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CONTROLLABILITY PROPERTIES OF
DELAY VOLTERRA CONTROL SYSTEM

Ryu, Jong WoON, PARK, JONG YEOUL
AND KwUN, YOUNG CHEL

1. Introduction

We consider the following delay volterra control system
z:(¢ : u)(0) = U(t,0)4(0)

(1) + /0 t U(t, s){F(s,x4(¢ : u),u(s)) + Bu{s)}ds
zo(f)=¢ € C.

Here, let X and U be Hilbert spaces. The state function z(2), 0 <t <
T, takes values in X and the control function  is given in L*(0,T: U)
and U(¢,s) is a linear evolution operator on X. Let C be a Banach
space of all continuous functions from an interval of the form I =
—h,0] to X with the norm defined by supremum. If a function u is
continuous from I U [0, 7] to X, then us is an element in €' which has
point-wise definition wu.{f) = u(t + ) for § € I.

We assume that F' is a nonlinear function from {0,7] x C x L*(0,T :

U) to X and B is a bounded linear operator from L*(0,T : U} to
L*0,T : X).

The purpose of this paper is to give some general conclusions on
both approximate controllability and exact reachability.
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2. Preliminaries and Estimation

The norm of the space L*(0,T : X) or L#0,T : U} is denoted by
l-llx, | - lc and so on. We assume the following hypotheses.

(A) There exist positive constants M', w such that
UG s < M'e“t=) 0<s<t<T
Here, we put M = M'e*T,

(F1) The nonlinear function F is defined on [0, T) x C x L*(0,T : U) and
is uniformly Lipschitz on z and u:

\F(t,z,u) ~ F(t,y,0)[| < Liflz — yllc + Lalju — vljz2,mv)
for z,y € C and u,v € L%(0,T : U).
We consider the nonlinear system
£(8) = A(t)2i(8) + F(t, 246 - w)u(t)) + (Bu)o),

where the linear operator A(t) generate a strongly continuous evolution
system {U(t,s)} on X and is continuously initially observable, there a
unique mild solution is given as, for each u in L*(0,7 : U),

z:(4 : u)(0)

@ * .
~U(t,0)4(0) + / U(t, s){F(s,20(8 : u), u(s) + (Bu)(s)}ds.

The solution mapping W from L%(0.7" : U) to C(0,T : C) can be
defined by

(3) (Wu)(t) = z( : u)(:),

And assume the solution mapping is completely continuous.
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THEOREM 1. Let u(-) € U and ¢ € C. Then under Hypothesis (F'1)
the solution mapping (Wu)() = z:(¢ : u)() of (2) satisfies

lz(¢ : il < (Ml¢lic + MLVT|ull + MVTYBY|lul))exp(L, MT)

where Ly, Ly and M are constants for 0 < ¢t < T.
Proof.

zeso(d - u)(0)|x
48

<M||¢(0)]x +Mf0 {I1F (s, 25(¢ : u)yu(s)lix + | Bliffull x }ds

i+6
<Mg(0)]x + M f {Lilles( : wllc + Dofju}ds

+ M|iB||juflvt+8 —h<8<0
148
—MY$(0)|ix + ML f [24(é : w)llcds + MLafjulVEiT 0
Q
+ M||B||[u|VETE.

Hence
{
sup llze(d : u)(@)llx <Midllc + MLy / za(6 : w)llcds
~h<8<0 0

+ MLo|lullvt + M| Bl |lul}vt.

Thus we have
lo(¢ : wllc SMlighc + MLallu(|vi+ M| B|||ullv?
+ ML, ./: |zs(9 : wilcds.
By Gronwall’s inequality,

lze(¢ : wlle < (Mlllc + ML:||u[|VT + M||B||u||VT) exp(L1 MT).
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THEOREM 2. Let u;(-) and u3(-) be in U. Then under hypothesis
(F1) the solution mapping (Wu)(t) = z:(¢ : u) of (2) satisfies

Nze(d @ u1)() ~ ze(d: u2)(lle
<{(L2 + | BINMVT|ur(-) — u2(-)|z20,7:x) } exp(M Ly T).

Proof. From hypotheses and system (2) we have, for —h <8 <@,

lfz:(é : us)(6) — 2 : u2)(B)llx
t+0
<M [ AlIF(s,2a(¢ 1), uz(s)) = Fls, 26(¢ 2 ua), ua(s))

+ | Bui(s) — Bua(s)||z2(0,7:x) }ds

i+8
<ML, /0 l[2a(6 : us) — 25 (6 : us)]jcds
t+¢6
#MIy [ Jue) ~ wa)laornds

i+ 8
+ M]|BY / fua(s) — wa()l ooz
0
Hence
sup |lze(d 1 ur) — zo( : u2)(9)fx
~h<O<0

=|lei(d : u1) — ze(¢ : u2)|lc
SMLyVi|ur — upl| + M| B||VE|ur — ua

t
ML / 124(6 : ur) = 2a($ - u2)ljrds.
0
By Gronwall’s inequality,

llze(¢ : u1) — 2ol wa)llc
<UL +IBINMVTui(-) - uz()ll 2o,7:3)} exp(M L1 T).
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3. General Conclusions

In this section, we are going to give some general conclusions on

both approximate controllability and exact reachability. Firstly some
definitions are introduced.

DEFINITION 1. The nonempty subset K(F) in C(0,T : X) by
K(F)={z{(¢ :u)0) e C0,T:X) :z:(¢:u)0)

(4) = U(t,0)¢(0) + /0‘ U(t, s){F(s,z(¢ : u),u(s))
+ (Bu)(s)}ds  we L*0,T:U)}.

DEFINITION 2. The control system (1) is called approximately con-
trollable on {0, T if

K(F)=X.
DEFINITION 3. For each h € X define
Vio, ikl = {u()u(.) € L¥0,T:U) with zp{¢:u)=h}.

If Vio,rylh] # ¢ (empty set in L*(0,T;U)), then the delay volterra
control system (1) is called h-exactly reachable from the origin on [0, T}.

While discussing approximate controllability and exact reachability
for the delay volterra control system (1), we consider two families of
associated quadratic optimal control problems

(5) (Inf) Je(u; k) = |lzp(¢;u) — hf* + el 20,70y

for € > 0, and

) Unf) Llush) = Her(s ) - B + IOy
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for € > 0, where z7(¢ : u) is the terminal state of the system(1) at
time 7.

For my given b € X and ¢ > 0 there exists some control u () €
L*(0,T;U) such that

© Tluc b= jf k)
and
(8) I(ue: h)= inf L(w: h).

u(- )EL’(G T°U)

The control w(-) is called minimization element of the nonlinear func-
tions J{u: &) and I (u: k).

THEOREM 3. Assume h € X. Then k is in K(F') if and only if
9) lin:ol Je(ue : B) = 0.

Proof. Let h be an arbitrary element in X(F). Then for any given
integer N > 0 there exists some control vn(-)} € L*(0,T : U) such that

1
ler(é:on) —hl< 5  N=12,....

Thus

]im Je(ue th) < Iil:% Je(vn : R)

1
llm( 7 +ellon(Niao,r0)) = 55

Taking N — oo in above we obtain (9).
Conversely, if (9} holds for some & € X, then

lin% nxT(¢ Tug) h"2 < lin}) Je(ue 1 h) =0
& &

and, equivalently, » € K(F).
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COROLLARY 1. The system (1) is approximately controllable if and
only if (9) holds for every h € X.

Proof. Follows directly from Theorem 3.

THEOREM 4. The system (1) is h-exactly reachable if and only if
I.(u. : h) is uniformly bounded for {) < € < o00.

Progf. Suppose the abstract control system (1) is h-exaetly reach-
able and v(-) is an arbitrary control in V(o 7y[k]. Then for any € > 0

It(ue : h) < Ie(v : h) = "v(’)lliz(O,T:U)

On the other hand, if 7.(u, : k) is uniformly bounded for 0 < € < o0
holds for some h € X, then

lintl) Je(ue) = linr(nl el (u;h) =0.

Moreover, there exists some constant M(h) independent of € > 0
such that

||“e(')”42{,=(0,'1',v) < L(ue h) < M(h)

Thus there exists some monotone sequence {€,;n = 1,2,---} with
én — 0 as n — oo such that w — lim u,, () = v*(-) in L*(0,T : U).
=00

Hence

ler( : u*) — Bl < m flor(é : ue,) = AP < lim J,(ue,  B) =0,

=00

Thus, u*(-) € Vi m)|k] and the system (1) is h-exactly reachable.
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