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ON THE EXISTENCE OF SOME 
HOLOMORPHIC FUNCTIONS

Jungsoo Rhee

Let S ~ {z — x + iy\Q < x < 1, —oo < y < oo}. Suppose that / 
is continuous on S. Is there any holomorphic function on S° with the 
following properties: Ref(ig) > 1, + > 0 and Be/(x) < 1 — x
for some 0 < x < 1 and for all y in 7? ?

There axe examples satisfying partially those conditions ( see: /(z)= 
1 一 z, f(z) = cos 을 or /(z) = tan 匕*).

The question was by product and solved accidently when we consider 
some problems related to Stein's complex interpolation theorem(see 
[1])-

THEOREM 1.. Let g be continuous function on S. Then there is no 
such a holomorphic function on S° satisfying those three conditions.

Proof. Suppose that there exist such a holomorphic function g on 
S° such that Reg(tQ)< 1 — fo for some 0 V 标)V 1.

Let {护} be a smooth partition of unity on (0, oo) with 妒 supported 
in (1,3) and 0° supported near 0 such that <^(r) = ^1(21-Jr),j = 
0,1,2,...・ We consider operators R3 on Rn given by ^J(|x|)y(x)= 
Rjf(x). Now classical estimates on the size of the Bessel function 
says(see [3]): |厂(서"")岛+仍(圳 < Cg이이(1 + where Ja is a
Bessel function of order a.

Let us consider spherical means of complex order a (extended by 
analytic continuation) MQf(x) = mQ * /(x) given by Maf(x)— 
帰a(z)了(z) where ma(x) = 7T~a+1|x|_n/2-a_,_1 Jn/2+a_i(27TT). The 
Plancheral theorem gives us

{/ \Maf(X)\2dx}^2 < { [ |W圳2任(圳2}1/2
JR2 JR2

< (爲e이Zm이{ / (1 + g|)T-2Re听(圳2姐1/2
Jr2
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for n — 2 and f E S.
Let us define a family of operators T? : 乙，（H허） —> £P（J?2） given 

by T^f（x） = 2商z）M이where q（z） = «o（l — z） + %z and 
/3（z） = （a0 一 （K（t°） + §）｝g（£ + %（z）・ Set a0 = -1 and = e > 0. 
Then

ll^/C^lh = 顽叫 |M 어，，）R"（圳 |2

玄才（_3/2-心））||肱a（沥&“）||2

v 2，（ns））次아圳이 |Lf||2

Let 耽3） =，（一1一枱。））舛€+1）旧1. Then MJ satisfies a growth con
dition: [sup_8VjYoo 厂이이kg Mj（g） < oo] for some 6 < tt. Also, we 
have

时+，”（圳=2'Re倒+叫mM+v）六圳

孕写島1京 t （1 시疣）（아】囲鸟須£一，）両 
!（€ +（€ + l）zy） JR2

«：27海아功이/2||了||8

since H^/Hoo < ｛fR2 |&'（|，|）|切||了||。。.

Put M｛ = c2•吒cj+i）|이/2 Then M（ has a polynomial growth sat
isfying Stein's growth condition.

By the Complex interpolation theorem between 会 =* and 志 =°，

II 邛六圳 |p = 2*）||Ma（t）RJ（c）||p 

<M/||/||P

for 1 — i = |y 0 < / < 1.
It is easy to see that

帽=河｛色羿 r（ ?g 褊3）.. + 忏써（으）—泓｝
2 J-oo cosh Try — cos 7rt cosh 叫 + cos ?ri
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where c depends on t.
Let t — t(). Then we obtain

||M어'。)RJ(z)||p < c2rWo)+J(TTa°))(if+jHHL

=c2〃2((—2T:(比))(IT。-Reg(*o))+Reg(圮))卩/卩2

where 1 一
We can take A:(/q) as the smallest positive integer such that A;(to) >

9/ Ref(M) 一 11
〔1L —tn — f(tn\ ，*1—tQ—RefltQ) 

Thus we get

oo

J=o

where j = 丄亍垃 and a > —1(1 — i0) since e is arbitrary.
The complex interpolation theorem of Stein between (0,0) and (1,0) 

gives us |]MOf/||oo < 에刊卩 if a > By repeating interpolation theo
rem between ($ j) and (|,0), we obtain ||"丫刊却 < c|]/||p for a > 0 
and 子 —(1 — to) This contradicts to a necessary condition in [2].

Thus there is no such a holomorphic function.
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