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SOME NOTES ON POSITIVE MAP

An-Hyun Kim

L Introduction

Throughout this note, C*-algebras possess a unit and axe written in 
type U)B. denotes the algebra of all bounded operators on the 
Hilbert space H. Mn denotes the algebra of all n x n complex matrices, 
Mn(U) the algebra of n x n matrices over U.

For an operator T W B(H\ T said to be poszt讪e(in notation T'> 0) 
if ? = 꼬* and 나le spectrum of 꼬 is in시uded in [0, oo). In the matrix 
case, a squre matrix A G Mn is positive if A = A*(the transpose of the 
coniplex conjugate) amLafi its eig^values are ncmnegative. This note 
is an investigation of positive maps, and main results are Theorem 26) 
Corollary 2.7, Corollary 3.5.

In general, every unital positive map is contractive([l],[2],[5],[10]) 
and it has been generalized by M.D. Choi([5],[10], Theorem 2.5).

In section 2, we try to introduce the Choi's generalization, and ex­
hibit some conditions for positive matrix and positive map(Lemma 2.2, 
Theorem 2.6). In section 3, we consider some particular positive maps 
and give a case that Theorem 2.5 does not hold for hyponormal ele­
ment (Corollary 3.5).

2. Some conditions for positive matrix

Lemma 2.1([5]). Let R)S)T E B(H) with T being positive and 
T Q\
w 5 ) > 0 if and only if R> S^T~XS. 
D lx J —

Lemma 2.2. Let R、S、T € with T and R positive. Then 
爻 g\

r ) N 0 if and only if | < Sy,x > |2 << Tx.x > • < Ry,y > 
for all x^y in H.

invertible. Then
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Proof. (二우) For any A G C,

[( T S\ (Xx\ 入끄w + S，、\ /Ax\\
丑八v丿*g丿/ —V*七+初，3丿/

= I시2 < Tx^x > 4-A < Sy,x > +X < x^Sy > + < Ry^y >
>0.

If V Sy^x >= ret3, then letting A = tet0(t E 1?),

t2 < Tx^x > +te~^ret& + tetere~te + V Ry^y >> 0.

t2 V 꼬> +2tr+ < Ry^y >> 0.

Thus J?2— < Tx^x >< Ry^ y >< 0. i.e. | < Sg、x > |2 << Tx^x >< 
Ry,y >-
(<=) Clear!.

Lemma 2.3(f5])・ Let T, A € 硏丑)with T > A^A and Si = AT. 
e f、n* 八 ( A (끄一云k)i/2\ . ,
Then T > AA , and 侦久、 A*?!)1/2 j is a normal
operator in

Theorem 2.4(Russo-Dye』5LU이). Let </> ： U —> B is a unital 
positive linear map between two C*-algebras, then $ is a contraction.

THEOREM 2.5. Let(I): U ——> B is a positive linear map between 
two C^-algebrsis. IfT^A are operators in U with T > A^A and 끄4 = 
AT, then 0(?) > 切k)0(4). ~

Proof. By lemma 2.3, 

끄 — 44* and N = _ 4財)1/2
(T -財)1/2

-A

is a normal operator in M2(U). Let 0 : M2(U)——» U be the following 
map: (?；： ：；：) 一> ^n- Then </> o e : M2(U) 一> B is a unital 

positive map. By the well-knowen Schwarz inequality^(f>o0(N^N) > 
如0(N*).如0(W). Since N*N = ($ *),机、N*N) = T, 6(N)= 

A. Thus the desired inequality follows.
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Theorom 2.6. Let S,Te B(H) with T positive. >0,

then S*S <|| T || T and in pariic니ar, || S |j<|| T ||.

Proof. By lemma 2.2, For all x,y in if, | < Sy, Sy > |2 << Ty,y > 
. < Tx,x >. Let x = Sy, then | < Sy, x > |2 << Ty, y > . < 
TSy,Sy ><< Ty,y > • || T || -|| Sy『.Thus < Sy, Sy ><j| T \\ ■ < 
Ty,y >, and so S*S <|| T || T.
In Particular, || S*S ||= || S ||2 < || T ||2, and so || S ||<|| T || .

COROLLARY 2.7. A positive map need not have a positive extension 
unless the range is the complex field C.

Let S(II) be the space of all continuous functions on the.unit 
cir시e II and S the subspace spanned by l,z and z.

Defining <j): S(H) ―> M2 by 臥a + 况 + c乏)=(；既)，then § 

is Positive and ||。||= 2 ||。⑴ || ([5], 卩이). If the extension & of© is 
positive on C(II)? by theorem 2.4, 3 is contractive. But since || © |j= 2, 
<l> cannot be contractive.

Remark. In case T = /, theorem 2.5 reduces to theorem 2.4. Since 
normal implies hyponormal in general(the reverse of implication is in- 
후alid in the infinity-dimensional case([10])), we can consider whether 
theorem 25 holds for any hyponormal elements.

흐，Some characterizations of unital positive map

LEMMA 3.1. Let 0 < /z < 1 and 0 < e < (1/6)//2. Then the function
2%Z3> 我，Z) with complexindeterminentsgiven byp =—祢勺|2-{- 

Z - ^2|2 + *2 - 切 |2 + \z3 - &시2 + |宥 - &3 卩 + 切3 + (itzt - 场卩 is 
positive semidefiiiite for every G C

Proof- It is clear by elements호y computation, using the Cauchy 
inequality and given conditions.

LEMMA 3.2. Let 0 < /I < 1 and 0 < e < (l/6)p2. Then the linear 
map § : Af4 —► M2 given by ©((⑶)如=J =

f (1 一 €)«n + «22 + 2a33 + a44 一Qi2 一 2%3 + Ma3i 一 2a34

\ "孕3 - «21 一 2啊2 - 2a43 M2G11 一 gai4 + 2a22 + 2a33 - + a44
is positive.
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Proof. It is suffices to prove that 3 t U v）j > 0

G C.

By the way,（百

t u > 0 for all x = 6 C2 and all

히） C;）=（】f이2X1X1 +

IfpxiTj 4-2|u|2x1yi + |v|2x1x1 —stx^xi —2iu3：2Xi 成知五、—2uvx25'i +
/庭&应2—t就1正2—2u&E2—2庆况侦2+淀|s|2*2而一"衍2无2+2|玳3蛭2 + 
2|이、2歹2 — /J>vsx2X2 + ju|허叼范，IFa厂=0, then

（步 1 万2）©（（： 丿 （歹 t U 衽 ）） （.；） = I：시 2（“2侣|2 一“歯+ 2 川 2 + 

2|히2 — pVs + I이2） = K시2（gs — v|2 + 이屮 + 2|이2） > 0.
If Xi 尹 0, we can assume without loss of generality that Xi = 1.

Then

tt — X2tu — X2tit + \x2^UU + Utt — X^tu — X2tu + |a：2|2|i|2 + VV — X-^UV — 

X2UV + \x2\uu + UU + fixisu — X2UV + 0勺2시2話 — 叫：이?宛 + £痞2血 — 
X2UV —fi\x2 |2SV + \x2^vv = —€|s|2 + |s—初2히2 + |t—亍202 +|u —：叼屮 + 

|« — 知铲 + g + fiX2S — £2이%
By lemma 3.1, this is positive.

Lemma 3.3. Let x = 1/（1 — /z2） and y = /z/（l — /z2）.

IfB =

/0 
0 
0 

\0

1 0 0\ / x
0 1 o I r _ I 0
0 0 1 I 5 I 0
000/ \y

0 0
1 0
0 1
0 0

q I, then

x



Some Notes on Positive Map 251

(a). C-B*B > 0 andC-BB* > 0 ⑴，(b* c) -0'

Proof. |(C - B*B) - AE4| =入2(入2 +(1 一 2x)A + x2-x- “％2).
Since y/x = (% — l)/y =卩the eigenvalues of C — B*B are 0,(1 + 

^)/(1 - “2), so nonnegative(0 V “ V 1). Since (京戶 = 

(1 9(o C—L)G 3G c)and(o C-B^b) 

are congruent. Thus (；★ ；) 2 0.

Proposition 3.4. Let 0 < ^ < 1 and 0
——>

< € < (1/6)产％ Let.W :
M2 de血ed"((%)如=])=町)t/2更((％)?,』更(m〃2 =

< a{(l _ €)«11 + @22 + 2«33 + <244} ^(—<112 一 2^23 + 0^31 — 2%4)

\ /기/心13 — @21 — 2^32 — 2^43) 7(产° 一 卩《官 + 2%2 + 2^33 — Ma41 + “44)

,where a = (5 — e)-1,/? = {(5 — e)(5 + /i2))}-1/2, and 7 = (5 +
/z2)"1, and let B, C be as in lemma 3.3. Then 更 is unital positive and
更(月★汝(B)区或C). '

D r n , a ( I B\ , / I B*\ ...rrooj. By lemma 3.3, i 矿 q I and I 1 are positive in

1匹2(1诺4)・ But considering | '

5- €
-5v応"T而/2 is negative. Thus

丿,one of eigenvalues, (10 —€)— 

-5
5 Z 0. So

(
5 — € 0 0

0 5 + p2 0
0 0 *
-5 0 0

0 \ ....5 2 ) is positive

更(」「)^(B)\ _ 
臥B*) ^(C) J ~

By lemma 3.2,更 is positive and 更(I)=(() 

and invertible. So W is positive and unital. But 

以("/2 0 \ ( ^(/)吼B)、h3Q)T/2 0 \ A，
\ 0 更(I尸〃丿 5(3*)巧化5丿 I 0 «(/)t/2 丿"us。

by lemma 3.3, C > B*B and C > BB*.
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z 0 and hence 更(C)芝更(B*)W(B).Thus (亟⑺ 
丄皿응 ［更(矿)屮((7)

COROLLARY 3.5. Let B(l2) be the algebra of all bounded linear 
operator on the Hilbert space I2 and let T : B(Z2) ——> defined by
/((缶j)8)=亚((％y)4). Then there exists a hyponormal element M 

in B(/2) such that T(M*)T(M).

Proof. Let M = € B(l2)

/ B 0 .
(C - B*B)니2 0 •

0 ml 0 .・•
0 0 m2I ・..

\ ・ .
(since I2 has a infinity dimension, this is possible). 

/ C - BB* 
S* 
0

0 
0 
t)

S

0— MM* =

with S = -B(C -
When m2z is sufficiently large, since C — BB* is invertible, by lemma
2.1,
M*M — MM* is positive(i.e. M is hyponormal). Next,

=T

(C 
0 
0 
0

0 
m2I 

0
0

0 •
m2I 0

0 •

a{(l — e)x + 3 + w} 
0

.)

•/
0 )

^(“气-2fiy + 4 + x) /

Also, T(M*)T(M) = (3

( a{(l 一 少 + 3 + 짜・
V 0

2* ) . Thus - T(M*)T(M)=

이 K — 叩丄끼 —G
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Considering

7(/x2x 一 2俱/ + 4 + 工)一 25/尹=5/(5 + 25//) 一 25/(5 - e)(5 + 汶)

=—5e/(5 + #2)(5 — €)< 0,

consequently, 一 T(M*)T(M) * 0.
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