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CONTROLLABILITY PROPERTIES OF 
DELAY VOLTERRA CONTROL SYSTEM

Ryu, Jong Won, Park, Jong Yeoul 
and Kwun, Young Chel

1. Introduction

We consider the following delay volterra control system

項0 : w)(0) = ?7(t, 0)^(0)

⑴ + f s){F(& W :皿 u(s)) + Bu(s)}ds
Jq

xo(0) = § £ C.

Here, let X and U be Hilbert spaces. The state function 0 < t < 
T, takes values in X and the control function u is given in L2(0, T : U) 
and LZ(t, 5)is a linear evolution operator on X. Let C be a Banach 
space of all continuous functions from an interval of the form I = 
[—A,0] to X with the norm defined by supremum. If a function u is 
co교tinuous from IU [0,T] to X, then ut is an element in C which has 
point-wise definition = u(t + 0) for 0 Ji.

We assume that jF1 is a nonlinear function from [0, T]xC x L2(0, 꼬 : 
U) to X and B is a bounded linear operator from 】/(()二广：17) to 
£2(0,T:X).

The purpose of this paper is to give some general conclusions on 
both approximate controllability and exact reachability.
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2・ Preliminaries and Estimation

The norm of the space 乙气饥꼬 : x) or £2(0,T : U) is denoted by 
II , ||x, H • ||c 히id so。그' We assume the following hypotheses.

(A) There exist positive constants u; such that

四(如)|| < M'e3(D, Q<s<t<T.

Here, we put M =

(Fl) 모he nonlinear function F is defined on [0, T]xC x Z2(0, T : U) and 
is uniformly Lipschitz on x and u:

||F(i,x,u) — v)|| < L^x — y||c + L2||u 一 애乙호(o,t：u)

for x.y E C and u,v € Z2(0,T : U).

We consider the nonlinear system

新⑷=加0) + FSMe : u),u(t)) + (Bu)(t),

where the linear operator A(t) generate a strongly continuous evolution 
system {"(t, s)} on X and is continuously initially observable, there a 
unique mild solution is given as, for each u in £2(0,T : 17),

电b: «)(o)

(2) ft
=”("0泌(0) + / U(t,s){F(s,x8(^ : u),u(s) + (Bz)(s)}ds.

Jo

The solution mapping W from L2(0.T : U) to C(0,T : C) can be 
defined by

(3) (TTu)(t) = xt(, : “)(•)，

And assume the solution mapping is completely continuous.
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THEOREM 1. Let u(-) G U and (f) E C, Then under Hypothesis (Pl) 
the solution mapping : u)(・) of (2) satis&es

lim© : «)||c < (M||^||c + 丿虹2\/引에 + M百|卩이|||메)exp(昂 A疙)

where Li, M and M are constants for 0 < t <T.

Proof.

|函+从泌:tz)(0)||x

<Af||^(0)||x +M / {||卩($,以© : 们,u(s)||x + II메II에x}ds
Jo

<M||^(0)||x +M / 阪||必(。： u)l|c + 지I에}ds
Jo

+ 이III베— h < 8 <Q

=M||^(0)||x +MLr I ||以© ： u)||cds + 也以시|이|\4〔两 
Jo

+ 肱||헤||메龙再.

Hence

sup ||知(预：们(0)||x <M||©||c + "S / 际30>: u)||cds
—h<0<Q Jq

+ M지 I 메、/i+M|| 홰 II 에、/%

Thus we have

||豹(0 : u)||c <M||^||c + M乙2||뻬/ + 辺一히III이肝

+ MZi I ||z刑:u)||cds. 
0

By GronwalFs inequality,

I匡W : tz)||c < (M”||c + M피I삐h々+ MIL히III비|、/T)exp(乙 1"「).
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THEOREM 2. Let ”1(・) and ”2(・) be in U. Then under hypothesis 
(Fl) the solution mapping =如(© : u) of (2) satisfies

II吹0 :勺)(•)- :W : «2)(')I|C
W02 + ||B||)mVt||U1(.)-心(.)岫"x)}exp(MZ0).

Proof. From hypotheses and system (2) we have, for —h < 0 < 0,

II：如0 : «i)W - xt(</>: "2)(8)||x
ft+e

<M / {||P(S,；Z；s(0：Ui),U2(S)) - F(S*s(。: 此2)，종2(S))||
Jo

+ ||BlZi(5)-卽2(5)肚2(0,7侦)扭3

<MLr I 腿(。:勺)一: ”2)||cds
Jo

+ ML2 I Ihi(s) — «2(S)||z2(Q,T：x)ds
Jo

+ M|l•히I / Ilui(s) — 이2(s)||£2(o,T：x)ds.

Jo
Hence

sup |岡0 : U1) 一 : W2)(0)||x 
-h<0<O

니匡0 : S)- 吹0 : «2)||c
<ML2y/t^ui — u2|| + M||」히|、/2加1 - u2||

+ MLx / 际s(© ：勺)一如(© : ”2)||c也.
Jo

By GronwalFs inequality,

|国(。：Ul)-項0 : W2)||c
彳〔02 + II에)M、々||ui(・) 一 廿2(・)|心(*x)}exp(M氐/).
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3. General Conclusions

In this section, we are going to give some general conclusions on 
both approximate controllability and exact reachability. Firstly some 
definitions are introduced.

DEFINITION 1. The nonempty subset K(F) in C(0,T : X) by

K(F)=国3 : u)(0) e C(0,T: X、): : W(0)

(4) =0)^(0) + / l7(t,5){F(s,xs(^ : u),u(5)) 
Jo

+ (Bu)(s)}ds u e 乙2(0,꼬 : U)}.

DEFINITION 2. The control system (1) is called approximately con
trollable on [0, T] if

页〒)=X.

Definition 3. For each he X define

%QT){시 = («(.)|w(0 € L2(0,T : U) with 叼「@ : u) = h).

If *o,t)[이 丰 0 (empty set in /*(()"「；[/))》then the delay volterra 
control system (1) is called A-exactly reachable from the origin on [0, T].

While discussing approximate controllability and exact reachability 
for the delay volterra control system (1), we consider two families of 
associated quadratic optimal control problems

(5) (如f) J£(u; h) = ||旳0； u) - 이|2 + 테此)|%2(o,T；U)

for e > 0, and

⑹ (Sf) 4(U； h) = ：||时(0 : «) - h\\2 + ||u(.)||&(o.T：u)
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for € > 0, where : u) is the terminal state of the system(l) at 
time T.

For my given h E X and e > 0 there exists some control ue( ) € 
乙호(0, T; U) such that

(7) J€(ue : h) = inf J血;h)* 7 u()GL2(0,T:l7) k 7

and

(8) I€(u€ : h) = inf L(u: h).V } u(.)GZ，2(0,T:C/) ' 7

The consol u(-) is called minimization element of the no효linea* func
tions Je(u : h) and Ie(u : h).

THEOREM 3. Assume h £ X. Then h is in K(F) if and only if

(9) lim J€(u€ :力)=0.€—*0

Proof. Let be an arbitrary element in K{F\ Then for any given 
integer N > 0 there exists some control vn(「) € T : U) such that

||旳(4 : on) 一 이I〈冷, N = 1,2,.…

Thus

lim Js(u€ : h) < lim Je(vjv : h)

- 现(嘉 + 에UN(•네b(o,7")) = 名•

Taking TV —> oo in above we obtain (9).
Conversely, if (9) holds for some h £ X)then

lim |gr(© : &) 一 이|2 < lim Je(u£ : A) = 0, e—>0 e—>0

and, equivalently, h € K(F).
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COROLLARY 1. The system (1) is approximately controllable if and 
only if (9) holds for every h E X.

Proof. Follows directly from Theorem 3.

THEOREM 4. The system (1) is h-exactly reachable if and only if 
I€(u£ : h) is uniformly bounded for 0 < £ < oo.

Proof. Suppose the abstract control system (1) is h-exaetly reach
able and ©(•) is an arbitrary control in V(o,T)[^]- Then fo호 any e > 0

人(奴：凡)M /心：h) =

On the other hand, if I€(ue : h) is uniformly bounded for 0 < e < oo 
holds for some h G X, then

lim J€(u€) = lim h) = 0.€—*-0 6—+0

Moreover, there exists some constant M(h) independent of e > 0 
such that

11”€(，川匕2(0,况) — L(힌‘苔 h) < M(h)

Thus there exists some monotone sequence {en;n = 1,2, • • • } with 
en —> 0 as n —> oo such that w 一 lim uCn(-) = !/*(•) in L2(0, T : (7).

n—>8

Hence

: «*) - 씨K < 里프 ||时0 : 陰“) 一 씨I? < lim 4) = 0. 
n—>oo n—*oo

Thus, «*(-) E Hqt)[씨 and the system ⑴ is ^-exactly reachable.
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