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THE UNICELLULARITY OF SOME
LOWER TRIANGULAR OPERATORS

Balk Hyoung Gu! aNp Ha DAE YEON

1. INTRODUCTION

The investigation of invariant subspaces is the first step in the at-
tempt to understand the structure of operators. We will investigate
bounded linear operators on Hilbert spaces which have the simplest
possible invariant subspace structure. In this paper, we are going to
study some strictly lower triangular operators which are shown to be
unicellular under certain conditions.

We introduce a simple but key result which transforms the problem
of establishing whether a vector is cyclic for an operator to that of de-
termining whether a related operator is one-to-one. We first introduce
some definitions. Let H be a Hilbert space and A an operator on H.
Let M denote a subspace of H. M is invariant under A means that
Az € M for all z € M. The collection of all subspaces of H invariant
under A is denoted by LatA. The operator A is unicellular if the col-
lection LatA is totally ordered by inclusion. If K is a subset of H, the
span of K is the smaliest subspace containing X and denoted by spank..
If z € H then span{z, Az, A%z, ---} is easily seen to be invariant under
A. The vector z is cyclic for A if span{z, Az, A%z, --- } = H and M
is a cyclic subspace for A4 if span{z, Az, A%z, --- } = M. Let A be a
bounded operator with [|A|| < 1 on {%, and let {eq, €1, €z, - - - } denote
the standard basis for 2. Let z be a column vector in {%. Since z ia a
colummn vector in [2, it should be written like = = (z0,z1,--- ). So A"z
is a column vector in I* for each n = 1, 2, - - - . Then we have an infinite
matrix [z, Az, A%z, ---}' which is a linear transformation defined on
2. Since (I?)* = 2, for each z in I* we have a linear functional ¢, in
1% such that |¢.(y)| < {zll2 lly]|2 for all y in %. Let y be in {2, In fact
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that ¢.(y) = 3, Ziy, for each y € 12. Then

¢‘z(y)

¢ az(y)
[¢, Az, A%z, |ty = ¢:zz(y)

Since [|A]| < 1, this matrix gives a bounded operator mapping {* to 2.
We denote the matrix [z, Az, A%z, )y by §;(A) from now on.

Let A be a bounded operator with ||A|| < 1 on % represented by
a strictly lower triangular matrix. Let M, be the subspace span{e,,
€ntly €ntzy -} foreachn =10, 1,2, -.-. Then every M, is invariant
under 4, and {M, | n =0, 1, 2, ---} is totally ordered by inclusion
s 2 = Mg D My D My D --.. Hence A is unicellular if its only
invariant subspaces are {0} and M,,n =10,1, 2, -- -, i.e. the collection
LatA of all subspaces of {2 which are invariant under 4 is {{0}, M, |
t=0,1,2,--- }. Let M be a subspace of 2. If we let zy =(0,--+,0,1,
Ther, ) € P and My, = span{zy, Azy, A2y, -} then M, =
KerS,, (A) and always My C KerS; (A).

LEMMA 1.1. Let A be a strictly lower triangular operator on 2.
Then (U*NAUN) U*N = U*N AnPy for every n, N =0, 1,2, -,

where U is the unilateral shift on I* and Py the orthogonal projection
on Mpy.

Proof. Let N be a nonnegative integer. For n = 0, U*N = UV py.
We assume that (U*N AUNU*N = U*N A" Py. Then
(U*NAUN)n+lU»N - (UtNAUN)(U*NAUN)nU*N
= (U*N AU YUY A" Py, by induction hypathesis
=U*NAPyA Py
= U*N AA" Py, since A is strictly lower triangular
=U*Namtpy. O
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LEMMA 1.2. Let A be a strictly lower triangular operator with
l4} < 1 on #, N a non-negative integer and let z5 = (0,--- ,0,
1, n41, - - ) € 2. My is a cyclic subspace for A, i.e. My = M
if and only if Sy.n, (U*N AUN) is one-to-one.

IN7

Proof. My = Mg, ,i.e. My is a cyclic subspace for A, if and only
if KerS;, (A) = My if and only if KerS, (4) C My. Let y € I2.

z Nt Yo
Azt 2
Sy (A)y = Aggwt Y2

0 0 1 znn vee Yo
0 0 0 * 5
=10 0 0 0 * Y2
0 .
Sy, (A)y = 0 if and only if
1 IN+1 . YN U*NgNt YN
0 * * e YN+1 +N t YN+1
0 0 U*" Az y
0= * y1\t+2 = U*NA2£Nt YN+2

0

By Lemma 1.1, U*N Az = U*NA"PNQN = (U*NAUN)"U*NQN
for each n = 0, 1, 2, ---. Hence KerS; (4) C Mgy if and only if
SU.NEN(U*NAUN) is one-to-one. 0O

THEOREM 1.3. Let A be a strictly lower triangular operator with
|A|| < 1 and U the unilateral shift on I?. Then A is unicellular if and
only if for any & = (1, z,, ---)! € 12, S,(U*N AUY) is one-to-one for
evety N=0,1,2, ---.

Proof. ¥ A is unicellular, then Lat4d = {0} U {M_p}2,. Let z =

n=0"

(1,21, -+ ) €1? and N be a fixed non-negative integer. Then UNz =
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N—terms

(01" * ’01 1$$1,"')t € 1? and MU”: = spa.n{UN:c,AUNa:,---} is an
invariant subspace of I? for A and My~ , = M, for some n. Clearly,
Myn, = My. Hence My is a cyclic subspace for A and U*NU Nz =
. Therefore S;(U*Y AUV) is one-to-one.

Conversely, we assume that for any = = (1, 25, --- )t € 2 §, (U*V
A UV) is one-to-one for every N =0, 1, 2, ---. Let M be an invariant
subspace of 1. We need to show that M is {0} or M, for some non-
negative integer n. Assume that M # {0}. Let N be the least index
of non-zero entries of all elements of M. Then 0 < N < 00, M C My
and M contains a vector z of form (0, ---, 0, 1, 41, -+ )*. From
the assumption S,(U*NAUY) is one-to-one. Hence My is a cyclic
subspace for A, i.e. My = M, C M. Hence My =M. O

Now we need some properties of strictly upper triangular matri-
ces in order to determine whether they are one-to-one. The following
Theorem leads to results on unicellularity.

THEOREM 1.4 [6]. Let T and S be bounded operators on a Hilbert
space H represented by upper triangular matrices with respect to a
fixed orthonormal basis. Assume that all diagonal entries of T' are non-
vanishing, and that all diagonal entries of § are §. If T is invertible
and S is compact, then T + S is one-to-one.

COROLLARY 1.5 [ 6 ). Let C be a strictly upper triangular matrix
on a Hilbert space H with an orthonormal basis {€,}2.,. Let Cy
be an upper triangular matrix whose first N super-diagonals are zero,
and the other super-diagonals are same as C. If each of the N super-
diagonals of C' has entries converging to zero, and Cy is a compact
operator for some N, then I + C is one-to-one.

2. PROPERTIES OF SOME TRIANGULAR OPERATORS

In this section, we investigate the unicellularity of some strictly lower
triangular operator by using the results established in Section 1.

LEMMA 2.1 [ 4 ). If A is the unilateral weighted shift operator with
k—1
the weight squence {a,}, then ||A*|} = sup | Han.H i, k=1,2,---.
n

t=0
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LEMMA 2.2. Let A be the unilateral weighted shift operator on I?
with the weight sequence {an} and m a non-negative integer. If oy, | 0,

then U (A) = Z n'" A" is a bounded operator on {2,
n=1
Proof. Let {¢; | 7 = 0,1,2,---} be the given orthonormal basis in
2. Then A”e, = Menﬂ for each n = 1,2,--+ and j = 0,1,2,---,
-

2
n—1

where w,, = H ai and wg = 1. So
k=40
(An)k, =< Ane_,,ek >

{ P k=j-n>0

Wy—n
Q otherwise.

It follows from Lemma 2.1 that {|A™|| = wy, for each n = 1,2,---. For
a fixed non-negative integer m,

m m
Hm (n+ 1" wats = lim (n + 1) fim 2o 0 <1,
n-—00 n"wy, n—00 1 n—00 Wy
WA}l =11 ) ™A < D" ™A% =D 2w, < co.
n=1 n=1 n=1

Thus U, (A) is a bounded operator on 12. [

LEMMA 2.3 [ 12 ]. Let A be a strictly lower triangular matrix on
I* with respect to the orthonormal basis {e,}32, satisfying the first
lower diagonal entries are non-zero. Then fori < j+n—1(A%),;, =0
andfori > j+n

t—1 kpn-1-1 ks—1 ksa—1 n-—1

A= ) D OREEEETED DD N | KT

kno1=j+(n—1) kn_a=j+(n—2)  kz=;+2 ky=)+1 3=0

where (A"),; is the (%, j)-component of A®, kn = 1 and ko = j for
n=1,2---.
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Consider a strictly lower triangular matrix A ([|A}] < 1) acting on
12 with respect to the orthonormal basis {e,}5%, which has the first
non-zero lower diagonal entries. That is,

0 1<
Aij-'"*{ L
Qyj 323"'13

where a;;;, # 0 for each 7 = 0,1,2,--.. Let wp = 1 and w, =
n—1

Ha,+1,,'. By Lemma 2.3, (A" )tk i = ZntE for n o= 1,2,--- and
. Wg

t=0

k=0,1,2,..-. For z = (1,21,22,---)! € {2, the (n + 5)**-element of
column vector A"z,

3 s—1
n ”n w 3
(A"2)nts = D (A n4apTp = ¥ (A" ntapTp+ —z, for all s > 0.

p=0 p=0 W
So
F—(2+1) w
Az +—1 1<
(S(A))y ={ 2y Wizt o i<
0 otherwise.

Let D4 be the diagonal operator with the diagonal sequence {w,},

) { —2—g,  i=0,12- andj>i
Ay = 1—ith
0 otherwise,

and

J_§l) oz

_ (A')yy = i<
(Fa)y = k=0 Ws
0 otherwise.

Then S;(A) = Da(I + Ca + Fa).

From now on, we will express S;(A) = Da(I + C4 + Fa) as the
above way, if A is a strictly lower triangular operator such that each
An+t1,n is non-zerofor n = 0,1,2,.- -, where A, is the (i, j }-component

of A.
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LEMMA 2.4 {6 ). {a,} €!? for1 < p < oo fixed, and a, | 0, then

sup { — E 5— < oo for some,
w w
k2K \N%k/ ppa Va—k

n—1
where wg = 1 and w,, = H o;.
=0
LEMMA 2.5 [ 6 ]. If {a,} € I? for some p with 1 < p < 00, and

ay | 0, then the above matrix Cy is a compact operator on 1%, where
Qn = Gpyi,n for each n =0,1,2,---.

NOTATION. Let A and B be two matrices. B < A means that
by, <a, forall:, § =0,1,2,---.

Let A and B be strictly lower triangular operators such that Anyi,n
= Bptin # 0foralln =0,1,2,.-- and B < A and let S;(4)
DA(I + Ca + Fa) and S;(B) = Dg(I + Cp + Fg). Then for =
(zo,%1,%2, -} € % such that z, > 0 forall: =0,1,2,---, C4 = Cp
and D4 = Dp. Since B < A, B® < A". Moreover,

( i—i"l) 21
_ (A')jkw— 1< j
(FA)U = 4 o w,
L 0 otherwise.
and
( 3—(1+1) -
BY,— 1< J
(FB)zj = ¢ kz:;) ( )J w,
. O otherwise.
So Fg < Fy.

Thus we can get the following Lemma.

LEMMA 2.6. Let A and B be strictly lower triangular operators
such that B < A and Apgin = Bptin #0foralln =0,1,2,---. Let
S:{A)=Da(I+ Ca+ F4) and S.(B) = Dg(I + Cg + Fg). Then for
z=(1,z1,22, - )* €[> such that x, > 0 forall1 =1,2,--,

(a.) Fg < Fy and
(b) Fp is a Hilbert-Schmidt operator if Fu is a Hilbert-Schmidt

operator.



42 Baik Hyoung Gu® and Ha Dae Yeon

LEMMA 2.7. Let A be the unilateral weighted shift operator acting
on I? with the weight sequence {a,} and M a positive integer. If oz | 0
such that Y . n®a? < oo, then V,;, = A(I + A)™ is unicellular.

Proof. Let m be a fixed non-negative integer and let w, = [[I'g .

Since

[ACL + A)"]" = AT + A)™

— At + (";i)A!-i'l + (ng> At+2

+'“+( mi )Am.+;—1+Ami+1,

mz—1
et} whenj > k=7 -1,
(ADk = { Wk B
0 otherwise,

we have

(. mi )-‘52 1 <i<j—k<miti k>0,
j—k—1i)wy

(V:;;)Jk = {

0 otherwise.

Let z = (1,z,,%2,---)* € I2. Then §(Vm) = D(I + C4 + F), where
D is the diagonal operator with the diagonal sequence {ws}, C4 is the
operator described in page 5, and

j—1—1
mae w, . .
(F)yy = Z (J"k_z) wkwtxk 7

k=max{0,7~-mi—i}

0 j<i.

By replacing k by % + ¢ we get

11 .
ma w, . .
(F)lJ — Z (j _ k) R Ther J >0

k=max{1,7—ms}

0 j <i.
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If F is a Hilbert-Schmidt operator, then F is compact. So by Lemma
2.5, F 4+ C4 is compact, and hence S;(V,) = D(I + C4 + F) is one-
to-one by Theorem 1.4. Therefore we only need to prove that F is a
Hilbert-schmidt operator. We have by the Schwartz inequality that

SRS 8 (M) () x

We W
1=2 1=1 1=2 i=1 k=max{1,j—m} k=T

where M = Z jzx]? < co. By interchanging the order summation we
k=0
have

S IR

1=21=1

sy 2% (M) G

=2 max{1, 27 }<h<) max{1, Lz-*-}

2
mi w,
v o n (M) (@)
k=1 k<y<(m+1)k max {1,455 } <1<k
i EL 00 )
=1 5= max (1, £} <i<k 7 k=t
Thus, in view of the fact that

N NC)

max{1, L }<i<k

8

[l

53
(GN2ag * &
23k2;ak
S(_j_')22_L wherel = E Ol < 00,

=1
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we get
oo -1 o mk
m2 k)
2 NEWFSEM D D (raze
1=11=1 =1 =1
mk—1 :
LMm m?
P-S ke - T (ke <oo
J:D

which implies that F is a Hilbert-Schmidt operator. In fact, it followes
from the assumption that there is a positive integer N such that kay <
1for any k > N, so we have forany £k > N

mk—1 2 o0 2
m*J m=J 2
E —_ < E ——=e" <. O
4 7! @l
=0 7=0

COROLLARY 2.8. Let A be the unilateral weighted shift operator
acting on I* with the weight sequence {an}, m a non-negative integer,
[oe]

and n a positive integer. If ay | 0 and that ¥ n’a? < co. Ifm, !
n=1
and h are positive integers > 2 and if the coeflicients {7.}Z, satisfy
the condition that 0 < v, < lh*"! where i = 2,---,m, then W =
m

A+ Z:')',A'~ is unicellular.
=2

Proof. W < V, = A(I + AP~! with p = (m+ )k + 1, Since (A"~ <
(z. Pl) for any 2 < i < m. Let z = (1,z;,%2,--- )t € I? (without
loss of generality, we may assume that z, > 0 for all ¢}, and S,(W) =
Dw(I +Cw + Fw), and Sx(V) =Dy(I+Cv+ Fv). We have Dy =
Dy, Cw = Cyv and Fw < Fy. As in the proof of Theorem 2.8, we
see that Fy is a Hilbert-Schmidt operator. Therefore Fiwy is a Hilbert-
Schmidt operator by Lemma 2.6. Hence S;(W) is one-to-one. Since

U*NWUV has the same condition as W, S,{U*Y WUY) is one-to-one
for each N. So W is unicellular. O
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