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ASYMPTOTIC BEHAVIOR OF ALMOST-ORBITS 
OF NONLINEAR SEMIGROUPS OF 

LIPSCHITZIAN MAPPINGS IN BANACH SPACES

Jong Soo Jung and Jong Seo Park

1. Introduction

Let C be a nonempty closed convex subset of a real Banach space X 
and let T be a mapping of C into itself. T is said to be a Lipschitzian 
mapping if for each n > 1 there exists a positive real number kn such 
that

\\Tnx-Tny\\<kn\\x-y\\

for all x, t/ € C. A Lipschitzian mapping is said to be nonexpan- 
sive if — 1 for all n > 1 and asymptotically nonexpansive [8] if 
liuin-^oo kn = 1, respectively. Let S = {T(t) : i > 0} be a family 
of mappings from C into itself. 5 is called an asymptotically non- 
expansive semigroup on C if T(0) = I (the identity mapping on C), 
T(t + s) = T(Z)T(<s) for all t, 5 > 0, T(t)x is continuous in t > 0 for 
each x G C, and there exists a constant kt > 0 with lim”나8 kt = 1 
such that

\\T(t~)x - T(i)t/|| < kt\\x-y\\

for all y E C and t > 0. If — 1 for all t > 0, then S is called a 
nonexpansive semigroup on C.

Bailion [1] (see also Baillon and Brezis [3]) proved the following 
nonlinear ergodic theorem : If X is Hilbert space and F(<S) = {z W (7 : 
꼬(£)z = z for all i > 0) 0, then for every x E T(t)x is weakly
almost convergent as f —> oo to a point y of F(5), i.e.,

weak — lim - / T(r + h)dr = y
—8 t JQ
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uniformly for h > 0. Bailion [2], Bruck [6] and Reich [16] extended 
this result to tne case of uniformly convex Banach spaces with Frechet 
differentiable norm, and Hirano [11] succeeded in extending it to the 
case of uniformly convex Banach spaces which satisfying Opial's con
dition. Recently, Tan and Xu [22] established the nonlinear ergodic 
theorem for asymptotically nonexpansive semigroups in a uniformly 
convex Banach space with a Frechet diflferentiable norm.

O교 the other hand, in [6], Bruck introduced the notion of an almost- 
orbit of a nonexpansive mapping. Miyadera and Kobayashi [14] ex
tended the notion to the case of a nonexpansive semigroup on C and 
proved the weak almost convergence of such an almost-orbit in a uni
formly convex Banach spaces with a Frechet differentiable norm. TaJca- 
hashi and Zhang [19, 20] extended the notion to asymptotically nonex
pansive semigroups and investigated the weak convergence of such an 
almost-orbit in a Banach space just above mentioned.

The purpose of this paper is to study the asymptotic behavior of 
almost-orbits of asymptotically nonexpansive semigroups in a uni
formly convex Banach space with a Frechet differentiable norm. Our 
results (Theorem 4,1, 4.2 and 4.4) extends some previous results in [3, 
6, 10, 12, 14, 16, 21, 22] for nonexpansive mappings or in a Hilbert 
space setting to asymptotically nonexpansive mappings or in a Banach 
space setting, because for each x G C, : [0, oo) —* C* is an almost- 
orbit of {T(i) : t > 0). Sectio그 2 is a preliminary part. In Section 3, we 
prove several lemmas which are crucial for our study. Main results are 
given in Section 4. First we provide the weak 시most convergence of 
almost-orbits of asymptotically nonexpansive semigroups. Using the 
result, we study the weak convergence of an almost-orbit itself. Next 
we prove the existence of a nonexpansive retraction from the set of 
almost-orbits of the semigroup S onto F(<S).

2. Preliminaries

Let (X)II - II) be a real Banach space and let (X*‘ || - ||) be its dual, 
that is, tha space of all continuous linear functionals on X. The value 
of x* E X* at x & X will be denoted by (x, z*). With each w € X, we 
associated the set

J(x) = {x* G X* : (x,x*) = II께2 = ||x*||2}
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Using the Hahn-Banach theorem, it is readily verified that J(x) + 0 
for any x E X. The multi-valued mapping J : X —> X* is called the 
duality mapping of X. Let U = {x E X : ||x|| — 1} be the unit sphere 
of X. Then a Banach space X is said to be smooth provided the limit

(2.1) 姓虹쀄 士1

exists for each x, y G (7. In this case, the norm of X is said to be 
Gateaux differentiable. It is said to be Frechet differentiable if for each 
x E the limit (2.1) is attained uniformly for y C U.

Let C be a nonempty closed convex subset of X, Then a one- 
parameter family S = {T(t) : t > 0} if mappings from C into itself is 
said to be a Lipschitzian semigroup on (7 if 5 satisfies the following 
conditions :

(i) T(0)x ~ x for x E C]
(ii) T(t + s)z = 꼬(t)7Xs)c for x £ C and t, s > 0;
(iii) for each x E the mapping T(t)x is continuous for t E [0, oo);
(iv) for each t > 0, there exists a constant kt > 0 such that

llTG> - ZQ)y|| < kt\\x 一 训

for all xy y E C. A. Lipschitzian semigroup S is said to be nonexpansive 
if 女=1 for alH > 0 and asymptotically nonexpansive if limf_>00 kt = 
1, respectively. We denote by F(5) the set of all common fixed points 
of {T(t) : t > 0} in C, i.e.,

F(S) = n F(T(t)) 

t>0

where F(T(i)) is the set of fixed points of T(f), i.e., F(T(i)) = {x E 
C : T(t)x = x}. A continuous function u : [0,8)—> C is said to be an 
almost-orbit of S = {T(t) : t > 0} of

(2.2) lim (sup ||u(5 + t) — jT(5)u(t)||) = 0 
i8 s>o

We denote by u;w(u) the set of all weak limit points subnets of the 
net {u(t) : t > 0}. For a subset D of X, coD denotes the closure of the 
convex hull of D.
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Finally, we racall the notion of almost co그vergence due to Lorentz 
[13].

Definition. Let X be a Banach space, a continuous function u : 
[0, oo) —> X is said to be weakly almost convergent to an element y of 
X if

weak 一 lim - [ u(r + K)dr = y
—8 t Jq

uniformly in h>0.

3. Lemmas

In this section, we prepare several lemmas as in [14,15, 19, 22] which 
are crucial in studying the asymptotic behavior of almost-orbits.

LEMMA 3.1 [22]. Let C be a nonempty bounded closed convex 
subset of a uniformly convex Banach space X and let S = (T(i) : i > 0) 
be an asymptotically nonecpansive semigroup on C. Then F(S) is an 
nonempty closed convex subset of C.

LEMMA 3.2 [22]. Let C be a nonempty bounded closed con
vex subset of a uniformly convex Banach space X. Then there exists 
a strictly increasing, convex and continuous function g : [0, oo) —> 
[0, oo), g(0) = 0, such that for any Lipschitzian mapping T : C t X) 
any finitely many elements — ^xn in C and numbers 句.厂• • ,an 也 
[0,8)with ax = 1, there holds the following inequality :

n n
어:如)

(3.1) i=l i-1
< Lg^ioiax. {||:上 - :勺|| - ||Txt - T；이|} +(1 - L~l)d)

where L >1 is the Lipschitz constant ofT and d is the diameter of C.



Asymptotic behavior of almost-orbits of nonlinear semigroups 95

LEMMA 3.3. Let C be a nonempty bounded closed convex subset 
of a uniformly convex Banach space X and let S = {T(t) : t > 0} be 
an asymptotically nonecpansive semigroup on C. Then for every net 

of elements of C, the conditions xt x weakly as t —> oo and 
limsupsT8(Hmsup—8 Ikt 一 幻:s)：이|) = 0 imply that x G F(5), ie, 
x is a common fixed point of S.

Proof. For any arbitrary e > 0, choose so > 0 such that

(3.2) lim sup II知—T(5)xt [I V e
t—*oo

for all s > so， Since xt x weakly, x G cd{xh ： h > t} fo초 each 
t > 0 and hence we can choose for each a y/ = EUi 入i3出 with 
At > 0, £TWl 九> t such that

(3.3) Ik-J/ill < p

Now for an arbitrary but fixed s > sq, by (3.2) we can find a to such 
that

(3.4) ||xf 一 T(s加II < £

It then follows from (3.4) and Lemma 3.2 that for i > io

II끄(s)贝 - 饥 II
m m

=||印)(£人皿)一(2人爾)11
1=1 1=1
m m m

< IB(s)(£&虹)시| + £ 시|?(s加,

2=1 1=1 2 = 1
< 知§厂'(1 另胃一Xtj H — H끄(s)b，一 T(£)叫 I!)

+ (1 - ')d) + 6.

where d is the diameter of C* By (3.4), since

Ikt. 一 xt} II
< 11% - T(s)xt,\\ + ||T(s)死-T(s)xt] II + I岡—T^xt} II
<2e + \\T(s)Xtl — T(s)z 必，
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we obtain

||Z(s)gt -yt|| < 知gL((i 一 k；* + 2e) + e

for all t > <o and hence

limsup||T(s)j/f - yt^ < kag~l((l - k；')d + 2e) + e. 
+8

Therefore

||T(s)c - 찌I
< limsup에T(s)z - T(s)yt|| + ||T(s)yf - 如| + ||yt - 끼|)

t—>8
< limsup((l + fcs)||yt - 찌| + ||T(s)yt 一 yt||)

t—>8
V ksg x((l — + 2e) + & —» 0 as s t 8 and e —> 0

This show that T(s)x —> x strongly as s 8 and hence x E -F(<S) by 
continuity of S・ The proof is complete.

As a direct consequence, we have a partial extension of a result of 
Browder [4] to asymptotically nonexpansive mappings.

COROLLARY 3.4. Let C be a nonempty bounded closed convex 
subset of a uniformly convex Banach space X and : C -t C be 
an asymptotically nonexpansive mapping. Then (I — T) is demiclosed 
at zero, Le.y for any net {x<} in C, the condition xt x weakly and 
(I — T)xt 一능 0 strongly imply (I — 끄):t = 0.

LEMMA 3.5 [15]. Let C be a nonempty closed convex subset 
of a Banach space X and let S = {T(t) : t > 0} be an asymptot
ically nonexpansive semigroup on C. If u and v are almost-orbits 
of S, then limJ* ||u(t) — v(t)|| exists. In particular, for every z G 
E(S), limj+8 ||n(/) — 히| exists.

LEMMA 3.6. Let C be a nonempty closed convex subset of a 
Banach space X)S = {T(t) : / > 0} an asymptotically nonexpansive 
semigroup on C, and u an almost-orbit of S. Then lor each h > Q, 
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the function v : [0, oo) —> C defined by v(t) = T(h)u(t) is also an 
almost-orbit of S

Proof. Let = sups>0 ||u(s + t) — T(s)u(t)||. Since

||v(5+i)-T(5)V(i)||
=100)讯S + £)- T(S)7(心(圳

，으 II끄(")«(s + £)— u(h + s + 圳 + ||w(A + s + t) — 꼬(s + A)u(t)||
W 8(s + Z) + ,(£))

the result follows.

Lemma 3.7。Let S = (T(Z) : t > 0} be an asymptotically non
expansive semigroup and let u be an almost-orbit of 5. Then u is 
uniformly continuous on [0, oo).

Proof. Let ©(£) — sup3>0 |g(s + £) — T(5)u(t)|| and let e > 0 be 
arbitrary. Then we can choose tQ =七應)> 0 such that ©(£) V f for 
t > io- Si그ce u is uniformly conti요uous on [0,^o +1], the호e is a positive 
8 = 8(e) < 1 such that 一 u(/?)|| < 击 for f, tl € [O,/o + 1] with 
\t — M where M = supt>0 kt，Now let t1 G (0,oo) be such that 
0 < t — t1 < 8. If / < i0, then f < to + 1 and so ||”(丫)一 u(i)|| < 或須£ 
If f > to, then

他(/) — u(/)|| 色 IW(*‘) 一 T(t — — t + to)||
+ ||T(/ — 一 t + to) — T(t —如)？£(九)||

+ 11"。)一 T(t —扁)廿

m一 t + io) + 机切、)+ 知t + to) _ “(尬))11 
驾+方M金=£.

Consequently, ||u(iz) 一 u(t)|| V E if |t/ — tj < 5. This completes the 
proof.

LEMMA 3.8. Let C be a nonempty bounded closed convex sub
set of a uniformly convex B이space X, S — {T(t) : i > 0} an 
asymptotically nonexpansive semigroup on C, and u an almost-orbit 
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of S. Then for each t > 0 and e > 0, there exist =質o(t) > 0 and 
h£ = ho(£)> 0 depending only on t and e respectively such that

||T(/i)(y u(r + r)dr) — j u(K +「+丁)』지I

V宰+(1+司厂咕+洞)+ :

for all r > rt and h > h£, where g is as in Lemma 3.2 and d is the 
diameter of C.

Proof. By Lemma 3.7, there is a 5 = 6(f) > 0 such that 

l*(s) - a(s')[[ < I 
lr

whenever s, sf € [0,8)such that |s —硏 < 8. We can also choose 
ri (t) > 0 depending only on t such that

(3.5) ^(r) = sup ||u(h + r) - T(A)u(r)|| < ~-
h>Q 枫

for r > 質i(t)・ Choose an integer N = N(t) so large that N > 诂} and

[广 1 N 1
IIT / u(r}dr 一 f £ u(P△헤 < 

1 1=1

whenever rt =(方)"? = 1,2, • • •)N and Ar = y. It follows that

1尸 1 N
II； / u(h + 尸 + 丁)的一丁u(h + 尸 + 弓)△了|| 
七人 七t=l

< ||u(/i + r 4- r) - u{h + r + rt)dr^ <

(3-6)

and

(3.7)
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From (3.5), (3.6), (3.7) and Lemma 3.2, it follows that 
(3-8) t 七

||70)(； j u(r + r)dr) - y j u(Ji + r + T)dr||

1 + 屁 1 N I 시
< —i— + l|7Wz)(m£a(r + 弓)一 亍 £2(万也侦 + 务)△제

1=1 :=1
]N

+ ? £： \\T(h)u(r + Tj) 一 u(h + 7■ + rs)||Ar 
1=1

1 + j由
< —亍一+ 加0「L( max {|他(質+ ‘匚)一叫(「+写)||

-l|70)u(r + 弓)一 T(h)u(r + 句)||} + (1 - ")d) + § 
OL

]+屁
V —7— + max {[^(r + r,) -M(r + rJ||z ，으 5으 N

2 I

一 ||W0 + r + 7圳I -u(/i + r + 万)|| + 赫} + (1 — 人广)d) + - 
OC C

for r > ri(t). Since u(t + h) is also an almost-orbit of S for every 
"Z 0, by Lemma 3.5, limr__.oo ||u(r + rt) — u(r + 写)|| exists for j = 
1,2, ••- yN. Then we choose an 厂2(Z) > 0 depending only on t such 
that

(3.9) ||tz(r + rt) 一 u(r + 万)|| - ||u(£ + r + rt) - u{h + r + 写)|| < -
Ob 

for r > r2(t) and z, j = 1,2, •• - ,7V. Let rt = max{r!(i), r2(i)). 
Finally, we choose an /z£ > 0 depending only on e such that
(3.10) kh < 1 + e
for all /i > h£t From (3.8), (3.9) and (3.10), it follows that

||T(/z)(y [ u(r + r)dr) - - / 讯九+ 尸 + 丁)寸에

* Jo * Jo
2 + £ 1/1 2 8 、 1<—+(l+£)^(-+-+rrid)+7 

<，三 + (1 + s)5-1(7 + %) + ： 
V t b

for all r >rt and h > h£. The proof is complete.
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LEMMA 3.9 [15]. Let X be a uniformly convex Banach space with 
a Frechet differentiable norm, C a nonempty bounded closed convex 
subset of X, S = (T(/) : / > 0) an asymptotically nonexpansive 
semigroup on C, and u an almost-orbit of S・ Then

F(S) ncd{u(t): f > 5}
S>0

is at most a singleton.

By Lemma 3.1, the nearest point projection P of X o교to F(S) is 
well-defined. Finally, we prepare the following lemma whose result (i) 
is given in [19]. For the study and completeness, we give the detail 
proof.

Lemma 3.10. Let C be a nonempty bounded closed convex sub
set of a uniformly convex Banach space X)S = {T(t) : i > 0} an 
asymptotically nonexpansive semigroup on C,u an almost-orbit of S, 
and P the nearest pont projection of X onto F(S). Then we have the 
foil wing :

(i) {Pu(t)} converges strongly to some zq, where zq is a unique 
element in F(S) such that

Jim ||u(t) — 치[ = ||u(t) — 히| : z € F(S)}.

(ii) Moreover, ifX is smooth and {"(t)} converges weakly to a point 
y € then y — z0.

Proof, (i) By Lemma 3.5, we know that lim一8 ||w(<) — 치| = f(z) 
exists for each z e F(5). Let R = inf{/(z) : z e F(5)} and M = {w E 
尸(S) : /(w) = R}. Then, since f(z) is convex and contiguous on F(S) 
and f(z) —> 8 as ||圳—> oo, M is a nonempty closed convex bounded 
subset of F(S). Fix zq E M with /(zo) = R・ Since P is the nearest 
point projection of X onto F(<S), we have ||u(t) — Pu(t)|| < ||u(t) — {川 
for t > 0 and y € F(<S), and hence

^lim ||u(t) 一 Pu(t)|| < R.
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Suppose that limf_+oo ||u(f) — Pu(/)|| < R. Then we may choose e > 0 
and > 0 so that ||u(f) — Pu(t)|| < 1? — e for all t > fo. Since

||u(£ + S)- Pu(5)|| < |(u(t + s) - T(t)u(s)|j + ||7财)以s) -」Pu(s)||
< Ms) + 시g(s) —

for all f, 5 > 0 and 血耳一如。©($) = 0)where ©(s) = supt>0 |g(Z + s)— 
꼬(t)以(s)归 we can 사loose 5 > to such that

p 色
|g(t + s) - Pu(s)|| < 이g(s) - Pu(5)|| + - < 如(K -e) + -

厶 厶

for all t > 0. Therefore we can obtain that

모his is a contradiction. So, we conclude that

lim |)u(i) — Pu(t)|] = R, i—*oo

Now we claim that limt_oo Pu(t) = zq. If not, then there exists 
e > 0 such that for any f > 0 ||尸讥丫) — zo|| 2 e for some t > t\ Choose 
a > 0 so smallthat

(E + a)(l一 或万：一))= & <K, 
it + a

where 6 is 난2 modulus of convexity of X (see [이). We have ||u(/r) — 
Pu(t/)|| < R+a and —z()|| < R + a fo호 large enough Therefore 
we have

II球，)一尊 + 2。|| <(R + a)(l -以万上))=R1- 
z it + a

Since wt> = 奂(?+初 g F(5), as in the above

Ik”+¥）一 인* Il < 庇 ii“（y）一 必，Il + $（f） 
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for all t > 0. Since lim$T8 ©($) = 0)there is a > 0 such that

Mt + ” - 的,Il < 如件伊)- u시I + 与쯔 < 加晶 + 段쯔, 
厶 厶

and hence

t프切 - W//|| < (^lim kt)Ri + 貝 2 ~的

R — R\ 
一2~=Ri +

J R + Rt
=一2一 < R.

This contradicts the fact R — inf{/(z) : z C F(S)}. Therefore we 
have limt->oo Pu(t) = zq. Consequently, it follows that the element 
zq G F(S) with 了(瓦)=min{g(z) : z € F(S)} is unique.

(ii) Now suppose that {tz(i)} converges weakly to a g C F((S). Then, 
since (u(t) — Pu(t), J(/ — Fu(t)) < 0 for all / € F(<S) (see ［이), by 
taking the limit as £ t oo, we get (y — zo, J(f — 如)V 0 for all 
f € F(S). Because y € F(5), we in particular obtain ||g —如俨= 
(?/ 一 a、J(g — %)) < 0 and hence y = z0. This completes the p호。。f.

4・ Asymptotic behavior

In this section, we prove the nonlinear ergodic theorem fo호 almost- 
orbits of asymptotically nonexpansive semigroups in Banach spaces.

THEOREM 4.1. Let X be a uniformly convex Banach space with 
a Frechet differentiable norm, C a nonempty bounded closed convex 
subset of Xy and S — {T(t) : i > 0} an asymptotically nonexpansive 
semigroup on C. Then every almost-orbit u of S is weakly almost 
convergent to the unique point of the set F(S) fl Qs>o co{w(i) : t > 0}.

Proof. By Lemma 3.8, we have

||70)(： / u(rt + T)dr) - y / 雄 +" +小제 

t Jo t Jo
< 흐痒 + (1 + e)gT(； + ed) + §
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for all <> 0 and h > hs, where rt and he are as in Lemma 3.8, and d 
is the diameter of C, Noting that

II：/ u(h + rt + r)dr - | j ”(匚 + 小제

= II! / (u。+n +r) - u(rt + 7))d에

we obtain

II70)(：/ + t)&t) 一 ； j + 丁)d지

< ||T(K)(： j tz(n + r)dr) - I j u(& + j + T)d제

1 f* 1 /■*
+ ||；/ u(h + ^ + T)dT - ~ u(" + T)d제

t Jo t Jo
2 -|- s . —1/1 i\ 1 + hd

M — F (1 + £)g (- + %) + —-—

for all h > h£ and t > 0. Therefore we have

limsup(limsup ||T(/t)(- / u(rt + 丁')d丁、) — - f u(rt + T)rfr[[) = 0.
/t—*oo t—+oo t 丿o 七 Jo

It follows from Lemma 3.3 that {} J： u(n + 丁)d丁} converges weakly to 
y, the unique point of the set F(S) fl Q3>0 cd{u(t) : t > s}. By the 
same method, we also obtain

||70)(/ u(rt+pt + r)dr) - 7 / u(rt + pt + T)dr\\ 
Jo t Jo

2 6 . —1/1 八 1hd
'으 ---- H (1 + e)g (- + ed) + —-—u V l>

for all t > 0 and h > /ze, and thus

・ 1 I*lim sup(lim sup||T(/^)(- / u(rt + Pt + r)dr)
ft—*00 t—*-oo t Jo

-7 / U(rt +pt + T)dT)|) = 0.
t Jq
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It follows again from Lemma 3.3 that { } J： u(r«+ r)dr} converges 
weakly to y. This implies that

1
I u(rt + p + r)dr ——> y weakly as f » oo 
o

uniformly in p > 0. Now for t and s > we have

1 f3
一 / u(p + r)dr
s Jq

=-{/ u(p + r)dr + I u(p + r)dr + / u(p + r)dr}
$ J。 Jrt Jqt^Tt
]rn Z rt

= 히(P + Cd丁+ £ J u(rt + jt + p+r)dr

+ / u(p + r)dr},
J q*+n

where s = qt + rt +r^ r < t. Since

； j n(ri + jt + p + r)dr——> y weakly as t —> oo

uniformly in p, j > 0, we conclude from above that

1 f8
-I u(p + r)dr —> y weakly as s —too 
S Jo

uniformly in p > 0. This completes the proof.

Recall that (u(t)} is said to be weakly asymptotically regular if

lim (u(t + 先)一u(t)) = 0

weakly for all /i > 0. Now we discuss the weak convergence of an 
almost-orbit {u(i)} itself.
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THEOREM 4.2. Let X be a uniformly convex Banach space with 
a Frechet differentiable norm, C a nonemprty bounded closed convex 
subset of X, and S = {T(t) : f > 0} an asymptotically nonexpansive 
semigroup on C. Then for each almost-orbit u of S, the following 
statements are equivalent :

(i) {u(t)} converges weakly to a common Hxed point of S ;
(ii) {«(/)} is weakly asymptotically regular.

Proof. The fact that (i)=》(ii) is obvious.
(i) <= (ii). The result follows from Theorem 4.1 and the fact that 

weak limt->oo(u(t + A) — u(t)) = 0 for all ft > is a Tauberian condition 
for weak almost convergence of {«(<)} (cf, [13, 18]).

COROLLARY 4.3. Let X be a uniformly convex Banach space with 
a Frechet differentiable norm, C a nonempty bounded 시osed convex 
subset of X and S = {T(t) : t > 0} an asymptotically nonexpansive 
semigroup on C. If for each almost-orbit u of 5, («(/)} is weakly 
asymptotically regular, then {四(£)} convenes weakly to y E F(<S) and 
y = Umt-j.oo Pu(i), where P is the nearest point projection of X onto 
F(S).

Proof. The result follows from Lemma 3.10 and Theorem 4.2.

Finally, we prove the existence of a nonexpansive rettaction for 
almost-orbits of an. asymptotically nonexpansive semigroup.

THEOREM 4.4. Let X be a uniformly convex Banach space with 
a Frechet differentiable norniy C an nonempty bounded closed convex 
subset of X, and S = {T(f) : f > 0} an asymptotically nonexpansive 
semigroup on C. 꼬hen the limit

1仁
Qu = weak 一 lim 一 / u(T)dr

18 t Jo

is the unique retraction from the set AO(S) of all almost-orbits of S 
onto E(S) such that

(i) Q is nonexpansive in the sense that

IIQ(u) - Q(u)|| < ||u 一 애8 = sup ||u(Z) - 戒圳I
t>0
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for u, v E AO(S);
(ii) 0「(五)队=T(h)Qu = Qu for u E AO(S) and h>0;
(iii) Qu G fl3>0 cd{u(t) : t > 3} for u e AO(S).

Proof, (i) By Lemina 3.1, 나ic fact F(S) C j4O(<S), and Theorem 4.1, 
the retraction Q from AO(S) onto F(S) is well defined. Also, by the 
wea-k lower semicontinuity of the norm of X, it follows from Theorem 
4.1 that for each h>0

||Qze - Q에 V liminf I]丄 [ u(h + r)dr — [ v(h 4-
i8 t JQ t Jq

< liminf — / ||u(7i + r) — v(h + r)||dr
—8 t JQ

— HW ~ 에 8,

that is, Q is nonexpansive.
(ii) Let u C AO(S) and h > 0. First we observe that QT(h)u is 

well defined by Lemma 3.6. Since Qu G F(<S), we have T(h)Qu = Qu. 
Thus it remains to prove QT{h)u = Qu, In fact, we have

1 r
QT(h)u = weak — lim — / 끄(九)"(丁)dr 

J*8 t Jo
=weak — Jim : J u(h + r)dr

+ weak — lim - / (T(A)u(r) — u(h + r))dr 
—8 t Jo

.1 f= weak — lim — / u(h + r)dr = Quy Jp。t Jq

since

:j ||T(A)u(r) _ u(h + t)|| < j y* ©(丁)—> 0 as t —> 00,

where ^(i) = supa>0 ||u(s + £) - T(3)u(t)|| t 0 as t t 8.
Finally, (iii) and uniqueness of such a retraction Q follows from 

Lemma 3.19 and Theorem 4.1. The proof is complete.



Asymptotic behavior of almost-orbits of nonlinear semigroups 107

REMARK. (1) Since for each x E C, T(-)x : [0,8)—> C is an 
almost-orbit of {T(t) : t > 0}, Theorem 4.1 and 4.2 are improvements 
of Theorem 3.1 and 3.2 in [22].

(2) Our results (Theorem 4.1 and 4.2, and Corollary 4.3) are also 
generalizations of the corresponding results in [3, 6, 10, 12, 14, 16, 21] 
for nonexpansive mappings or in a Hilbert space setting to asymptoti
cally nonexpansive mappings or in a Banach space setting. In partic
ular, the result y = limj+8 Pu(t) in Corollary 4.3 is of interest.

(3) Theorem 4.4 seems to be new even for nonexpansive semigroups.

each x G C as in [15, ^2], we also obtain the unique nonexpansive 
호etiaction Q from C onto F(S) such that

(i) QT(t)x — T(t)Qx = Qx for x E C and i > 0,
(ii) Qx G Q3>0 cd{T(t)x : t > 5} for e C.
(4) We do not know whether our results axe valid for the orbit 

{T(t)x : i > 0) at 5; of a strongly measurable (not necessarily con- 
tinous) asymptotically nonexpansive semigroup S = {7(/) : t > 0} on 
C (see [18, p. 55이).
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