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REMARK ON BERNOULLI
AND EULERIAN NUMBERS*

Han Soo Kim and Pil-Sang Lim, Taekyun Kim

0. Introduction
Throughout this paper Zp, Qp, C and Cp will respectively denote 

the ring of p-adic rational integers, the field of p-adic rational numbers, 

the complex nnmber field and the completion of the algebraic closure 

of Qp.

Let vp be the normalized exponential valuation of Cp with \p\p =

— p-i When one talks of q—extension, q is variously considered 

as an. indeterminate, a complex number g € C, or p-adic number q 6 

Cp. If g € C, we assume \q\ < 1. JfqE Cp, we assume \q—l\p < jT , 

so that g흐 = exp(x logp q) for |x|p < 1. The usual Bernoulli numbers 

are defined by

_ t 
2」码舟=凌二1’ 
n=0

which can be written symbolically as eBt = interpolated to means 

Bk must be replaced by This relation can also be written — 

eBt = " or if we equate powers of t,

j , ( 1 if A: = 1R = l, (B + l)k-Bk = \

I 0 if A: > 1.

In the p-adic case, the numbers can be represented by

玖=宀物(Z)
Jzp

where 伽(z)=佝)(z + pNZp) = *
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In this paper, we will give a new relation on g-Bemoulli numbers 

and 5-Euler numbers.

1. Eulerian numbers
For g € C (or Cp), we define the number En(p : 5), n > 0, for a 

root of unity p 1, by

P 

qe* — P

00 sj.n 
=£&如次)糸. 

n=0 *

1砒 EXo Eg : ?)G =若三. Then En(x,p : g)=工务。: 

q)xn~*, p 丰 with the usual convention of replacing En(p : q) by 

En(p : g).

For pk 1, 0 < a < k, we have

00 /n
£ £ En(pc :小気

n=0 U = 1

= y 一免으 = y L"

—qe* — pC = /Lg _ 1
<*=1 、 <fc=i 尸 丫

“ 이 匸 = … 卩 匕____5厂 a
p~kqkekt — 1 (q港)* — pk

= 史玖（"흐 : 砧）쎄板*

'一匕 k n\n=0
8 ,n

=kn+1p~aqk £En(Z，":砂)；了 

n=0 "

Therefore we obtain the following

LEMMA 1. for k > pk 1, 0 < a < k, we have

£ En(pC : q)Ca =『나成aqkEn(%pk : 砂).
2 k
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It is easy to see that

J? En(K : q) = kn+1En(pk : qk),n > 0, 

고

for p any root of unity and integer k >1.

For En(p ■ q), n>0, q e Cp,

p = ?e(^(p-9)+i)t _ peE(gq)t,

or if we equate powers of t,

g(ES") + l)"-泻Sg) = (： 弋? 

t 0 if n > 1

qE°(p : q) - pEo(p : q) = p.

Thus we have

E°(p : q) = ~으一 
q-p

=q(£(p : q) + l)n 一 pEn(p : g) = 0 for n > 1, 

so that

(q - P)En(p ： q) = -g(；) En-t{p : g) for n > 1.

If p ^4 1, then (q — p)n+1iJn(p ： ^), n > 1, are polynomials of p with 

coefficients in Zp.
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2. 5—Bernoulli numbers
For 9 G C （or Cp） with \q\ < 1 or |1 — q\p V 厂茅毛 we define

—；-- =馥小 and ―牛一-=e急。*,
qe‘ — 1 qel — 1

or we equate power of t,

G
if 72 = 1

ifn>l,

with the usual convention of replacing /3n（q） by /3n.

For any positive integer m, we have

text _ <g«e（x+«）t V 寸 mte*브으mt
ge」l = J 宀球 - 1 - J m - 1

m —1 -
= £ 丄 g"（뜨느妒"

t=0 7

我结茂盘爭妒）％厂

t=0 fc=0

或如I关股（帯顼億

fc=0 t=0

Therefore we obtain the following

THEOREM 1. For fc > 0 integer, we have

位（C : 9）= mk~l £ 如：（ W사•: qm）-

匕一丿 m
t=0

If g —> 1, we have

m_1 丄.
玖（花） = 7리 为 阳兰系으）.

t=0
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Let / be a fixed integer and let p be a fixed prime number. We set

X = limZ//p”Z, 
■t—
n

X* = 니 0<a<j》a + fpZp,
(a,p)=l

a + fpnZp = {z € X\x 三 a (mod fpn)}

where a E Z lies in 0 < a < fpn.

Note that the natural map

z//pnz —T z/pnz

infaces

7T : X --- Zp.

If g is a function on Zp, we denote by the same g the function o tt on 

X. Namely we consider g as a function on X.

The above theorem 1 is important for the construction of the p-adic 

q—Bernoulli distribution.

THEOREM 2. Let q be element in Cp. For any positive N, k and d, 

let 卩=卩Sk q be defined by

加(a + dpNZp) = (dpN)Jg顷赤：心

Then 牧k extends uniquely to distribution on X.

Proof. It suffice to check that

卩T

哪,+ idpN + dpN+1 Zp)= 〃緜(a + dpNZp).

t=0
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By the definition of 卩we have

p—1
£如，血 + ”也 N + dpN+Z)

t^O

=妒) J 导+心喝 (으詳: D

=厂殳沙0(達土：(时护了)

M p

=卩0>k(a + dp Zp).

Thus we have proveditrrorem 2.

Note that

I 1山加左(:r) = w：(Zp) = 8k(q).

Do ^-Bernoulli numbers fik(q) occur in Witfs formula type?

Let a G X、a 1, A: > 1. For compact-open U C X、define by

海/：(") = 卩8kq(U) — a 七":;q니a(우U).

Then 片" t "Ma冲as ? 1, where 卩Mazur,a；k is Mazur's measure.

3. Remark
Let C(Zp,Cp) and UD(ZpyCp) denote the space of all continuous 

functions and the space of all uniformly differentiable functions on Zp 

with values in Cp.

Let Cpn be the cyclic group consisting of all pn-th roots of unity in 

Cpn for all n > 0 and Tp be the direct limit of Cp^ with respect to 

the natural morphisms, hence Tp is the union of all Cpn with discrete 

topology.
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For f C l7D(Zp, Cp), we have an integral Iq(/) with respect to use 

so called invariant measure “o；

r 1宀】
W) = / f(x)d/i0(T)= lirn — ^2 f(x)

and the Fourier transform fq =扁(/由)，where <加 denotes a uniformly 

differentiable function on Zp belonging to q E Cp defined by($q(x)= 

q气
Here, we have ^-analogue of Witt's formula

扁(r2g(w)) = 0n(q) for q € Tp,n > 0.

By definition, we see that

t = V 1 即+1)丑“(厂1)

ge」1 — 스” m + 1)1 (?- 1) '

where means the m-th Euler numbers.

If m > 1 and 5/I, then we have

rf~i
歸== 一 F—

3 — 1

THEOREM 3. For m>l,qE Tp, we have

(1) Io((/>q(x)xm) = 8m0)

(2) 舗>=*欣1(广

(3)

Z“=8n(l)+ £ 检*").

Now, we define the convolution for any £ g C J7D(ZP, Cp) due to 

Woodcock as follows;

f * g(z) = £ fqMqS.
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Then we have f * g € {7D(Zp,Cp) and (/ * g)g = fqgq. Another 

convolution ® is induced by * above f1 0 gf = —(/ * g)‘ for fyg E 

如(Zp@).

It is known in [3] that

(f®9), = f®9, + f'®g + f*g

f ® g(z) = I^x\f(x)g(z 矿(z)

where 甫)means the integrable with respect to the variable x.

We take f = and g = zn<j>q{z},

扁(/%(2))扁(/©&))

= 空)欢%严矿(z - _ 记W代(小끼 ® "L).

iet N算，n = 표®q(z)zm ® ^q(z)^n~1). Then

思,n = ^E (；)(一1)'残七鳥_J0) - (函q), 

n j=0)

since 4氣n = >ln-l,m+l-

In particular, in the case of m = 0, Aq n —
Thus we have the Euler identity, indeed, if q=l, then we have

-;上 £： (；)‘허'I = f°r n- L

人;=2
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