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ON THE INTEGRAL SOLUTIONS OF NONLNEAR 
EVOLUTION EQUATIONS IN BANACH SPACES

Kuk- Hyeon Son

(cp;r0) <

1. Introduction

The main goal of the present paper is to study the existence of 
integral solution to the following Cauchy problem on a finite interval 
[0,幻：

必(Z) G 0 < 切 V Z < 7]

w(f0)=血， e Z>(A(t0)), 

where X is a real Banach space with norm j| • j|, u(-) stands for an X- 
valued unknown function on the interval [0, T] and {A(t) j t G [0,T]} 
is a given family of time-dependent(possibly multi-valued) nonlinear 
operators acting on X with the time-dependent domain D(A(f)). This 
problem has been studied intensively in recent years, especially as re
gards the fundamental question of existence and uniqueness of solu
tions. If no additional restrictions are imposed on X, the basic method 
used to establish existence results has been to show, under various 
assumptions, the convergence of solutions of approximate difference 
schemes tending to (cp; xo). Recently several authors have treated the 
Cauchy problem (cp; a；o) from the view point of difference approxi
mation. In the autonomous the fundamental result has been estab
lished by Crandall and Liggett in [2]. An generalization of the 호esults 
of Crandall and Liggett is given by Kobayashi[4]. In [4], Kobayashi 
introduced u;-quasi-dissipative operator and DS-limit solution of the 
time-indipendent(autonomous) equation

* W(Z) e Au(t), 0 < i < T 
w(0) = x0, xQ € X.
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In [6], Pavel extended the results of Kobayashi to the time-dependent 
equation (cp; xo). Our purpose is to give a convergence theorem for 
difference approximation and to improve the results in [이.

We state our assumptions imposed on A(t):
(A.l) Let u; be a real number. There exists a continuous function 

f : [0, T]——> X and a bounded (on bounded subsets) function L : 
[0, oo)——> [0, oo) such that
(Ll)

(yi,xi - x2)i + (，2,a：2 一 Xi)i
< 에 zi - 지|2 + ||/(t)一 六我)||乙(|k이|)腿 一 :에

for all 0 < 5 < i < T, € -4(f) and [丑"시 € A(5).
(A.2) The domain D(A(i)) of A(f) depends on t E [也幻 in the 

following sense: if /n —> t in [如幻，xn € D(A(tn)) and xn x in X、 
then x C P(A(t)).

2. Preliminaries

Let X be a real Banach space with norm || • || and let X* be the 
dual space of X with || • || also denoting the norm of X*. The value of 
x* € X* at x will be denoted by (x,x*). Recall that the definition of 
the duality mapping F : X ——> X* of X, i.e., j?(x) = {x* | (x,x*)= 
II께2 = ||x*||2}. Using the Hahn-Banach theorem it is clear that F(w) 
is nonempty for any x E X. In general, F is a multi-valued operator. 
The properties of F are related to the differentiability of the norm || • || 
in X, For y E X and h £ R, let(x,y)h = A-1(||a: + hy^ — ||끼|) be 
the diflferencequotient of ||x|| at x in the direction y. Since the function 
/z I Hz + hy|| is convex, we easily deduce that hi {xyy}h is monotone 
increasing for > 0 andZ 一||训 for all > 0. This implies the 
existence of the right derivative

(x,y}+ = Hm

of ||x + hy^ at /i = 0. As = —(x, —g" we deduce that (x^y)h
is also monotone increasing and bounded above for < 0. Thus the 
left derivative

(x,y}- = lim {x,y)h
A-*0-
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exists and we have (x, = —(x, —；)+. Finally, we obtain the follow
ing inequality (see [1])

< (x.-y)- < < (x,y}h iorh > 0.

For € X, we define the functionals ( , )$ and ( , on X x X 
by

"丄=sup{(饥站〉I X* G F(x))

and
-inf{(y,x*) I x* G F(x)).

Clearly {y,x)s = = 一〈饥一⑦丄 for all x, y EX.
The following lemma is useful for later argument.
Lemma 2.1. Let T = {A(i) | t € [0, T]} be a family of nonhnear 

multivalued operators acting on X and 3 be a real number. Then the 
following statements are eqs항疽ent:

(i) :F satisfies the conditim (A.l).
㈤ For any 0 < s < t < T,切G A(£), [x2,y2] C 4(s), A > 0 

and /z > 0,
(2.1)

(人+ # — 人〃3)际 1 -x2|| < 시|死 一 Xi ~/zy2|| + 에：门 -X2 - Ayill
+ 入이典) - f(s)||乙(||a시I).

(Hi) For any 0 < s < t < T, [xx^t] e A(t), 施并시 G &s) and 
人>0,

(2 2) (2 —人3)脸1 — ar2|| 冬 ||^i — x2 — &/i|| + 恤—— Ay2||
1 ' +시Lf(t) 一/(s)|B 시"I).

Each of the above statements implies
(iv) For each [x, y] E A(£), u E P(A(s)), 0 < s < t < T and 人〉0,

(2.3) (1— 人3)脸一에 < 加n*—人g||+시4(s)씨+세/(Z)-/(s)0시에), 

where |j4(3)u| = inf{||y|| | y € A까.
Proof. Let us assume that (i) holds. Then (1.1) implies that there 

exist x* 6 F(xi — t2) and g* 6 F(^2 — Xj) such that

(2.4) +{y2,y*) < 이]:以一지卩뉘Lf(t)-f(s)町印：以])腿-：시|.
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F¥om this, we have

(A + 产)||zi - :이|2 < A(X1 -x2 - fiyi, X*)
+ n(x2 - Xi- fiy2,y*) + 사如||斗 - :이 |2

+ 사4Lf(t) - f(s)||L(||x2||)hi - 에,

which easily gives (ii). For A — //, (ii) implies (iii). If (iii) holds then 
we have

(—시一'(脸1 — X2 — At/i II — ||xi — :지I)
+ (-시一'(||叼 一 勺 — 人?시I 一 11^2 — xill)
Y 에中 t시1 + 倡0)-佐)||乙시끼|)・

Letting A | 0 we get

(yi^i 一 叼)一 + I징"2 一 斗)- V 에鬲 一 :지I + II/。) 一六司|卩시I：시|)・

Obviously (iii) implies (iv), and the proof is complete.
In [4], Kobayashi defined DS-approximate solutions of the problem

W) £ Au(i), t G (0,T),
u(0) = ^o5 旬 € X,

where A : D(A) C X ——► X is a time-independent operators acting on 
X with the time-independent domain D(A). It is straightforward to 
extend this notion to the time depend。교t case (cp; xo).

Let T E R with 0 < io < and xQ € P(A(io))- Suppose 
is a system ({△"}, {??}) sequences with the

following properties:
(i) {△□} is a sequence of partitions of [to^] of the form

(2.5) △” = {M =端 V 母 V .. . V 垸.=T} (n > 1)

and
lim |An| = Em max{Z? — I 1 V & V M} = 0.
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(ii) For each fc = 1,2, ••- , JVn? xf € Z)(4(堤))and E X satisfy the 
difference equation

(2-6) 璀=碧二旦一心"(狀)),l<k<Nn

as well as the following condition

山

(2.7) Xq —> xq and bn = (狀—t^_1)||p^|| -h- 0 as n —> oo.
k=i

We say that the above system ({An), 我)}, {p£}) is a discrete
scheme for (cp; x0).

Definition 2.1. The step functions un on [0, T] defined by

x?, for t = tn
un(t)=

V ；[成，for 捉(样瑁M =

are called DS-approximate solutions of (cp; xq).

3. Convergence of difference approximations

In this section we treat the convergence of difference approximation 
of the Cauchy problem (cp; x()). Let u; be a real number. Let t0,爲 € 

[0,T), xq E P(A(<o)), io € P(A(/o)), and suppose that there are two 
discrete schemes ({△“}, {(唉,微)}, {理}),(仏糖,{(鳏，建)}, {駅‘}) 

corresponding to (cp; xq) and respectively. Namely,
(i)

An = {to = ton < ttn <---tNnn=T} (n>l) 

and
Am = {io =禦 < 暨〈…琨”,=T} (m > 1)；

(ii) the sequences {:琛}, {屹}, {p£}, {xj1}, {0/} and {p^} satisfy 
the difference equations

_ xn
(3-1) yk = 洽一詩그-p.e0(4(堤)), l<k<Nn

4 一41
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gm — xm
(3-2) 妒 = 土一法긔 -p7€ P(A(t7)), l<j<Nm

*j Tj-i

for m, n > 1, as well as the following conditions
妒 T ®o, bn = 世 1(M - «fc-in)||Pfc|| -> o and

(3.3) |An| = max(fjtn —让-『| 1 < fc < Nn} t 0 as n oo.

绍 T So, bm = £*；(殍-弓仁 1)1 网却 T 0 and

(3.4) I瓦“ I = rnaxfij1 —:分;、| 1 < j < 2Vm} —> 0 as m oo.

The DS-approximate solution um corresponding to the discrete scheme
《{瓦詩, {(지“ 非1)}, {泌})

is defined as is for un (see Definition 2.1), that is,

(3.5) 我 m(£)= <
对，for t = t0 
可，（学"

For simplicity of the notation, set 狀 = 堤 一 厅_卩 h^1 = xj1 — 소:畠 

for ^: = 1,2,•• - ,Nn and j = ,7Vm.
Then we have

(3.6)乓n — hknykn =+ hknpn^鄭一商涔=芬私+ 熠

With yf e 厶(母)：建，yp € 4(理)宥 for k = 1,2,••- ,Nn and j = 
1,2)…yNm.

From now on, we drop the superscripts m and n for simplicity if 
there is no danger of confusion, i.e., we write 让 for 珞 tj for and 
so on. It is also convenient to set

(3-7)

and

이以 j = II；虹 —

，、人< ，、 JX ，、
(3.8) = Kj/(Kk+hg), 8*盘=hjJ(hk+hj), 1缸° — hkhjJ(h**hj)* 
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We now wish to estimate the difference between and x}. We state 
a simple lemma which will be used later.

Lemina 3.1. [6] Set, for Q <Tj <T,

(3.9) (기) = ](tk — tj — 〃)2 + — M) + —

Then the the inequality

(3.10) + 熾,ALl血)W Ck,j(q)

holds far fc = 1,2, • * • JVn and j = 1,2, ••- , Nm.
Before proceeding to the main estimate, we need also the following 

lemma.
Lemma 3.2.[6] Let 4(t) satisfy the condition (A.l) and let un be the 

DS-approximate solution to the problem (cp; x0). Then for every r € 
[0二「] and x € QQ4(r)), there exists a constant Mq = MQ(tQ^r^XQyx)} 
independent oftE [0,幻 and n E N such that

(3.11) ||*(圳 < Mo

for all t G [0,T] and n € TV.
Now, we give some remarks on the modulus of continuity of f. Set 

Xr) = sup{||/(t)-f(s)|| \t,se [0,T], \t-s\ < r} for r e [0,7]. Obvi- 
ously, p : [0,T] ——> [0,oo) is bounded, nondecreasing and lim p(r) = 0.r|0
Moreover, p is upper semicontinuous on [0, T] and right semicontinuous 
on [0,T). The simple inequality below is useful for our later proposes:

(3.12) p(r) <，厂项：T)|r 一 r'| + p(6), r G [0, T]

where 0<K<^<T,0<rr<^ — k. Let us 사leek it: if r < ^, the 교 
p(r) 으 p(8\ so (3.12) is trivially satisfied. Jf r > 8 and rz < ^ — k, we 

r——t9
have k < 6 — rf < r — and hence p(r) < p(T) <------- p(T), thereby

~ — K
completing the proof of (3.12).

Using the estimates (3.10) and (3.12), we obtain the following lemma
Lemma 3.3«[6] Let to, i© € [io, xq C D(A(t()))> io £ l?(A(to))； 

and 血 ({dn}, {(꾀MF)}, {0时) 血 ({An}，i(衆, 0£)}，33) be two 
discrete schemes (in the sense of (3.1 )-(3.4)) corresponding to (cp; xq)
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and (cp; xq), respectively. Let also the condition (A.l) be satisfied and 
0Wm|vSvQ0v，cv6 — I이, and 3。= Assume that
|An|, |A시 V min{S — I끼 —& 1/(23o)}. Theny for each r € [0,T] and 
every [x,y] € -A(r), the following inequality holds.
(3.13)

k i
n(i 一 3(血)[[(1 - 物"시底 一 ：切 II
t=l q=l

— I同 一 께 + II邪 - 께 +(知(和 一 标)[||圳 + Mp(끄)]

* >
+。니IE+ 2치I리I 

t=l g=l
+ M(i0 - £0亦-七侦)功,如)+ P㈣

for 0 < fc < Nn and 0 < J < Nmf where

M = max{L(Mo(io, r, x0,®)), L(M0(t0, r, x0, x)), 乙 (|| 께)}

with Mq as in (3.19),

二(M) = sup{以 ||y||)||ggMo}

and
o o

JJ(1 - 3사}，；) = JJ(1 - 3血) = 1.
「=고 q=l

We are now in a position to establish the convergence of PS-limit 
solutions.

Theorem 3.1. Let T > Q} tQ e [0, T), and x0 6 D(A(tQ)). If the 
family T = {_4(£) 11 E [0, T]} satisfies the conditions (A.l) and (A.2), 
then the following properties holds:

(i) There exists a continuous function u : [0, T]——> X such that any 
sequence un of DS-approximate solutions of (cp; To) zs convergent to u

n —> oo, uniformly on [如 幻；

(ii) «(i) € P(j4(f)) for each t G [0,7] and u(tQ) = xQ.
Proof. We shall use Lemma 3.3 with to = fo, % = xo5 x3 — x3^ 

tj =知 h3 = hj and p3 = p3. Let t E [<o,T) and let k kn and
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j = be such that t G Cl (队_"见. By (3.10) we see
that Crjtn)Jm(O) ―> 0 as m, n oo, because t^n t t and t}m t £ as 
m, n —> oo. On the other hand,

(3.14) 3島 < exp[43()(T - f0)] = C.

By the definition of un it follows that Mn(t) = x^n and um(t) = xJm 
(hence un(i) E」DQ4(£知))).Consequently, with ?/ = 0, (3.13) yields, 
for io = io — r and x G P(A(t0)),
(3.15)

lhn(<) — Sn(圳 < 이 I：咁 一 이 + II疏‘ - 메

k
+ (爲，j」0)(IK(r) 께 + Mp(T)) + £ 础끼I

1=1
3

+ 对II瓦H z J 브 •'
q=i

+ M(tJm 一虹)(，厂半3)。5」0) + 冷))心]

for 0 < fcn < Nn and 0 < jm < and hence

(3.16) lim ||z妇(£) — "m(圳I V 이2||旳 — 께 + M(T — (끄)]m,n―>8

for all x € P(A(io)) and S > 0. Since limp(6) = 0 and x can be 

taken in P(A(t0)) so that ||xo 一 께 is sufficiently small, we infer that
lim (un(t)— um(t)) = 0 uniformly with respect to t E [4〉幻.Note 

also that un(t) G D(A(tfcn)) and
(3-17) _______
u(f;<o,3：o) = lim un(/) jointly 官 t t implies 如血)€ P(A(t)) n―>8

by condition (A.2). Arguing as above (in view of (3.13)) it is clear 
that any other DS-approximate to un corresponding to t0 € [0,T) 
and xq G D(A(tQ)) is also convergent to u. It remains to prove the 
continuity of u on [如幻.To this end, take /, tf E [to? and n € N. 
Let kn and jn be such that < f < ijtn, t3n-i < t1 < t3n. Then 
tkn t t and t3n t F as 72 t 8 and Xkn = un(t), x3n = In
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this case Ctnijn(0) ―► |t — as n —> oo. Consequently, with =亂
ty= tj, Xj = Xj9 m = n and 〃 = 0, (3.13) yields

||u(" — u(Y)|| = lim ||un(t) - 临(丫내n—
(3・18) < 이2||血 一 께 + |S 切{|囱圮께 + Mp(T)}

+ M(tf —姑)仆厂半(「)1* — 丫| + p(^)}]

for every x € D(A(t0)), 0 < 6 < T and 0 < k < 6. Since Hin p(6) = 0 

and x can be diosen so that ||xo — x|| is arbitrarily small, (3.43) implies 
that u is strongly uniformly continuous on 仇)二끼. This completes the 
proof.

By virtue of Theorem 3.1, we define the following.
Deftnition 3・2. Let £()6 [0,T) and xq E P(A(fo))- A continuous 

function u on [to,T] is said to be a US-limit solution of the problem 
(cp; xq) if there exist DS-approximate solutions un of this problem on 
僞,幻,uniformly convergent to u (on 侃,幻).

4. Main result

In this section, we investigate some basic properties of DS-limit 
solutions of the Cauchy problem (cp; x©). Let 3 be a real number and 
꼬 > 0 be fixed.

Definition 4」L・ Let to E [0,T] and 旬 € D(A(to))- An X-valued 
function u(t) on [io,T] is said to be a strong solution of (cp; xo) on 
[如幻 if the following conditions are satisfied:

(i) u(*o) =
(ii) u(t) is absolutely continuous on [to,幻，

(iii) u(f) is differentiable a.e. on (to,T),u(t) E D(A(t)) and satisfies 
the problem (cp; x0) a.e. on (如 7).

To get into the notion of integral solution, suppose that u(t) is a 
strong solution of (cp; x0) under hypothesis (A.l). Take arbitrary r 6 
[£"끼 and \x^y\ € 4(質). Since uf(t) € for almost everywhere
t G [io?r], an application of Lemma 1.3 of Kato [2] and condition (A.l) 
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yield
(4.1)

(d/df)||u(t) — 이 I = {u(t) —

< («(<) - x, g)+ + 이|u(t) — 께
+ ||f(t)—/(r)|| 以冏 I)

< 에I"。) 一 께 + (讽力 - c, g) + + K||f(t) - /(r)||, 

where

(4.2) K = max{乙(G) and L(||a:||)), C\ > sup{||u(/)|| \to <t < T}.

Integrating (4.1) over one obtain
(4-3)

im(仁)—께 —iim)_ 께

으 J Ml«(r) 一 이！ +(u(t) - x,y)+ -t--Kliy(r)—y(r)l|ldr

for ail <t <tf <T^ r E [如幻 and [x,y] G A(r).
Definition 4.2. By an integral solution of the Cauchy problem 

(cp;a：o) on [to,?1], we mean a continuous function u(t) on 僞，幻 sat
isfying the inequality (4.3) with as in (4.2), u(to)=瓦 and a(t) G 
D(A(t)) for t e [to,T]-

Theorem 4.L Suppose that the family :F = {A(i) | t E [0, T]} 
satisfies the conditions (A.l) and (A.2). If u is a DS-hmit solution 
of the problem (cp; Xq), then u is the unique integral solution of this 
problem.

Proof. We first prove that the DS-limit solution. u is an integral 
solution. To accomplish this assertion, let [x^y] E A(r), r G {也幻 and 
h Y € [to? 꼬]. Since {x^} is boxinded (by (3.11)) there exists a constant 
K > max{乙(sup ||刑』)0(||에)} such that
(4-4)_
{ —... -Pk,xk-x)t + (y,x-xk}t < 에虹一께2+K|Lf(让)一以7・)||.

h，k

Since yk =----- r一一二——Pk and (xk 一 z) — 一 游 =hk(yk+Pk\
hk

we have

(4.5) pjk - 찌I 一 ||xjt-i - 이I < hk{xk - x,yk)- + M|0：|l
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for 1 < fc < Nn. Let 0 < j < fc < Nn. Since

{xt - X,yk)- + {xk - X, -y)- < 이|珏 - 께 + K||f(tjt) - /(r)||

for 1 < A; < Ng we obtain the estimate

k
腿一께니岛一께 V £ 伉—r,y)++니區一께

(4・6) 旗畐

+ W(i.)-/(r)|| + ||p.||]

Let k = kn and j = jn be such that t G and tf €
Also set an(r) = tkn for r E (히妇加According to the definition 
of Uy (4.6) becomes

IM"') - 께 - ||Un。) - 께

[tkn
(4.7) < / k||un(an(r)) 一 께 + (un(an(T)) 一 x, 必)+

Jbn
+ bn + K\\f(an(r)) 一 /(r)||]Jr.

Clearly an(r) r as n —> oo (uniformly with respect to r), and hence 
un(an(r)) —> u(r) as n t oo, uniformly with respect to r G [如幻. 
Passing through the limit for n t oo in (4.7), one obtain (4.3). Hence 
u is an integral solution of the problem (cp;，o).

To prove the uniqueness, let u be arbitrary integral solution of the 
problem (cp; x0) and u be the PS-limit solution to this problem- We 
will prove that 3 = u on [如幻.Let 0 < 5 < < T. Then, substituting
u, 5, and [xjt, j/fc] for tz, f, t人 and [x, y]^ respectively, in the inequality
(4.3),  we have

I 旧 (s，) - 까H 시回时 一；

(4・8) < J [w||u(r) - Xfcll +(U(r) - xk, yk) +

+ K\\f(T)- f(tk)\\]dT.

Since

hk{u(T)- Xk,yk)+ < ||«(r) 一 Sjfe-ill - ||u(r) - Sjfell + 시|1시I， 
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we obtains
（4-9）
膈（II히:s'） - 瓦II 一 ||«（s） - :가』）

< u?^fc||u（r） - xk\\dr

+ J, 에衫⑺ 一:虹TI히，） t세）心

+ K L 이册（丁） 一/（加세石 + ‘아:（s'-s）||l시|・

Integrating （4.9） for £ =顶 + 1, • • •，知 we get

I （11&（矿）一 相训 一 II히S）— s（7）||）爾 

/
< ［（阳（丁）—収顷一 I恒⑺-们岛）诉打 

J s
+ / Z ［에히丁） 一 w"세 + K!I/（T） - 了（。如（刃）用心如 

k
+ （s' —£）£ MIp.1I

?=j+1

holds for 0 < j < A; < Nn. Letting tk t t1 and —> f as n —>（X）, we
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have

/ 시瓦/) - 响)11 - ||u(s) 一 心)||)出7

+「이讯t) - 心)II - h(r) - «(세心 

+ K 丄 J ll/(r) - f^))\\dTdr]

ft'尸
V ■ f * ( ■ z \ 、、・，・ ■*

+ A I I I 仇TJ-JW 애"F

where 3° = max(0)3). We now apply Proposition B of [5] (Proposition 
4.1 below). Putting [a, b]=(如幻，戒了 J)=牌(，‘)一”(*)lk c =(血) 
d = K and 机t\t) = ||/(^) — /(t)|| in the proposition below, we have

e-^im-^)ii<e-^iiuo)-u(f)ii

for < t t1 < which implies u is the only integral solution of 
(cp；旬).

Proposition 4.1 [5]. Let a < b and 如 p be nonnegative functions 
defined on all of [a, 6] x [a, 이 satisfying the following conditions:

(i) <f)is continuous on [a, 6] x [a, 6],
(ii) W is upper semicontinuous on [a, &] X [a, 6],
(Hi) there exist constants c, d > 0 such that for a < s < t < b and 

a<a<r<b we have

/ 0(& *) - 认& s)]df + 丄渺(丁,而-臥o, 7!)]dij 

<c [ [ 切+ d f [岖,郴&折.2L



On the integral solutions of nonlnear evolution equations in Banach spaces 327

Then, we have

厂。％伉t)-厂3火& s) < de~cs [岖,海

for a < s < t < b. If, in particular, s) = 0 for all s € [a, then

厂< LW(S,S)

for a < s < t < b.

References

1. V. Barbu, Nonlinear semigroups and differential equations in Ba
nach spaces, NoordhofF, The Netherlands, 1976.

2 MJ고 Crandall and T. Li^ett, Ge珏度ation of semigroups of non
linear transformations on general Banach spaces, Amer. J.Math. 
93(1971), 265-298.

3. T. Kato, Nonlinear semigroups and evolution equations, J. Math. 
Soc. Japan 19(1967), 508-520.

4. Y. Kobayashi, Difference approximation of Cauchy problem for 
quasi-dissipative operators and generation of nonlinear semigroups, 
J. Math. Soc. Japan Vol. 27, No.4(1975), 640-665.

5. K. Kobayashi, Y. Kobayashi and S. Oharu, Two integral inequalities 
related to Benilan's integral solutions of nonlinear evolution equa
tions, Bull. Sci. Engi. Research Labor, Waseda Univ. 93(1980), 
80-87.

6. N. H. Pavel, Nonlinear evolution operators and semigroups, Lecture 
notes in Math., Springer-Verlag 1260(1987).

7. T. Takahashi, Convergence of diiference approximation of nonlin
ear evolution equations and generation of semigroups, J.Math.Soc. 
Japan Vol.28, No.l(1976), 96-113.

Department of Mathematics 
Dong-Seo University 
616-010 Pusan, Korea


