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A NOTE ON HILBERT ALGEBRAS

Y. B. Jun, J. W. Nam and S. M. Hong

The concept of Hilbert algebras was introduced by Diego [5]. Bus- 
neag [2 - 4] developed the theory of Hilbert algebras and deductive 
systems. The aims of this paper are

1. To prove that if j：2, (n > 2) are distinct elements of 
a Hilbert algebra, then there exists xt in Hilbert algebra such that 
勺t皿尹1 for all顶尹2；

2. To show that any bounded Hilbert algebra of order n + 1 must 
contain a Hilbert subalgebra of orde호 n > 2;

3. To verify that the set of all involutions of a bounded Hilbert 
algebra is a Hilbert subalgebra; and

4. To define the concept of stabfeers and pir^e some ^proportions.

DEFINITION 1 ([3, 5]). A Hilbert algebra is a triple (H> f 1), where 
H is a nonempty set, —* is a binary operation on IT, 1 G if is an 
element (called a unit element) such that 난le following 나nee axioms 
are satisfied for every x^y^z € H:

(fll) z T (g T w) = 1,
(«2)(z T 3 -응 z)) T ((* T g) T (w T z)) = 1,
(«3)= = l then x = g.
If if is a Hilbert algebra, then the relation x <y iff = l is 

a partial order on H, which will be called the natural ordering on H; 
with respect to this order relation, 1 is the largest element of H,

A bounded Hilbert algebra is a Hilbert algebra with a smallest 
element 0 relative to natural ordering.

A subset 5 of a bounded Hilbert algebra H is called a Hilbert sub
algebra of H if 0 £ S and 今 xiyCS.

EXAMPLES ([이) . 1. If (瓦 <) is a poset, then (丑,1) is a Hilbert 
algebra, where 1 is the largest element of H and

f 1 if a: < y,x y = < .
[y otherwise,
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for x^y E H.
2. If (瓦 V, A, 0,1) is a Boolean lattice, then (H, —\ 1) is a bounded 

Hilbert algebra, where -스 is defined by z t y = (f) V y for x)y E H.

PROPOSITION 2 ([3, 5]). If H is a Hilbert algebra and x^y^z E H, 
then the following hold:

(如)x <y x.
(62) x —» 1 = 1.
(63) z —> (g t z) = (z g) —> (w —+ z).
(S) (z T y) T ((y T c) T z) = (g T c) T ((c T y) T y).
05):r t (g t z) = g —+ (t t z).
(be) a：(c 一十 折-+ g, ((z t y) —» g) t，= a： t y.
(67) 1 X = X.

(68) Z T； <(9 T Z)T(Q T Z).
(69) If x < y, then z x < z y and y z < x z.

PROPOSITION 3. Ina HUbert algebra H, we have the £ollowingjirQp- 
erties:

(ci) If x y, then y x 1 whenever z —> g = L
(C2) If x < y and y < z then x < z.

Proof, (ci) Assume that x y and x y = 1. If y —> a; — 1 then 
by (03)we have x = y. This is impossible.

(C2) Suppose x < y and y < z. Applying (69), we obtain 1 = x —> 
y V £ -스 z, and so x z = 1 or x < z. The proof is complete.

For an n sequence 知，叼，xn of a Hilbert algebra H、consider the 
(n — 1) x n matrix

(X2 ~~―► X2 ・.・ Xi —> xn 、

W3 * H1 X3 **나 3^2 ■ • • 2^2 〉W/J
A = . . . .

■ • , .

x n # n > 2 • • • 3/ji — ‘ *^n /

Fbr convenience in this paper, we call A the H -matrix relative to the 
n sequence xj,X2,xn.

THEOREM 4. Let X1,X2,xn (n>2) be an sequence of a Hilbert 
algebra H. If xt x3 whenever t j (1 < n) then there exists 
a column in the H-matrix A which consists of nonunit elements.
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Proof. The proof will be by induction on n. If n = 2 then the 
丑-matrix is

A = (x2 T 中,⑦ 1 T T2).

Assume that 叼 t w조 = 斗 t 巧 = 1. Then, by(Q3), we have 
xy = X2j which is a contradiction. Hence the assertion holds for n = 2. 
Suppose that the theorem is true for n — k. For a ft + 1 sequence 
a：i,X2,of let xt / x3 whenever i / j (1 < ij < fc + 1) 
and let

/ ©2 t Zi Xi —> x2 
X3 -4 x1 £3 t X2 

&+1 = - -
T xk ~* x2

虹+1 ，*1 :虹+1 —^2

T Xk+l \ 

工2 T虹+1

• .
•^k — 1 —，:们*고 

•^fc —> :가+1 )

Xi T Xjt 

邛 一스 以

be its ff-matrix. Denote

Xi —> x2 
x3 t x2

Zk »^2

中T叨fc \

X2 T Xk

% —1 -스 gj

Then Ak is the if-matrix relative to the k sequence xj, x2,xjt，By 
inductive hypothesis, there exists a column in At, which consists of 
nonunit elements. Without loss of generality we may assume that

1
 
1

X
 
X

T

 

T

2
 
3

X
 
X

I k # L

Now it suffices to discuss the following cases:
If »+i 中 尹 1 then each element in the first column of A^i is 

not equal to 1, and we obtain the results.
Assume ©t+i —* Xx = 1. Since x1 丰 工妇」,it follows from (q) 

that xi —> 瓦+i 丰 1. We then 시aim that xt 一)虹+i 冃二 1 for all 
2，으 i 色 k, In fact, if not, then there exists i()(2 < io < fc) such that
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xtQ —> = 1. Using(C2), we get xt0 모his is impossible,
and so —> :히나」+ 1 for all 고 W』V 奴 Hence the assertion holds for 
n = fc + 1. This finches the proof of the theorem.

For a set S denote the cardinal of S by |S|. For a Hilbert algebra 
(H; —1), L히 is called to be the order of this algebra. If \H\ < co, 
then (H; —\ 1) is called to be of finite order; if \H\ = n, then it is said 
to be of order n; if = oo, then it is said to be of infinite order.

THEOREM 5. Let H be a bounded Hilbert algebra. If S is a Hilbert 
subalgebra of H, then |S| > 2.

Proof. We note that 0 € 5, so that 0 0 = 1 € S・ Hence \S\ > 2.

THEOREM 6. Any bounded Hilbert algebra of order n + 1 must 
contain a Hilbert subalgebra of order n > 2,

Proof. Let H = {0,Xi,X2, 1} be a bounded Hilbert algebra
of order n + 1, in which Xi + x3 whenever i j and let

/ X2 —► Xi Xi X2 … Xi —> \

£3 —> X3 ―> X2 . . . Xo —* Xn_I
B =

• • * •
\ Xu—2 Hj, ^n—l ‘ *^2 • • • 2 ' 2^71—1)

be the fT-matrix relative to the n—1 sequence , X2,…,xn-i. By The
orem 4, there exists a column in B which consists of nommit elements. 
Without loss of generality, we can suppose it is the last column of B, 
that is,

Xi t xn-i + 1, for all z = l,2,...,n — 2.

We now show that Hf = (0,Xi,...,xn-2,1} is a Hilbert subalgebra of 
H. If H9 is not a Hilbert subalgebra of H、then there exist distinct 
subscripts i and j (1 < < n — 2) such that xt x3 — xn-\. It
follows from (ax) that

1 = ―@j) = 1,

which contradicts to 邛 t xn^ / 1 for all i = 1,2,...,n 一 2. This 
completes the proof.
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THEOREM 7. Let H be a bounded Hilbert algebra of order n(> 2) 
and let N(k) denote the number of Hilbert subalgebras of order k in 
H. Then 1 < N(k) < (；二)for fc = 2,

Proof. We note that any Hilbert subalgebra of order k(2 < A: < n) 
consists of 0,1 and 人: 一 2 elements 냐^ 0,1). Since there are n — 2 
elements 냐^ 0,1) in H、therefore N(k) < (：二)，Using Theorem 6, We 
have 1 < N(k) for all k(2 < A: < n). The proof is complete.

If H is a bounded Hilbert algebra and x G J?, we denote by x* = 
x —> 0.

PROPOSITION 8 ([3]). Let H be a bounded Hilbert algebra and 
x^y E H. Then

(6io) 0* = 1,1* = 0.
(Si) W -수必 = y t z*.
(&12)X X* = 3：*, X* —> X = X**.
(如3):r TgW 扩一"广.

(614) x <y implies y* < x*.
(615) (z T ?/)** = 3：** T y**.
PROPOSITION 9. In a bounded Hilbert algebra H, the following 

properties hold:
(C3) x < x**.
(c4)广* =k.

Proof. Using (66), we have T<(r—►0)-^0 = x*-^0 = z** and 
x* = z —> 0 = ((x —)0) -수 0) t 0 = (x* ―> 0) —> 0 = x** t 0 = t***. 
This completes the proof.

DEFINITION 10. Let J/ be a bounded Hilbert algebra. If an element 
x ci H satisfies x** =弓 then x is called an involution.

Denote by 1(H) the set of all involutions of H. Since 1** = 1, the 
element 1 is contained in 1(H). Hence 7(H) is not empty.

THEOREM 11. Jbr any bounded Hilbert algebra H, 7(H) is a Hil
bert subalgebra of H.

Proof. Let x, y € Z(H). Using (S5); then we have

(x T y)** -* (a: -> y) = (x** -+ g**) T (c 一》y)
=(t t g) (z -» g) = 1, 
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that is, (x t y)** < a: —> y. It follows from(C3) and (03) that {x —> 
y)** = x —> t/, which means that x —> y € I(-H). Since 0** = 0, we 
have 0 € Z(H). Hence 工(H) is a Hilbert subalgebra of H.

COROLLARY 고2 ([2]). If H is a bounded Hilbert algebra^ then the 
following assertions are equivalent:

(c5) H is a Boolean lattice relative to natural ordering.
(1)Every element of H is involution.

DEFINITION 13. Let H be a Hilbert algebra. For a E the set 
Ha := {z € H\x ―> a = a} is called the stabilizer of a in H.

The following theorem is obvious.

THEOREM 14. Jbr a Hilbert algebra H and a E H, we have

Ha = H if and only if a = 1 if and only if a G Ha.

DEFINITION 15 ([5j)・ If H is aTfilbert algebra, a subset D of 丑 is 
called a deductive system of H if it satisfies:

(«4)1 G P,
(a5) x E D and x y Q D imply y G D.

THEOREM 16. For a Hilbert algebra H and a E H9 the stabilizer 
Ha of a is a deductive system of H.

Proof. Since 1 t q = a, we have 1 £ Ha. Let x G Ha and x —> 
y € Ha・ Then x a = a and (x —►?/)—* a = a. From (&i), we get 
a < y —> a. Now

(y —> a) a = (t/ —► (x —» a)) —* a
=S (0 T a)) T a [by (65)]
=(S t y) t (z a)) —+ a [by (63)]
=(z ((x t a)) t a [by (&5)]
=(x —> a) —> a
=a a
=1,

and so y a < a. Hence y—^a = a or yE Ha, This completes the 
proof.
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THEOREM 17. In a Hilbert algebra of order n, any deductive system 
of order n — 1 is the stabilizer of some element.

Proof. Let /T be a Hilbert algebra of order n and let D be a deduc
tive system of order n — 1. Assume that a 理 D、Then for any x € D, 
x a D. Hence x-^a^aotxE Ha. Since a 7^ 1, we have a 冬 Ha, 
Therefore D = 7Ta, completing the proof.

THEOREM 18. Let H be a Hilbert algebra of order n and let D be 
a proper deductive system of H. Then there exists an element a(尹 1) 
in H such that D C Ha,

Proof. Since H、D = 0 and \H x D\ < 00, there exists a maximal 
element, say a, in IT x D. It is obvious that a 1. For any x G P, 
:호 z—Since a is a maximal element in H、以 

by using (饥)we have x a = a or x E Ha, This means that D J H。 
which. completes the proof.
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