

Finally, we note that (2.9) follows easily from the Plancher  el theo­
rem. □

Summing up the above estimates (2.6))(2.7), and (2.8) in Theorem 
Al, we see the following Lp-Lp -estimate as a corollary.

Corollary Al. (Lp-Lp/-estimate) Let k and I be nonnegative 
integereSy and let v belong to C^°(RN\ Then, it holds that for 1 < 
p < 2 and y E R,

II度」&顷伊国，

(2.16)
< C{(1 + + |旷3-1)律*厂"}I]이|p 
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with some 0 < y < l/2? provided that k + l + y + (N + l)(l/p — 1/2) < 
m + z — 1, z — 1,2.

Applying Theorem Al to the equation (2.1) o호 using similar ar­
gument as in the proof of Theorem Al, we can obtain the desired 
£g-estimates (with some 2 < q < oo) of the solution tz(f) and its 
derivatives D^.D\u(t) of the equation (2.1).

Theorem A2. Let (曲,*) € Hk+l n£r x n Lr, k and
I being nonnegative integeres^ 1 < r < 2, and let f be an appropriate 
function such that the right hand side of (2.17c) is bounded. Suppose 
that u(t) is a solution of the equation (2.1). Then, we see that

(2.17a)
仪」％ (圳I

{(、/二呀(%加(& t)} II + ||k{ WF)* (對"&*)} II
Hl, (J>L

三 Ki(t) + •&(£),

and the terms K\ (t) and K：") have the following estimates :
(i) The term K\ (t) has that

K«) < C(1 +Z)T응+：+응GY))(||w)b + \\U1\\r) 

(2.17b) + C 厂"(|险|鬲* + I 如 11*+—】+)

with some 0 < v < 1/2.
(ii) The term KR、) has that for 0<i<k, and

m>[k + I ~~ being a integer,

, j 1 f ? — 1 if j is oddK2(t) <c£ ||£)以-, s =丿 :
七； [j — 2 it j is ever

(2.17c)
+ C pl + J s)-(字+'+岑G-*))||况J(s)||pds

+ C 广广d)||£)W(s)||ds
Jo

(三足％ +出2堕)+足3檢))
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with some 0 < u < l/2? where we exclude the term from (2.17c)

Remark 2.1. When A； = Z = 0, we have already known the same 
results as above fi?om [10]. We can give the proof of this theorem easier 
than the proof of the following one for •乙"estimate. So, we omit the 
proof of this theorem (but we give the proof of following theorem).

Theorem A3. Let (u0,ui) e H* n Lr x H”에-기후 n Lr, k and 
I being nonnegative interes, 1 < r < 2, and let f be an appropriate 
function such that the right hand side of (2.18d) is bounded. Suppose 
that u(t) is a solution of the equation (2.1). Then, we see that for 
2<q<oo}

(2.18a)
IIZ項미 讯圳烏

w ||k{(\/=i硏茶忸(撰)}||g + l|k{(/五Q咁)'后即)}II，

=乙1(*) + 刀2(£),

and the terms L1(t) and L^(t) have the following estimates :
(i) The term Li(t) has that

Ll(t) < C(1 +t)T축+'+引 A沖 (Ik시|r + m시|r) 

(2.18b) + C e-Pt(||uo||Hfc+/ + II*IIh【*-m+)

with some 0 < u < 1/2, provided that

(2.18c) -(一万_> 云；fq = 8)・

(ii) 꼬he term 如(£) has that for I < 3, Q < i < k, 1 < pi^p <2y and
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m > 0 being a integer.

乙2（t） Y如以（圳|g 

j=l

+ c / (l+『s)T읗」H+쓰廣一沖||况 

Jo
(2.18d)

+ C / 厂”(1叩 _5「3-1)(土一*)|柘)方‘(s)||pds 
Jo

(三 + 球)(*) + •乙?)(*))

with some 0 < z/ < 1/2, provided that there exists 7 > 0 such that

(2.18e)

1 y 1 1 1 y
1 _ — — < 一 1 _ 一 (] - --- --  V 0 if 冬=oo) ?

p N _ q 一 p v p N
A： + ? + 7 + (TV + 1)(- - ^) < m + 1,

where we exclude the term £
 

z(\ 丿丄
1
2
 

L
from (2.18d)

To proof of these theorem, we use the following : From (2.4), we see 
that

(2〕9a) (£)財2(& *) 心 = £ £ (：) (T)，{人H + (一시H } •

_ J=o V/

In particular, we see that for I = 1,2,3,
(2.19b)
倾&。)=。，(打弑撰)|心=。，(打侦撰)L = t， 

respectively. Furthermore, we see from (2.3c) and (2.19) that
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，財”"")=L (言)財2(&* -s)f(&s)ds,

(音布即) = 戸即)+ ]"3沪시&t- s)f(&s)ds '

(2.20)
(折ME =(散颅提)-脸)+ £陽)％2(W 一痈(&s)ds ,

and for I > 4

(知心=(?「心)*广嵐)

+交(£)板撰)|(對"『心) 

•7=3

+ / (£)財2(& J$)f(&s)ds.

Proof of Theorem A3. Now, we assume 2 < g < oo. (The case 
g = oo is treated quite similarly by a trivial modification.) First, we 
shall give the proof of (i) in Theorem A3. Recall that

疙(&" = I (^1(6 *) + *))«o(O + h(C -
厶

From the Sobolev embedding theorem

(2.21) Hk+l C if 宇共—丄，
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we have that

(2.22) 
3

J=1
+ 如即))诡(Q + 但即)角(Q)) }||g

WILL {七(海/二呀(打

(#1(5 + 的即))础)+ 的(£,g(Q)) }||g

+ "XII尸伉"/二W (打M却舔)/2} Uh* 

J=2
+ 11•戶 T{X3(O(、/项 £)*(§)'

CLlr
的即)(毎(£)/2+ 紡⑶}||*+7+}

<0(1+ t)TX'+敎* —»(阪儒 + ||wi||r)

+ °厂"'(Ik세I + 11勺11) + CL'(||&lk"+i + 1阮11削+-以+) ,

using Theorem Al, which give the desired estimate (2.18b-c).

Next, we shall give the proof of (ii) in Theorem A3 the case when 
1 = 3 only. (The case I <2 can be proved in the same way.) From the 
Gagliardo-Nirenberg inequality

(2.23) 邱 C " if
1 7 1 1

1 - ----- < 1 — —)g〉0,
p N — q — p 

and (2.20), we obtain that 
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乙2。) 티|尸{(、/二母(對］而)}llg

< I回此勺(圳g + I回硏項(圳

+ C，{广{Xl(泌，顷)啪)'Mt - S)忽 s)}||g

+ 11尸'{乂2(臥\/二〔?)*(£)*2(撰一s)・f(f,s)}||H；,2

+ "T {X3(f)(、/二快)*(£)侦2(挪 一 S)f(&S)}||H；, } dS 

(2.24)
I~1

<£||^_j_7(*)I|9
j=l

+ C s)T능나'+恥，"l心J•(이扇

+ 厂”(1)|卩“2六时|底 + 厂"(1)|1 - s「(n-i)GT)

II 切(써 ds

for any 0 < i < z2 > 0, using Theorem Al, where m is a nonnegative 
integer, pi is any number with 1 < pi < 2, (了幻 P2)should satisfy 
the condition (2.23))and(7,p) should satisfy the condition (2.23) and 
(2.8b). When 1 < p < 2 and 2 < g < oo, there always exists 7 
satisfying (2.23). Hence, we can take P2 = Pi (1 W P고 V 2) in (2.24). 
Furthermore, we take z2 = « (0 < z < fc). Thus, from these, we get the 
desired estimate (2.18d-e). The proof of Theorem A3 is now complete. 
(We can prove Theorem A2 easier than Theorem A3.) □

B. SemilineEir Dissipative Wave Equation

3. Hypotheses and Main Results

In this section and the following sections, we consider the decay 
property of the solution to the Catchy problem for the semilinear wave 
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equation with a dissipative term :

(3.1)
utt 一 △口 + + /(u) = 0 in RN x [0, oo),
u(a:,0) = uq(x) and ut(x,0) = u\(x}.

Now, we state our hypotheses on the nonlinear term /(u) hi the fol- 
lowinge

HYP. 0. y(u) is a continuous function on R and satisfies the 
conditions 

(3.2a) 

for some k > 0 and 

(3.2b) l/(n)l < 树이아'

for some 扁 > 0 and a > 0.
HYP. m. (m = 1,2,…)f(u) belongs to Cm(R) and satisfies the 

condition

(33m) |/（Tn）（u）| < 編I삐〔에미+

for some km > 0, m = 1,2, • • • ? and a; > 0.

We shall pick up freely appropriate set of hypotheses on the nonlin­
ear term /(u) from Hyp. m, m = 0,1,2, • • •.

Using some results which have given by [1 이 (see, e.g., Proposition 
4.1 in the following sections), we shall give our main results in this 
paper by the following two theorems.

First theorem is the following :
Theorem Bl. Let 1 < N <3 and (阳 s) G if1 n £r x Z2 A Lr, 

1 < r < 2? and let Hyp. 0 be satisfied with a such that

(3.4a) 4/N <a< 2/(N — 2) (4/N < a < oo if TV = 1,2).

Then, the solution u(t) € <7([0, oo); Jf1)r)C1([0, oo); L2) of the equation 
(3.1) satisfies that for 0 < k,l,k + I < 1,

(3.4b) I网 D* （圳|京和（1 +頒3 비 f
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where and 〃 are noxmegative numbers given by (0.4), (0.5), re­
spectively, and Qi] is a certain positive constant given by (0.6) (see 
Notation in §0).

Remark 3.1. For jV > 1, a > 0, and (u0,ui) e H1 x L2, weak 
solutions u(i) G L°°([0, oo); H1 n£a+2)n VF1,oo([0, oo); £2) of the equa­
tion (3.1), which be established the existence by Strauss [22], have the 
boundedness and decay property that

(3.膈) I阪圳I <即

and
(3.5b)
El(t)三 ||PxU(t)||2 + ||Qu(t)||2 + L F(u(t)) dx < CW(1 + t)T/2 ,

where is a certain positive constant depending on ||i시|m+lk시I어e+
This fact have already been given in [10] and the reference.

Second theorem is the following :
THEOREM B2. Let 1 < 2V < 6 and (皿勺)G 时+i n Lr X n 

Lr, m = 1,2, 1 <r <2, and let Hyp.O ~ HYP.m be satisGed with a 
such that

(3.6a) 4/N<a< 4/[N 一 2]+ .

Then, the solution u(t) €「|；客'(기(Q。。); 丑해너of the equation
(3.1) satisfies that for 0 < fc, Z, fc + Z < m +

(3.6b) II」方珈(圳 < 아+ 頒知

with

(3.6c) 知= ¥严'

I 31,m +?7 if I = m + 1.

Moreover, it follows that for 2 < q < oo (2 < q < oo if N — 6),

(3.6d) ||<i)||g <C[3](l + t)-^
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with

(3.6e) 』 N八 lx
厶'=云（云_丿+ 7?

REMARK 3.2. When N = L the result of Theorem B2 holds 
under a restricted condition 쉬N < a < 2N(、N — 1)/(2V — 2)(1V — 3) 
(<4/(JV-2)).

REMARK 3.3. Even in the case 0 < a < 4/M we can derive some 
decay rates. Indeed, let (uo,«i) £ H1 x L2, and let Hyp. 0 ~ Hyp. m, 
m = 1,2, be satisfied with a such that

(3.7a)
f 0 < a < 4/2V if
t 0<a< 2N/(N 一 2)(W - 3) if

N <7, 
N>8.

Then, the decay estimate (3.6b) holds true with 0k,h 0 < fc, I, fc + I < 
m + 1, replaced by

> . ~ _ ( 3i,o + [k + I — l]+u; + if I M m ,
(3.7b) M = t W1)0 + (Z-l)w + G-l)^ if ； = m + l, 

where 3 is given by
(3.7c)

'a/8
a/4 一 e
a/(4 _(N — 2)a)

、a/(4 一(N — 2)«) - e

if N = 1,
if N = 2,
if TV > 3 and a 2/(7V - 2), 
if N >3 and a > 2/(7V — 2)

for any 0 < e <C 1, and u5 is given by

e財、 ~ / {Na - 2]+/4 if a<2/(7V-2),
(3'7d) 八丄 if 心 2/(N - 2).

We note that 0 < u; < w < 3i,° and 77 = 0 if a V 4/7V.

Remark 34 When 1 < AT < 5 and (仞心)G Hm+1 Cl Lr x 
Hm A Lr, m > 3, 1 < r < 2, we can derive some decay estimates of 
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the solution and its derivatives of the equation (3.1) under the assump­
tion which /(u) is an m-times continuously differentiable function and 
satisfies Hyp. 0 ~ Hyp. 2 with a such that

(3.8a)
(4/N < a < oo if N = L 
t 0 < a < 4/[N - 2]+ if N>2.

Indeed, we can see that the solution u(t) G C^([0, oo); 
of the equation (3.1) satisfies that for 0 < Ar, Z, A: + Z < m + 1,

(3.8b) II庞％(圳I < +

with

(3.8c)

'3幻 I + TJ

6kti = <
' 3*一2,2 +

・ "〃사4一3,3 +

if IV = 1)2 and Z < 2, 
or N >3 and Z < 3, 
if 2V = l,2andZ>3, 
if 2V>3andZ>4.

To derive these, we use the following fact that

(3-8d) |/(t)(u(f))| < %애讯圳I。。加(圳I, / = o, 1,2,3 .

(Cf. Consider the Taylor expansion of f(u) at u = 0, noting ||u(i)||oo V 
Qs]- See [1이.)

4. Proof of Theorem Bl
In this section we shall prove Theorem Bl. To this we use the 

following results which have been given in [10]. (We omit here the 
proof.)

PROPOSITION 4.1. Under the assumption of Theorem Bl, the 
solution u(t) of the equation (3.1) satisfies that
(4.1)
||a(圳 知(l+t)F and ||0u (圳 | + ||QMt)2%](l+t)n.
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his proposition implies Theorem Bl with (fc, Z) = (0,0), (1,0). For 
case (fc, I) = (0,1) in Theorem Bl, we need improve the decay 
aate of Now, Applying Theorem A2 with fc = 0,Z =
=r, m = 0, we have that

或圳|9知(1+1厂3。，1一，7； +。[ (l + t — s)-3。』一叫Lf(u(s))||Ms 
Jo

)
+ C 广 ei(i)||JW(s))||ds.

Jo

勺 we see from Proposition 4.1 that for 4/N < a < 2/(N — 2) 
T < a < oo if TV = 1,2),

'(m))ll「W 이*(圳;(出) 이M쎄(어⑴)||•如(圳|(어切

re & = 7V(l/2 — l/r(a + 1)) and

C = (a + 1)(1 一 Cih + (a + 1)&(3i,o + ?7)
b) = Na/4 + ar) > u；o,i + q.

the other hand, we see

佃0))11 V C|g(圳仮%) 京기旳)||(a+】)(f)||玖*(圳(어展 

时 多无(1+『，

re & = N(l/2 一 1/2(« + 1)) and

b) 0任=Na/4 + (a + I)?/ > cv0,i + r].

.s, applying Lemma 1.3 to the inequality (4.2), we obtain from (4.3) 
(4.4) that

) II」如(圳|京和(1+沪。。」一〃，

血 implies Theorem Bl with (知 Z) = (0.1). The proof of Theorem 
is now complete.
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5. Proof of Theorem B2
At the first step, we shall prove Theorem B2 with m = 1. To this, 

we use the following results which have been given in [10]. (We omit 
the proof.)

PROPOSITION 5.1. Under the assumption of Theorem B2 with 
m = l, we have :

(i) . The solution u(t) of the equation (3.1) satisfies that
(5.1)

(세 < 尸 and |卩侦(圳뉘|£切(圳I <。図(1+*尸/2-。.

(ii) Moreover, it satisfies that for 3 < N <Q and 2 < g <

(5.2a) lk(t)||9<q2](l+f)-A%

where we set

B) ，*=[衣驾苻%++，

with 0 V £《1, and

(5.2c) Aq = y(| 一 §) + U
厶 厶 q

with 7)given by (0.5).

REMARK 5.1. The (ii) of Proposition 5.1 plays essential role in 
the previous paper [1이 (an& of course, in this paper). For the proof 
of this proposition, we use Propositi。교 6.2 in Appendix and Theorem 
A3 with Z? = Z = 0 and (3.5) in Remark 3.1.

Using Proposition 5.1, we see the following :
PROPOSmON 5.2. Under the assumption of Theorem B2 with 

m = 1, the solution u(t) of the equation (3.1) satisHes that for (知 Z)= 
(0,1), (2,0),(1,1),(0,2),

(5-3) l|D也机(세 < C[2](l + .
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"oof of Proposition 5.2 First, applying Theorem A2 with k = 
：0,i = 0,p = r,m = 1, we have that

心네 <。[2](1+±)一32,。—心 +。[ (l + Ss)fwF||JW(s))||M 
Jo

+ C，/"(I)||"u(s))g 
Jo

, using the 호esults of (5.2) i고 Proposition 5.1, we see from HYP. 0 
Hyp. 1 that

,) II•恤(t))l|r < 이飾)II；(註]) < q기(1 + tyai,

e ai = (a + l)4「(a+i)= Na/4 +(巧〉u；2,o + 功 and

l|QJ(”(Z))|| < 이皿(圳"顷(圳| < 이问)||&如陽(圳I

>) <q2](i+t)-^p^«ll,

e(72 = 시0】% = (Na — 2)/4 +a?/ > 0. Thus, applying Lemma 1.3 
►.4), we obtain from (5.4) and (5.5a-b) that

傾钮(圳*即(1 + 1广2,。-气

h gives the case (站 I) = (2,0) in (5.4).
ext, we use that

in加(功II < C |g(圳l&w华(圳I < q2](i +

b3 = oiAnq + 32,o + 勺 > 22,0 + ?7 to get the decay estimate for 
i(i)||, ||PxD/u(t)||, and ||璘讯圳For these norm, we can get the 
”ed estimates by a same way with (5.6) replaced by (5.7). □

[oreover, using the Gagliardo-Nirenberg inequality, we see the fol- 
ng (which improves the (ii) of Proposition 5.1).

lOROLLARY 5.3. Under the assumption of Theorem B2 with m = 
ie solution u(t) of the equation (3.1) satisfies that for 2 < q < 
[2V - 4]+ (2 < 9 < oo if AT = 4), ~ —

) II”(圳|g < 아2](1 + t)~Aq 
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with Aq given by (5.2c) in Proposition 5.1.

Next, by use Corollary 5.3)we shall improve the decay estimates for 
the case (fc, Z) = (1,1), (0,2) in Proposition 5.2,

PROPOSITION 5.4. Under the assumption of Theorem B2 with 
m — 1, the solution u(t) of the equation (3,1) satisfies that for (知 Z)=
(1,1),  (0,2),

(5-9) I卩也侦圳* C敏l +

Proof of Proposition 50. Setting v 二二 Du (D = Dx or Dt\ 
satisfies

(5.10a) vtt — Av + = —Df(u).

It is easy to see that Lemma 2.1 is applicable to this v(x,t) with

(5.10b) E2(t)三 |PxV(t)||2 + ||Ptv(i)||2 .

In particular, setting v = Dtuy we have from Hyp. 1 and Corollary 5.3 
with q — Na that 
(5-11)

IIA/(u(i))||2 V 이出(圳炕(圳|2 < &榆(1 + £厂听£那)

with 杭=an = (Na 一 2)/4 + arj > 1/2 (by a > 4/IV, cf. (5.5b)).
While, we see from Proposition 5.2 with (kyl) = (0,1) that

(5.12) ||Dt«(t)||2 < C[2](l +t) 2a

with a = 3(),1 + T)(we note that u；2,o = Thus, applying Lemma 
2.1, we obtain from (5.11) and (5.12) that

(5.13a)

where

码+«) = 切(圳|2 + II庆球)||2 < %(1 + 頒2。口，

(5.13b) 1 1
= min{ g+a,a + d} = 5 + w0,i +»? = wi,i + 门, 

厶 厶
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which is the desired estimates (5.9). □

Summing up the above Propositions 5.1, 5.2, and 5.3, we arrive at 
Theorem B2 with m = 1. The proof of Theorem B2 with m = 1 is now 
complete.

At the second step, we shall prove Theorem B2 with m — 2. First, 
we shall prove the following.

PROPOSITION 5.5. Under the assumption of Theorem B2 with 
m = the solution u(i) of the equation (3.1) satisfies that ibr fc, Z > 0 
such that k + I = 3,

(5.14a) ||刀》物(圳I < ^3](1 + *湼이 -

with

A _ J+ 7 if Z《1, 
加'=[32,1 + 77 if l>2.

Proof of Proposition 5.5. Setting w = Dv and v = Du (D = Dx 
or w(x,t) satisfies.

(5.15a) — Zkw + Wf = 一.

Now, we note that w = D2u can be regarded as (TV + 1) x (N + 1) 
matrix valued function and it is clear that Lemma 2.1 is applicable to 
this w(x,i) with

(5.15b) E3(t)三 \\Dxw(t)\\2 + ||Dtw(i)||2 •

By Hyp. 0 ~ Hyp.2, we have
(5.16)
眄勺(剛))||2 < C {II 阪圳%(圳2뉘| ")件1七"||2} 三 如卯頌州 .

Here, since the term Ii(t)2 is treated by the same way as in (5.11), we 
see that

(5.17) ii(t)2 <q2j(i + i)-26iE3(t) 
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with 61 = (Na — 2)/4 + ai] > 1/2. Next, we shall estimate the term 
l2(t)2- When N = 4,5,6, we have

(5.18a)
如)y 이*(现状二幻 ii応)ii；

V 에QM)||【T+||M(圳|4(D||西(圳严

with 2/p = 1/2 一 (N - 2)[a 一 1]+/2河 and = N(l/p -(N- 2)/2N). 
(When IV < 3, trivial modifications are needed. We can use |ju(t)||oo V 
C[2] < oo. Cf. (5.8) in Corollary 5.3.)

First, hi particular, we set w = Dxv = D^.u in (5.15). Then, we see 
from (5.15) and (5.18a) that

V 이仔顷圳|"T+||Z加(圳|4(e)E业严

(5.18b) V 아2〕(1 + 1厂”2晶(t)“,

using Propositions 5.1 and 5.2, where

(5.18c) 但 = : ｛加 一 l]+(31,0 +n) + 4(1 — 0)(32,o + 끼｝ 
厶

and

TV _ a V — 2 .
(5.18d) ^ = 20=——+ ——[«-l]+ (0<M<l),

厶 읏:] V

and we note that (if a = + 了7)

(5.18e) 뜨肝 z 芒쓰 2 帅 + 宀

Thus, we obtain from (5.16), (5.17), and (5.18) that

(5.19) ||^/(u(t))||2 < C[2](l + t)-261E3(t) + Cl2i(l+t)~2^E3(ty .

While, we see from Proposition 5.2 with (k,l) = (2,0) that

(5.20) 加(圳|2 =眇卽(圳|2 < C[2](l + t)-2ai 
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with ai = 32,o + ??. Thus, applying Lemma 2.1 to (5.15), we obtain 
form (5.19) and (5.20) that

(5-21) 码+(血)三 I回机圳I? + \\D^Dtu^\\2 < %](1 +£广2%

with 0합,0 = 1/2 + Qi = 33,0 +
Next, in particular, we set w = DxDtu in (5.15). Then, we see from 

(1.18a) that

(5.22) I2W2 <q3](i+i)-263

with 63 > 31,2 + 7? (> 32,1 + 心 using Propositions 5.1 and 5.2 and
(5.21).  Thus, we obtain from (5.16), (5.17), and (5.22) that

(5.23) ||Z>IA/(«(O)II2 < q2](i + 이性3(t) + q3](i + ty2bs.

While, we see from Proposition 5.4 with (知 I) = (1,1) that

(5-24) ||w(t)||2 三 \\DxDtu(t)\\2 < C[2](l + t)-2a2

with = 3],i + 7/. Thus, applying Lemma 2.1 to (5.15), we obtain 
from (5.23) and (5.24) that

(5.25) E2+1。) = II硏玖u(圳|2 + |区璀％(圳|2 < C[3](l + "5

with 32,1 = 1/2 + % = 32,1 +
Finally, we set w = in (5.15). Then, we can get the following 

estimate by the same way as the above

(5.26) 码+水)三 I也)0加(圳|2 + ||匕计⑴||2 < q3](l + 2%

with + ¥]•
The above escalated energy estimates (5.21), (5.25), and (5.26) give 

the desired estimates (5.14), □

Prom Proposition 5.5, we see immediately the following (which im­
proves the (ii) of Proposition 5.1 and Corollary 5.3).
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(5.28b) 知=

COROLLARY 5.6. Under the assumption of Theorem B2 with m = 
2, the solution u(t) of the equation (3.1) satisfies that for 2 < q < 
2N/{N — 이+ (2 W g < 8 if N = 6),

(5-27) Hi)||9<C[3](14-t)-^

with Aq given by (5.2c) in Proposition 5.1.

Finally of this section, by use Corollary 5.6, we shall improve the 
decay estimates for the case (知 Z) = (0,2),(丄 2), (0,3) in Propositions 
5.4 and 5.5.

PROPOSITION 5.7. Under the assumption of Theorem B2 with 
m = 2? the solution u(t) of the equation (3.1) satisGes that for (知 I)= 
(0,2), (1,2), (0,3),

(5.28a) ||」D仃切(t)|| < C[3](l + t、L비 .

with

+ 7} if I <2, 
31,2 + "Q if Z = 3・

Proof of Proposition 5.7. By use the equation (5.10a) with v = 
Dm we see from (5.11), (5.13), and (5.14) that

I回讽圳< (圳+叩汕(圳+ II以加。))11

(5.29) < q3](l + , a3 =例,2 + T},

noting that u;2)i = 0^0,2? which gives the case = (0,2) in Propo­
sition 5.7. Next, to improve estimates of the case (fc, /) = (1,2), (0,3) 
in Proposition 5.5, we set w = D^u in (5.15) and we shall estimate 
||P^/(tz(i))||. By the same way as in (5.17) and (5.22), we see that

(5.30) ||^/(u(t))H2 < q2](i + + C[3](1 +1)一或，

where 61 > 1/2 and &4 = 加 > + Thus, applying Lemma 2.1 to
(5.15),  we obtain from (5.29) and (5.30) that

El+2(t) = II AD%(圳|2 +1回热)||2 < q3](1 + f严,2
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with 伉,2 = 3丄2 + S which gives the desired estimates (5.28). □
Summing up the above Propositions 5.5 and 5.7, we arrive at The­

orem B2 with m = 2. The proof of Theorem B2 is now finished.

6. Appendix
In this section, by way of precaution we shall give a sketch of the 

proof of Remark 3.3 with m = 1. To this we use the following two 
results given in [10].

The first one is the following :
Proposition 6.1. Let (wo,wx) e H2 x H气 and let Hyp.O 〜 

Hyp. 1 be satisfied with a such that

f 0 < a < 4/7V if TV <4, 
「히 t 0 < a < 2/(N - 2) if N>5.

Then, the solution u(t) of the equation (3.1) satisfies that for k^l> Q 
such that k + I = 2,

(6-ib) |卩也动(圳I <

where 3 is given by (3.7c).

The p호oof of Proposition 6.1 is easy. (We omit here the proof. See 
[1 이.)

The second one is following :
Proposition 6.2. Let N > 3 and (uo,s) e H2 x H1, and let 

Hyp. 0 〜Hyp. 1 be satisGed with a such that

2/(7V - 1) < a < 4/(^ - 2) if N <6,
2/(7V - 1) < a < 2N/(N - 2)(7V - 3) if N>7.

Then, the solution u(t) of the equation (3.1) is uniformly bounded in 
LgN), i.e.,

(6.2b) ||u(圳云 < 아2] < 8

where q* is given by

小 c、 2N(N - 1)
(& c) q* = [QV — 2)(N 一 3)]+ + £

(6.2a)
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with 0 V £《L

This result is one of the most important fact through this paper 
(and the previous paper (1이). So, we sketch the proof of Proposition
6.2.

Proof of Proposition 6>2. We utilize Theorem A3 with R = I = 0) 
q = m = 1, p = p* 三 2(N 一 1)/(2V + 1) + %0 V £《1, and Hyp.O 
~ Hyp. 1 to get

(6-3)
lh(i)||9.

< q2](i + + c +1 - s厂氾F||u(s)||써"])*
Jo

+ C S)TN-1)(土T)eT，(D||g(s)|"盘(s)||p*ds .

Here, we set

(6.4a)
(1 if a > 1,

P1 = \ 2/(a + 1) if a < 1.

Then, we see

N 1 
(6.4b) -(- > 1 and 2 < pi(a + 1) < 2N/(N — 2).

Thus, we have from Theorem Bl and Remark 3.1 that

(6.5) I"(세Pi(a+1) < 이g(圳Hl < Ch] < 8 •

Also, if 2/{N -1) < a < 2N/(N 一 1)(2V - 2), we have

(6.7a) (圳%*圳原 M 이|u(圳由紳|g(圳£ < %]|g(圳监: ,

where

(6.7b) 202 = (j _ ： — 三)。그 - 는)T
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and

(6.7c) 所=Q — 202 (< 1 if a < 4/(JV 一 2)),

which follows from the Gagliardo-Nirenberg inequality. Thus, we ob­
tain from (6.3), (6.5), (6.6), and (6.7) that

IIM圳Is < q2](i +1厂顎 AM + eg j\i +1 - s)一号(吉一六)ds

(6.8) + C(1] j\t - s)—(NT)(去T)e或(1)(1 + ||u(s)监：)ds

with 0 < u < 1/2 and 0 < ^2 < which implies (6.3) by Lemma
1.3. □

Noting Proposition. 6.1, it is sufficiently that we give some decay 
estimate of ||Z)^P^u(/)||, k + I = 2, when N > 5 and 2/(丿V - 2) V a V 
4/N.

Proposition 6.3. Let N >b and (&,?妇)G H2 x and let 
HYP. 0 z HYP. 1 be satisfied with a such that

(2/(N-2)<a<4/N if N<7,
'‘初 I 2/(7V - 2) < a < 2N/(N - 2)(7V - 3) if N>8.

Then, the solution u(t) of the equation (3.1) satisfies that for k^l > 0 
such that k + I = 2,

(6.9b) I 回 Q机(圳I < q2](i +1 厂we

with 3 = 4/(4(7V — 2)a) 一 弓 0 V e《1, given by (3.7c).

Proof of Proposition 6.3. We apply Lemma 2.1 for the equation
(5.10).  Since we see from Proposition 6.2 and Remark 3.1 that

(6.10) |杞(圳|炕 京기"01 啓(I)II 如的 ||f < q2](i + t)-^ 

with 0 < cr < 1, we have that

(6.11) ||0f(z心))||2 < 이 g(圳簇 砺。) < q2](i + t)qy：2(t)
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with 26q = oca > 0 (D = Dx or P<9 see (5.11)). While, we see from 
Remark 3.1 that

(6.12) ||Pu(t)||<C[1](l+t)-u，1-°.

Applying Lemma 2.1 to (5.10), we obtain from (6.11) and (6.12) that 
(6.13a)
鸟⑴ 三 (圳|2뉘|玖m(圳|2 < q2](i+i)-2<，2( < c[2](i+t)-2^l)),

where 的=min{l/2 + u?i)o,u；i)o + &o} > ^1,0 (=此')), i.e., 

(6.13b) \\Dlu(t)\\<C[2](l + ty6^.

Then, we see from (6.10) and (6.13) that

(6.14a) 胸(圳I簇 < 이|玖旳)||2에)||1為(세* < C[2](l+t)-261,

where &i = a(l — f )必 q + a^0

(6.14b) g =《N — 2)a — 2)/2a

Thus, applying Lemma 2.1 again to (5.10), we obtain from (6.14) that

(6.15) S2(t)<C[2](H-t)-2^2)or ||Z加(圳I《％](1 + 成痹，

2(
2where Q 

that
= min{l/2 + s o,^i o + ^i} =3i,o + S・ Then, we see again

(6.16) W(圳俄圣即(1 +頒2%

where 板=»(1 一《)3：瑚 + o即9). Thus, we obtain that

(6.17) E2(t) < C[2](l +1)-透)or〔I度“(圳 < C[2](l +1)-痹,

where 砚히 = fo + 皈. Repeating this procedure indefinitely, we obtain 
that

(6.18a) ^2(t)<q2](l + *)-2^m), m = 4,5，…，
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where is given by

(6.18b) = 써,0 + 始-1 ,

、dm-l = a(l - 0^1,0 + Q秘mT),

8b
1

=a 伊?+ °(1

r
 

o

with f given by (6.14b), which gives the desired estimates (6.9). □

By the similar way as in previous sections, we shall improve the 
decay estimates for 난2 case Z) = (1,1), (0,2) in Propositions 6.1 
and 6.3.

PROPOSITION 7.4. Under the assumption of Remark 3.3 with 
m = 1, the solution of u(f) of the equation (3.1) satisfies that

(6.19a) I心"(세 < C[2](l + t厂

and

(6.19b) \\DxDtU^\\ + |卩*(圳I < C[2](l + 如皿。，

where 曷 is given by (3.7d).

Proof of Proposition 7.*. By use the equation (3.1), we see

(6.20) II•曲(圳I < II职”(圳| + \\D^t)\\ + ||/(剛))||

Here, by Proposition 6.1 and (6.3) we have that

(6-21) II必电)|| + |卩為(圳I < q2](i + 如皿。-3.

Also, if a < 2/(2V — 2) we have from Hyp. 1 that

IIJSO川 < 이")矇%) < 이")冲)叩杼(圳聲/2 

(6.22a)
< Cr!](l + 1)-31,0-卩某一2]+/4 ,
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noting Remark 3.1. While, if a > 2/(N - 2) we have that

II加(咧 < 이|Z侦(圳요-(N-4)a)/2肛盆(圳((N—2)a)—2)/2 

(6.22b) < q2](l +1)一s’。a.

Thus, we obtain from (6.20), (6.21), and (6.22) that

(6-23) ptu(i)||<q2](l + t)-^-o-c

with cu given by (3.7d).
Next, by the same methods as in the proof of Proposition 5.4, we can 

get the desired decay estimates (6.19b), using this estimate (6.23). □

Summing up the above Propositions 6.1, 6.3, 6.4, and Remark 3.1, 
we arrive at Remark 3.3 with m = 1. And, we can get Remark 3.3 
with m = 2 by the same way as the above. The proof of Remark 3.3 
is now finished.
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