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THE UNICELLULARITY OF SOME 
LOWER TRIANGULAR OPERATORS

Baik Hyoung Gu1 and Ha Dae Yeon

1. Introduction

포he investigation^ of invariant subspaces is the first step in the at
tempt to understand the structure of operators. We will investigate 
bounded linear operators on Hilbert spaces which have the simplest 
possible invariant subspace structure. In this paper, we are going to 
study some strictly lower triangular operators which are shown to be 
unicellular under certain conditions.

We introduce a simple but key result which transforms the problem 
of establishing whether a vector is cyclic for an operator to that of de
termining whether a related operator is one-to-one. We first introduce 
some definitions. Let 7Y be a Hilbert space and A an operator on 
Let M denote a subspace of 7七 M is invariant under A means that 
Ax G JVt for all x G A4. The collection of all subspaces of H invariant 
under A is denoted by LatA. The operator A is unicellular if the col
lection LatA is totally ordered by inclusion. If /C is a subset of the 
span of /C is the smallest subspace containing K and denoted by span/C. 
If x G 7Y then span{x, Ax^ 4흐吗 • … } is easily seen to be invariant under 
A. The vector x is cyclic for A if span{a;, Ax, A2x, •…}=处 and A4 
is a cyclic subspace for A if span{w, Ax, A2x,… } = jM. Let A be a 
bounded operator with [|A|| < 1 on Z2, and let (eo, ei, 62, •…} denote 
the standard basis for Z2. Let x be a column vector in Z2. Since x ia a 
column vector in Z2, it should be written like x = • - - )f. So Anx
is a column vector in I2 for each n = 1, 2, • • •. Then we have an infinite 
matrix [x, Ax, A2x, • •・]'which is a linear transformation defined on 
I2, Since (Z2)* = I2, for each x in I2 we have a linear functional(f)x in 
I2 such that \^)x(y)\ < II께2 ||训2 for all y in Z2. Let y be in I2. In fact
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that《"(，、)=迎* for each y € /2. Then

[x, Ax, A2x<

/姒饥

^Az(y)
如e；(이、)

Since |[^4|| V 1)this matrix gives a bounded operator mapping t2 to Z2. 
We denote the matrix [x, Ax, A2x^ by &(4) from now on.

Let A be a bounded operator with ||A|[ < 1 on Z2 represented by 
a strictly lower triangular matrix. Let Mn be the subspace span{en, 
en4-i, en4-25 …} for each n = 0, 1, 2, • • •. Then every Mn is invariant 
under A, and {Mn | n = 0, 1, 2, • ■ •} is totally ordered by inclusion 
；”=人4° □ Mi D M.2 D ■ * •. Hence A is unicellular if its only- 
invariant subspaces axe {0} and A4n9 n = 0,1, 2, • • •, i.e. the collection 
LatJ. of all subspaces of I2 which are invariant under A is {{0}, A4n | 
i = 0,1,2, • • • }. Let A4 be a subspace of I2. If we let 흐n = (0, - • • ,0,1, 
*v+i, ・・・)'€“ and = 叩皿{으n，厶豈m # 으시 …} then M% =
KerS^w(A) and always C KerS호村(4).

LEMMA 1.1. Let A be a strictly lower triangular operator on I2. 
Then侦破奶n)"°*n = °*小叩村 £力~ every n, 2V = 0, 1, 2, • • •, 

where U is the unilateral shift on P and Pn the orthogonal projection 
on

Proof. Let TV be a nonnegative integer. For n = 0, U*N = U*nPn， 
We assume that (U^NAUNyU^N = U^NAnPN. Then

(U* 七4时) 서거尸 N = (U* N AUN )(U* N AUN)n U* N

=(U*NAUN)U^Nby induction hypothesis

= U* 지厶厶叩/\ since A is strictly lower triangular

= g'顷서。玲. □
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LEMMA 1.2. Let A be a strictly lower triangular operator with 
시I < 1 on l2, N a non-negative integer and let 흐= (0,••- ,0, 

13 ©n+l • ■ • G Z2. Mn is a cyclic subspace for A, i.e. Mn = 朋흐e 

if and only if AUN) is one-to-one.

Proof, Mn = M玄村,-Mat is a cyclic subspace for A, if and only 
if KerS흐村(4) = 人"方 if and only if KerSx^(A) U 人4方. Let y G I2.

( 쯔N*、

_ A흐n*
s흐N0W = 4 題U

/yo\ 
y\ 
切

/o … 
0 … 
0 …

0 1 珈+1

0 0 *
0 0 0 *

&冲(厶)?/ = 0 if and only if

(1 XN~\-1 …' (vn、 ( 时쯔j \ (?N \
0 * * yN+i U*n 而' yN+i

0 = 0 0 + • • • yN+2 _
C/ n

KT n t yN+2

0 :
U*nA^xn

\ 丿
\ '丿 \ '■丿 \ '丿

By Lemma 1.1, U^NAnxN = U^NAnPNxN = (U*NAUN)nU^NxN 
for each n = 0, 1, 2, • - •. Hence KerS흐^(4) C if and only if 
Sgv흐JU해''顷U") is o교e・to-one. □

THEOREM 1.3. Let A be a strictly lower triangular operator with 
||A|| V 1 and U the unilateral shift on Z2. Then A is unicellular if and 
only if for any x = (1, … )' G l2, &(〔7*七4化7지) is one-to-one for
every JV = 0, 1, 2, • • •,

Proof. If A is unicellular, then LatA = {0} U {jV4n)^=o- Let x = 
(l,xi, • - • )z € Z히 and N be a fixed non-negative integer. Then UNx =
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N—terms

(0,' • • ,0, 1, xi, • • • )* G I2 and Mi/nx = span{UNx, AUNx^ …} is an 
invariant subspace of I2 for A and M，ijnx = A4n for some n. Clearly, 
Munx = Hence is a cyclic subspace for A and U*NUNx = 
x. Therefore SX(U*NAUN) is one-to-one.

Conversely, we assume that for any x = (1, Xi, • • • )* G Z2 (U*N 
A UN) is one-to-one for every iV = 0, 1, 2, • • ■. Let be an invariant 
subspace of I2, We need to show that M is {0} or M.n for some non
negative integer n. Assume that M 尹{0}. Let N be the least index 
of non-zero entries of all elements of M. Then 0 < N < oo, M C -Mjv 
and M contains a vector x of form (0, • • •, 0, 1, , ・ • )'• B노om
the assumption Sx(U，tiNAUN) is one-to-one. Hence is a cycKc 
subspace for & i.e. Mn = Mx C M. Hence Mn = J이. □

Now we need some properties of strictly upper triangular matri
ces in order to determine whether they are one-to-one. The following 
Theorem leads to results on unicellularity.

THEOREM 1.4 [ 6 ]. Let 끄 and S be bounded operators on a Hilbert 
space H represented by upper triangular matrices with respect to a 
fixed orthonormal basis. Assume that all diagonal entries ofT are non
vanishing, and that all diagonal entries of S are 0. If T is invertible 
and S is compact, then 꼬 + S is one-to-one.

COROLLARY 1.5 [ 6 ]. Let C be a strictly upper triangular matrix 
on a Hilbert space H with an orthonormal basis {en}^_0. Let Cn 
be an upper triangular matrix whose first N super-diagonals are zero, 
and the other super-diagonals are same as C. If each of the N super
diagonals of C has entries converging to zero, and Cn is a compact 
operator for some N, then I + C is one-to-one.

2. Properties of Some Triangular Operators

In this section, we investigate the unicellularity of some strictly lower 
triangular operator by usi그g the results established in Section 1.

LEMMA 2.1 [ 4 ]. If A is the unilateral weighted shift operator with 
k—1

the weight squence {an}, then ||Afc|| = sup | JJan+i |, k = 1,2, - • ■.
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LEMMA 2.2. Let A be the unilateral weighted shift operator on Z2 
with the weight sequence {an} andm a non-negative integer. Ifan J, 0, 

oo '

then Um(A) =nmAn is a bounded, operator on I2. 
n=l

Proof. Let {勺 | j = 0,广•・} be 난le given orthonormal basis in 
Then A^e3 = —흐土丄"七? for each n — 1,2, • * • and j = 0,1,2, • • •, 

Wj 
n—i

where wn = JJ ajt and w0 = 1. So
fc=o

=V 以；>

~쓰一 k = j — n >0
=< n

、0 otherwise.

It follows from Lemma 2.1 that ||An|| = wn for each n — 1,2,- *. For 
a fixed non-negative integer m,

lim(끄土 1)”⑶서t 

n—>oo TlmWn
lim 

n—*oo

(土f lim 쓰브
\ n y n—>oo Wn

=0 < 1.

8 8 oo
WUm^W = II 2 宀铲II < £冲"| = < OO.

n그 1 n=l n=l

Thus Um(A) is a bounded operator on Z2. □

LEMMA 2.3 [ 12 ]. Let A be a strictly lower triangular matrix on 
I흐 with, respect to the orthonormal basis {珏}쭌二o satisfying the first 
lower diagonal entries are non-zero. Then for i < j + n — l (An)u = 0 
and for i > j + n

(An)0 =
t —1 ^n-l—1 fcg—1 ^2—1 n —1

E £ - £ E
Arn_1=j+(n—1) A:n_2=j4-(n—2) &=j+2b=j+丄 ^=0

where (An)v is the (z, j)-coniponent of An, kn = t and = j for 
n = 1,2, • , ,.
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Consider a strictly lower triangular matrix A (||A|| < 1) acting on 
I2 with respect to the orthonormal basis {en}^_0 which has the first 
non-zero lower diagonal entries. That is,

,_f0 i<j
ij = I av- * +l,

where ㈤+功 / 0 for each i = 0,1,2,•••. Let wo = 1 and wn = 
n-l
TT 务+侦. By Lemma 2.3, (4")서* k = 뜨느— for n = 1,2,••- and 
순京 ， 지垸

k = 0,1?2, • • •. For x = (l,xi,a：2, • • • )4 G /2, the (n + 5)<h-element of 
column vector Anx,

3 3 — 1

(Ana:)n+s = y^(An)n+a)pXp =，［(/4r)n+s,p：s +으떠으Zs for all s > 0. 
p=0 p=0 히“

So

(")" £ +끈 i<j

、0 otherwise.

Let Da be the diagonal operator with the diagonal sequence {wn),

--------- x3^k z = 0,1,2, ••- and j > i
(Cyi)v = 이”―沖,

、0 otherwise,

and
r J一(어T)

(Sj= £ °如芸'當

、0 otherwise.

Then &(4) = DA(I +CA + 孩).

From now on, we will express &(4) = Da(I + Ca + Fa) as the 
above way, if A is a strictly lower triangular operator such that each 
An^ijn i용 non-zero for n = 0,1,2, • • •, whe호e AtJ is the («, j)-component 
of A.
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LEMMA 2.4 [ 6 ]. {an} G lp for 1 < p < oo fixed, and an | 0, then

sup 
k>K

V 8 for some ,

n—1
where up = 1 and wn = 皿.

i=o
LEMMA 2.5 [ 6 ]. 2f {g} € lp for some p with 1 < p < oo, and 

an J, 0, then the above matrix Ca is a compact operator on I2, where 
ocn 二二 for each n = 0,1,2, • •-.

NOTATION. Let A and B be two matrices. B Y 4 means that 
btJ < al3 血 all z, j = 0,1,2, - • •.

Let A and B be strictly lower triangular operators such that 4n+i,m 
=Bn4-i,n 丰 0 for all n = 0, 1, 2, • • - and B Y 4 and let SX(A)= 
Da(I + Ca + Fa) and &(B) = DB(I + CB + FB). Thg for x = 
(xo,xi,a：2, • • • )* G Z2 such that xt > 0 for all z = 0,1,2, ■ • •, Ca = Cb 
and Da = Db. Since B Y 4 Bn Y An. Moreover,

0 otherwise.
and

'j-(中)

(W \ £ (8)八:一즈 I < j
(晶再=j針 叫

、0 otherwise.
So Fb Y
Thus we can get the following Lemma.

LEMMA 2.6. Let A and B be strictly lower triangular operators 
such that B A and 4서・1” = Bn_(_ljn + 0 for all n = 0,1,2, • • •. Let 
SJ4) = Da(I +Ca + 孩) 하诅 &(B‘) = DB(I + CB + FB). Then for 
x = (1,Xi, j；2, • * - € I2 such that xt > 0 for all i = 1,2, • • •,

(a) Fb Y Fa and
(b) Fb is a Hilbert-Schmidt operator if Fa is a Hilbert-Schmidt 

operator.
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LEMMA 2.7. Let A be the unilateral weighted shift operator acting 
on P with the weight sequence {an} andM a positive integer. If an 10 
such that n2aj2 < oo, then Vm = A(I + 4严 is unicellular.

Proof. Let m be a fixed non-negative integer and let wn =[[結j %・ 
Since

[A(I + A)mr = Al(I + A)m,
"+(»+】+

+ •••+ f mt )#"土一1+4淑+1, 
\rm — 1/

whenj > /, fc = j — I,

4'+호

we have

쓰丄
Wk 
0 otherwise,

，( mi \ w3
\j - k - ij wk

、0

l<i<j-k<mi + i,k>0.

otherwise.

Let x = (1,X!,X2, ,••)*€" Then &(V) = D{I + Ca + F))where 
D is the diagonal operator with the diagonal sequence {wn), Ca is the 
operator described in page 5, and

Aj=max{0j—mi—£)
J > Z,

3 <i-

皿

（逐）林=<

0

By replacing A: by A: + z we get

3丸=

, J—1
E

fc=max{t,j—mt}

、0

Wj—

j<i.
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If F is a Hilbert-Schmidt operator then F is compact. So by Lemma 
2.5, F + Ca is compact, and hence &(*”)= D(I + Ca + F) is one- 
to-one by Theorem 1.4. Therefore we only need to prove that F is a 
Hilbert-schmidt operator. We have by the Schwartz inequality that

8 J —1 8 j —1 j —1

EEi^i2<E£ £

m2j pr -2? (, , • C비s-1
- ( QL0T 아 ••S+I

m? 기御
-(顶!)侦 * J J

*现2项°3 m 2
'侦!)2蜀 L、where! = J % V

J=2 t=l J=2 i=l fc=max{i,j—mt}
Wk-tWt

M,
2

OO

where M = |a?fc|2 V oo. By interchangi교g the order summation we
左=o

have
oo J —1

EEi^i2
j—2 t=l

oo / • \ 2 / \ 2

£ £ 丄二)(法느)
J-2 max{l,*亍}夺勺 ma，x{l,느흐} 

oo

="£ £ E
k=\ 知느호}

= Myy y 仁，仁쓰土으
*=1 J=lmax{l思}

2

언泛一 zU"

2

Thus, in view of the fact that

£
2

2
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we get

oo J—고 8 mk 2i 1,2?£工|(恥誌邳

J=1 t=l Ar=lj드 I、7" 0

LMm?- F、7 2 2 "W ""，-、跖 
<二厂£"元 £ 项*아)〈°。, 

° k=l j=0 ’

which implies that P is a Hilbert-Schmidt operator. In fact, it fbDowes 
from the assumption that there is a positive integer N such that ka^ < 
1 for any k > N、so we have for any k > N

mk—1 

£ 
J=o

2 Lr< OO. □

Corollary 2.8. Let A be the unilateral weighted shift operator 
acting on I2 with the weight sequence (an}> m a non-negative integer, 

oo
and n a positive integer. If an [ 0 and that 〃电* < oo. If niy I 

n=l
and h are positive integers > 2 and if the coe&cients {%}；乌 satis* 
the condition that 0 < 7，< where z = 2, • • ■ , m, then W = 

m
A + ^2 7： A1 is unicellular.

i=2

Proof. F/ Y * = A(I + 4)화一' with p = (m + Z)ft + l, Since IW < 
(."])for any 2 < ? < m. Let x =(為叼淫:幻…)'€ I2 (without 

loss of generality, we may assume that x, > 0 for all i), and SX(W)= 
(/ + Cw + and SX(V) = Dy{I + Cy + JV)« We have Dw = 

Dvy Cw = Cv and Fw Y Fy. As in the proof of Theorem 2-8, we 
see that Fv is a Hilbert-Schmidt operator. Therefore Fw is a Hilbert- 
Schmidt operator by Lemma 2.6. Hence &(W) is one-to-one. Since 
U*NWUN has the same condition as W, SX(U*NWUN) is one-to-one
for each N. So W is unicellular. □
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