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PURE SIMPLICITY OF A GROUP
OVER ITS ENDOMORPHISM RING

DONGSOO LEE* AND CHULHWAN PARK

1.Introduction

Given any associative ring R, let M be a right R-module with a
submodule N and let A be a left R-module. Then we may form the
following sequence (not necessarily exact )

0 - NQpK 2% MerKk

where : is the inclusion homomorphism from N into M and 1l is the
identity homomorphim on K. If, for a given K, the sequence is exact
for all N and M, then K is said to be left flat: if M and N are given
and the sequence is exact for all K, then N is called a pure submodule
of M. H an R-module has no nontrivial pure submodules then it is
called pure simple. It is well known that an abelian group G forms
a module over its endomorphism ring E(G) where E(G) is the set of
all endomorphism of G. In this short paper, we will find a necessary
and sufficient condition under that an abelian torsion group G is pure
simple as E(G)-module.

2. Results

In order to describe this condition we require the following proposi-
ton which was proved by P.M.Cohn.

ProPOSITION. Let M be a right R-module. Then a submodule N
of M is a pure submodule of M if and only if , for any finite sets of
clements m, € M;n, € Nandr,; € Rz =1,---m:j=12,--- ,n},
the relations n, = Y m,r,, imply the existence of elements a, € N
such that n, = Y a,r;;.
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Proof. See theorem 2.4. of [1}.

From the proposition, we can have the following examples.

EXAMPLES.

(1) Let p be prime. Clearly Z,~ is a pure simple as E(Z,, )-modu_lg.
In fact every subgroup of Z,» is a cyclic subgroup generated by p*.
Let ¢+ be an endomorphism of Zy~ defined by (z)é,+ = zp*. Then

g = Pk, but TP # p* for every T €< p*¥ >. Thus by proposition
Zygn 1s pure simple.

(2) Let p and ¢ be distinct primes. Then a direct sum of Z, and Z,

is not pure simple because Z, 0 and 0 ® Z, are pure submodules of
_(E(Zy) 0 .

Z,®Z4. We know that E(Z,®2,) = ( 0 E(Zq)) If for every j,

S@5) (% 4 ) = @0 € 2,00, then for every 5, Thi, =0

and ) ;@,a,, = ;. Thus for every j, 3 (;,0) (031 ﬂo ) = (%,0).
1
Hence Z, @ 0 is a pure submodule by proposition.

Using these examples,we can get the following theorem.

THEOREM. Let G be an abelian torsion group. Then G is pure
simple as E(G)-module if and only if G is a p-group.

Proof. Let G be pure simple as E(G)-module. Since every abelian
torsion group is isomorphic to ®Gp where Gp is a p-group [2]. From
above example (2) we know that G is a p-group because Gp@® Gq is not
pure simple if p # ¢q. Conversely, we assume that G is a p-group. Then
G = A® D where A is the reduced subgroup and D is the divisible
subgroup of G respectively. We consider the following four cases.

Case 1. If A =0, then G is a divisible p-group and isomorphic to a
direct sum of copies of Z(p™) . Let ¢, € End(G) defined by z¢, = zp
and let B be a nontrivial subgroup of G. Then 7,B # Z{p°°) for some
1ndex « where 7, is a projection. In this case n,B is generated by
-,,— for some k. there exists z € G such that Tol(Zdp) = ;’;— that 1s
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z¢, € B. But there are no elements y in B such that n,(yé,) = ;T;,
So G is simple as E{G)-module.
Case 2. If D = 0, then G is isomorphic to Z,u +Zp. + -+ Zp (01 <

13 < -+» <1,). Then example (1) shows that G is pure simple as E{G)-
module.

Case 3. f A # 0, D 3 0 and rank of D is 1, then A is isomorphic
to Zpw + Zpr +- -+ Zpin (21 13 < -+~ < 2,) and D is isomorphic

to Z{p*™). In this case we know that E(G) = (E(()A) Hog((gsp))

where (a,d) (g f) ,a € (A),B € Hom(A, D),y € E(D). Note that

Hom(D,A) = 0. Let 8 € Hom( A, D) define by the following

[(0,0,---.D8=;% and
(a)ﬁ=0 ifaezpq G}prg@-u@ng,.—l@o

and let ¢ = (g g ) . Then we can get the following equation

((61 (_):"'1T):0)¢ = (0, 1“;}:) €D

But we know that there are no elements of D such that (0,d)¢ =
(0, ;3-"—) In fact we know that for every d € D, (0,d)¢ = (0,0).Thus
0 & D is not pure submodule of G as E{G)-module. And A @0 is not
charactenstic subgroup of G. Hence we know that there are no pure

submodules of G as E{G)-module.
Case 4. If rank of D is larger than 1, similarly we can know that
0 @ D is not pure submodule of G by Case 3.

From the above theorem, naturally we can get the following corol-
lary.

COROLLARY. Every abelian torsion group G is pure semisimple as
E(G)-module.

Proof. Since G = ®Gp and each Gp is pure simple as E(G)-module
we know that & is pure semisimple as E{G)-module
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