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Analysis of Feedback Queues with Priorities

Sung Jo Hong* - Tetsuji Hirayama*

Abstract

We consider single server feedback queueing systems with priorities. In the model, there are J
stations and job classes. Jobs of class 1 arrive at station i according to a Poisson process, and
have a general service time distribution. We derive the generating functions of the number of
jobs at each station just after a busy period and the formula for the mean sojourn time that a

specific tagged job spends at station j from its arrival to departure from the system.

1. Introduction

Feedback queueing models are useful for
analyzing telecommunication systems, com-
puter network systems and manufacturing
systems. We consider single server feedback
gueueing systems with priorities. Jobs of
class 1 arrive at station i from outside the
system according to a Poisson process and
. are served according io the first come first
served(FCFS) discipline. The service times
of jobs at every station are arbitrarily dis-
tributed. After a service completion, the job
at station i either departs from the system,
or feeds back to the system and changes the
station into k(i, k=1, ---, J). In the analysis
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of the statistics for these systems(e.g., mean
sojourn times), it 1s important to know the
workload of the system at the feedback
arrival points. In this paper, first, we derive
the generating functions of the number of
jobs at each station just after a busy period
conditicned on the arbitrary imitial system
state and investigate the statistics with re-
gard to the sysiem states. Secondly, we ob-
tain the explicit formula for the mean so-
journ time of a specific tagged job, which
arrives at statlon 1 when the current state
just prior to the arrival is n, spent at station
j until the job departs from the system, (1=
1, j=0).

Disney [2] has been concerned with so-
journ times in M/G/1 queues with instanta-
neous Bernoulli feedback. Van den Berg, et.
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al. {1] considered the system that each job
requires N services. Fed back jobs return
instantaneously, joining the end of the queue.
They derived the set of linear equations for
the mean sojourn times per visit which can
be explicitly solved. Fontana and Diaz
Berzosa[5] [6] derived the queue-length
and waiting time distribution of an M/G/1
priority queueing model with more general
feedback. Simon [11] considered the systern
with ¢ types of jobs and m levels of priority.
Type ] jobs may require service N(j} times.
He obtained the set of linear equations for
the mean waiting times. Doshi and Kaufman
[3]studied the sojourn time of a tagged job
which has just completed its m* pass in an
M/G/1 queue with Bernoulli feedback. They
also considered the model with multiple job
classes. Epema [4] investigated the general
single server (M/G/1} time-sharing model
with multiple queues and job classes, priori-
ties and feedback. Jobs are served in passes,
recelving a complete quantum of service on
every pass, or their remaining service de-
mand, whichever is the less. If a job com-
pletes its service demand during the pass, it
leaves the system. He derived a set of linear
equations in the mean waiting times of the
job passes for all classes and queues. Tcha
and Pliska {127} studied the optimal schedul-
ing problems of the multiclass queue with
feedback.

The rest of this paper is organized as fol-
lows. In section 2, we deseribe the system in
detail, and introduce notation and assump-
tions. In section 3, we investigate the statis-
tics with regard to the system states. We de-
rive the generating functions of the number
of jobs at each station just after a busy peri-
od with the arbitrary initial system state
and the mean values for these distributions.

In section 4, we solve the mean sojourn time
of a specific tagged job. The results from
section: 3 are used to obtain this statistic. Fi-
nally, section 5 contains the conclusion.

2. The model description

In this seciion we describe the structure of
the queueing model which we treat in this
paper (see figure 1). The model consists of a
single server and J stations with infinite
waiting rooms. Jobs of class i arrive at sta-
tion 1 from outside the system according to a
Poisson process {Ai(t : =0} with rate Ai(i
=1, ---, J). The job at the station 1 is called
the class i job, or simply the job i. The serv-
ice time S; of the class i jobs 1s independent
and identically distributed with an arbitrary
distribution function FA{t) and the Laplace
Stieltjes Transform({LST)

¥.(8)=E [e%],i=1, -+, J and 8>0.
(2.1)
We assume the following overall discl-

plines ;

Arrival rate

Station

3y —

Ag ]
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Figure 1. Feedback queue with ) priorities

O The jobs are preferentially served in
ascending order of their classes. That is, the
job ] has priority over the job 1 if j is less
than i

O The service discipline 1s preemptive
over the class. When the job 1 arrives at the
station 1, all the jobs belonging to the classes
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between 1+ land J are preempted from serv-
e,

The service discipline for each class is the
FCFS discipline. That is, the station i serves
jobs according to the first come first served
basis if no jobs are in the stations from 1 to
i—1. A preempted job resumes its service
from the point of interruption. After receiv-
ing a service, the job i either departs from
the system with probability pp(=1— Zi<ipa),
or feeds back to the system and changes the
class into k with probabitity pa(i, k=1, -+, J).
Let Po={pa:1, k=1, -, m} (m=1, -, J)
be the feedback probability matrix. The
arrival processes, the service times and the
feedback processes are assumed to be inde-
pendent of each other. Let T; be the total
amount of service time that a job arriving at
station 1 receives until the job departs from
the system or leaves for one of the stations
between j+1 and J for the first time (i, j=
1, -+, J). Then,

"ls,  with probability pa, k=j+1, -, J, or 0

{S,-+T,.,;, with probability ps, k=1, -, ],

(2.2)
The expected value of Ty is
E [T,)=F [S]+ 3paF [Ty
L 1=1, -, J (2.3}

We can obtain iis solution in the vector
form if(I—P,) ' exists. Further we define
the traffic intensity p; in the foliowing man-
ner .

=0,
2= .321/1:'}3 [Ti;‘}, =1, - J (2.4)

The statistics are the server utilization of
the jobs between class 1 and ). Then we
make following assumptions.

Assumption 1
1. P70 as n>o
2. or< 1.

The number of jobs in station i is denoted
by n, and its vector is denoted by n=(ry, -+,
n;}. We call n the system state or simply the
state. The interesting statistics in this paper
are closely related to busy periods. Finally,
we define the following statistics. Let

r the interval that begins with the
length of service § and ends,
for the first time after that,

B 48)=| when S has been performed
and the system is cleared of the
jobs between class 1 and

o j! j=1, vy J (25)

For notational convenience, let B*(S) =5.
In the usual queueing parlance, B/(8) is the ex-
ceptional first service busy period (EFSBP)
composed of jobs between class 1 and 3[13].
We will call B/(S) simply the class j busy
period with the exceptional first service S.
Its expected value is obtained by the usual
method [13] :

E [B/(8)]}=E [S}/(1—p). (2.6)
Further, we define

- the interval that begins with the
mnitial state n and ends,
for the first time after that,

HnYy=
Bn) when the system is cleared
of the jobs between class 1 and
'j! ]:11 "ty J (2.7)
Note that the jobs i{i=j+1, -, J)} are

not performed in this period. We wil! call 1t
simply the class j busy period with the ini-
tial state n. We now consider a set of jobs
currently in the system and denote it by X.
For example, if the m* job i currently in the
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system belongs to the sel, we express it as
(i, m)eX. The set of jobs that are in the
system and are not in X when the system
state is n is denoted by X. We then define

- the interval that begins with
the mitial state n

and ends, for the first time
after that, when the jobs be-
Bin: X)= longing to X have been pe?'-
formed and the system is
cleared of the iobs between
class 1 and ] except the jobs
in i,

=1, e ] (2.8)

The main difference between B’(n) and B’
(x ; X) 15 that the jobs {i, m;} (i=)+1, -,
J and m;=1, ---, n;) can be performed in
the latter period by appropriately choosing
the set X. We will call it the class j buy peri-
od with the initial state (n; X). Note that
these EFSBPs are invariani for all work
conserving service disciplines [10]. If we set
X={G my .i=1, -, jand m;=1, -, ng,

then B'(n)=B’(n ; X) for j=1, -, J.

3. The system states after a
class j busy period

In this section, we derive the generating
functions of the states just after a class j
busy period and the expected value of the
states. These statistics are closely related to
the busy pertods. So we consider the states
just after EFSBPs.

3.1 The generating functions of the
system state
We derive the generating functions of the

number of jobs at each station just after Bi(n)
f8]. Let Ni(n) (1=<j<1=J) be the number

of jobs at the station | just after B{(n). This
statistic consists of the jobs initially in sta-
tion 1, the jobs which arrived at station |

from outside of the system and the jobs
which arrived at station 1 by feedbacks.

B’ (n) is the sum of sub-busy periods gener-
ated by all jobs between station 1and j(j=1,
-+, J). Hence, we have

B’(n)zt_:zl mgl B#e;; (i, m)) (3.1

where e, is the i"™ umt vector. Then we
have

Ni(n) =ni+ 3 él Nite:: (i, m)),

i=lm=

1<j< 1 =] (3.2)

All random variables on the right-hand
side of the equation are mutually indepen-
dent. Now we define :

Qi) =E[ 1 2]
1=;+1
where z=(z,, -+, gj).
Then the generating function of the num-
ber of jobs at each station just after Bi(n)
is as follows.

Q(z | n)=E [ {j{ﬂ 2 s(n)}

=( I #)[0@e] 63
Similarly as in the derivation of the ordi-
nary busy period LST in the M/G/1 queue,
Qi(z} can be obtained by considering a serv-
ice discipline which serves nonpreemptively
the jobs according to the last come first
served basis. Since the busy period B'(n) is
invariant for all work conserving service dis-
ciplines, N#(n) is also invariant for such dis-
ciplines. N/(e;) can be decamposed into the
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number of jobs arriving at the station I in
the sub-busy periods initiated by the jobs

which arrived at each station during T
Thus we have

N{(ei} = TI(T:}') +A1(Ti;')
i Al‘(Tl}]

+21 20 Nie:s; (k, m)),

_ k=1 m=1
I1<i=j<] =] (3.4)
where
T= { 1, if the job 11s in the station | just after T
n 0, otherwise.

Let (T =((Ty, -, 1{Ty)). Then
we have

Qe | T, UT=E| f_lI #9| T, 1Ty |

=rt

J J
:( H ZgIr[T")) E[ H Z{ﬁ:(TuJ |Tij:|

i=j+] 1=7%1

; AdTY :
H E[ H H ZINK“; (k, m}} | T,;] (3.5)
k=1 m=l =i+l

Since the arrival processes are Poisson, it
can be shown that,

¥
Qilz | T 1) =( 2 ) e-Tua )
(3.6)

where ?},—(Z) = 2 ‘{=;‘+1/1:(1 —z;)+ 2£=1 Adl—
Qiz))-

Let X(t) denote the station where the
tagged job(served at first) is at time t. Let
T, be the time until the tagged job departs
from the system or enters one of the sta-
tions between j+1 and J for the first time.
Further we define

Mz, :?)EE[( fl 211‘(T’))e—vT;|X(0)=i}

t=i+l

Then we obtain M} by conditioning on X

(5) :

¥ F
Mz, ?J)=9’f,-(71){ Spica ??)+F§lpem+pm},
(1<i<j<d). (3.7)

where ¥:(n) is LST of S, Then we have
Qiz)y=Miz, n4(z)) (3.8)
= (7 ,(2)) {kgpaMi(Zs pAz))

r
+ 2 DssZri'DaJ} (3.9)
B=i+1

where 1 <1, j<J. Thus, @/(z | n) obtained
from (3.3).

3.2 The expected value of the sys
tem state

We derive -the expected value of the
system states just after a class ) busy period
with the initial state n. Let n"={n}, -,
nj) be the system state just after a class )
busy period with the initial state n. Then
the expected value of n/(E[n/ | n]) can be
obtained from the generating function Q'

{z | n) as follows :

Efn; | n]=%f—“z ] 2=1 {3.10)

n
where 1=(1, 1, ---, 1). If we let

3—%’53—) | om1=NJ, (1<isi)
i

where N4 is interpreted as the mean num-
ber of jobs at station | just after a class j
busy period generated by a single job of
class i. Then, frem(3.3) and (3.9), we ob-

tain

Efn! | n] {0, 1=1=j,
nelaE nz+2f=|n,N‘{a , 1<1=]
(3.11)
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where
Ni=AE[S]+pa+ kgl/hE[Sf] +pu) Ny,
(I=i=j<l =D (3.12}

Thus, in matrix notation,N4 {i=1, -, )
can be obtained from the following equation.

Ni=(I-TA)'(I-P)aj,

{(1=j=i< 1 <D (3.13)
where we define :

at=(AE[S ]+pi, -+, AE[S]+p2)4

(1<i=<1)
Ni=(N4 Ni, -, N3, (i=1<))
B E[TU}
E[T,]
A=Ay -, AP

where the superscript t denotes the trans-
pose. The existence of the inverse matrix (]
—P,)7! is supposed in Assumption 1. It can
easily be shown that (I-T A exists by
Theorem 7.3in [7].

4, The mean sojourn time

In this section, we derive the mean so-
journ time W;{(n) of the tagged job i, which
arrives at station: 1 when the initial state just
prior to the arrival is n, spent at station j
until the job departs from the system, (1=<i,
12J). We postulate Wi, (n}=0 for conve-
nience. Note that we exclude the tagged job
from the inilial state. The mean sojourn time
is composed of two parts. The first one is
the mean time from the arrival at station i
to completion of its first service at the sta-
tion. We call this the initial mean scjourn
time and denote by Wi{n}. The second one
is the mean sojourn time after spending the

initial mean sojourn. In this paper, we as-
sume that no job 1s In the middle of service
at the feedback arrival of the tagged job 1
and at the completion of the initial sojourn
time. Thus we can express the mean sojourn
as a function of the system state. Then, W,
(n) can be written as follows :
E{Wg(n") | n], 1%,
Win) +E[Wg(n") | n], i=],
(4.1)

Witn) =]

where K is the station number for which the
tagged job 1 leaves after staying at station i
and n” is the system state just after the ini-
tial sojourn time.

4.1 The initial sojourn time

The initial mean sojourn time W -) of
the tagged job 1 is composed of two paris
[9]. The first one is delay D! prior to enter-
ing service for the first time from the
arrival and the second one is the service
completion time D? of the tagged job i being
the time from when service begins on tagged
job 1 until service is completed. Let X;(i=1,
-+, J) be the set of jobs composed of jobs be-
longing to the classes between 1 and 1 which
are initially in the system. Then D/ is the
first time until the jobs belonging to X, have
been performed and the system is cleared of
jobs between classd 1 and 1—1. Thus D! is
the class 1i—1 busy peried with the initial
state {n;X,). D? begins just afterD;! , and
ends when the service time S; has been com-
pleted and the system is cleared of jobs be-
tween class 1 and i—1. Thus D7 is also the
class i—1 busy period with the exceptional
first service S5; Hence, from (2.5) and (2.
8), we have

Win)=E[B"n; X)+B7(8)],
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i=1, =, J (4.2) lows :

The EFSBP is the sum of the sub-
EFSBPs starting with every job in X, No-
tice that the order of service within X; 1s ir-
relevant. These expected value are easily ob-
tained from (2.6). Then we have

_ ] E[T!,r—l] E[S:]
W;(n)—z!I M=) + (1—pe)’
=1 ] (4.3)

where p;is given in {2.4).

4.2 The system state after the ini-
tial sojourn time

In order to solve (4.1), we also need to
know the state just after the initial sojourn
time. In this subsection, we derive the gene-
rating functions of the state just after the in-
itial sojourn time and obtain the expected
value of the states. We now use the results
from section 3 to obtain these statistics. Let
Ni'{e) (1<i<1=<J]) be the number of
jobs{except the tagged job) at station 1 just
after B7!(8;}). Then,

_ i-1 A3
Nil(el}=A8)+ >

=1 m=1
Ni'(es; (kym)), 11=<] (4.4)

Similar to the previous result (3.9), its gene-
rating function can be obtained as follow :

Q- = ’ N :'.-](er')
Qr@=E[ [128 7]
=¥ (7)) (45)

where 7,-,(z) =2 A1 —z) + 2 i=id1—

Qi (z)). The empty sum, which often oc-
curs at 1= 1, is defined to be 0 from now on.
Let Ni7%{n ; ¥;} be the number of jobs at
the station | just after BT Y{n ; X,). We can
also obtain its generating function as fol-

Q@ (z|n; X.-)EE[ ﬁ 2 {0 XJ]

=i
;
=(1z¢) T @@ (4.6)
I=: ({am)e X,
where @%7'(z) can be obtained from (3.9).
Then fron: (4.2), (4.5) and (4.6), the gene-
rating function of the state n” is
Vit [ m=E| I 27 |n]
1541
=@z | n, X)Q (=)
=( 11 o) T @F'e)™]
R=1

=i+l

[ﬁé“(z) } (4.7)

The expected value of n; (E[n;" | n]) can
be obtained from (4.7) as follows :

Eln |nj=2lzln) (4.8)
where 1=(1,1, «-+, 1). If we let
aﬁﬁ'—l(z) | _1=_.j—1
oz, e

where 1<j=<1=< | <], Then we have

0, | =1, -, i-1,
Eln; | n]= DoV +N, 1=
net T n NG NG 1=id], -
(4.9)

where N5 and N ! can be obtained from
(3.13) and (4.5).

4.3 The formula of the mean so-
journ time

As we have seen above, the initial sojourn

times are the sum of the sub-EFSBPs start-

ing with the tagged job i and every initial

job in X, From (4.3), the initial sojourn

time is a linear function of the initial system
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state. We define the following vector : ER W IxUD,
Fi=(f}, -, {)))eR™, i=1, -, J Lpal pal - oy
— 1
where the superscript t denotes the trans- N=[N , 0
pose and N &R YIUD),
J
E[Tﬁ—l] ]:1 e l 0 N
fi=d (1=—pe)) . where the superscript t denotes the trans-
0, =i+l e J pose and | is an identity matrix in R %/, We
. Efs] suppose that (I—NQ) ™' exits where I is an
8= =) identity matrix in R “$»*% Then we can

Then we may generaily assume the follow-
ing :

Win)=nF'+g’ i=1, -, J (4.10)

Also, the state just after the initial so-
journ time 1s the sum of the number of jobs
starting with the tagged job i and every ini-
tial job in X, From {4.9), the expected num-
ber of jobs just after the initial sojourn time
with the initial state n is linear in n. Thus,
we can generally express it as

E[n" | n]=nN‘+N" (4.11)

for some matrix N'©R /7 and some vector
N‘eR '/, We make again the assumptions
that are obtained above.

Assumption 2, '
Wiln)=nFit+g/ (4.12)
E[n' | n]=nNi+Ni (4.13)

where 1<i<J. Of course, the assumption Is
satisfied by the FCFS discipline. Then we de-
rive the mean sojourn times W;{ + ) under
the above assumpticns. Now we define the
following matrices. Fix the index J(1=j=<
J).

F=(0, -, 0, F¥, 0, -+, 0)'&RUH*,

Q}= pnf_ plzf pUI::
IVDZJ pzl - Pz}[-l

define

Hy;
H:( : )=(I—NQ)-' F &R @ /%
Hf}'

Further we define

[ N! 2= piHy

EH_Z = p}'—HHI;'
g+N' 2L pily
N 2{:: p;‘+!IHlj

SR>

=
il

ﬁ}2{=| priHy

From Assumption 1, (I—P; ™' exists. Then
we can define

hy, B
hz( : )Z(I—P;)"keRP",
hJ)’

Now the following theorem is proved.

Theorem Let 1=j=J and Assumptions
1 and 2 hold. Further if we assume that {I—
NQ) ™' exist, then

W,-;-(n) = nH,-,-:i-h,-,-, (1 EIEJ)

1s a solution of the equation {4.1).
{Proof} First, let

Wi(n) =nHy+hs (1=i<)<)) (4.14)
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Then, it is sufficient to show that (4.14) is a
solution of {4.1). Substituting {4.12), (4.13)
and (4.14) into (4.1),
For i==j,

E[Wg(n") [ n]

=E[n'Hg+hg | n]

:£§ pdE[n" | n]JH;+hy}

J J
={nN'+N} :2 paHf,f‘f‘IZ:l pahy

=1
Wi — ;
=n { N> D:fof}+{ N paHipt 2 Dahu'}
=1 i=1 =1
=ij(n)

The last equation follows from the definition
of the constants H;; and %, that s,

J
H;=N ‘;leﬂng (4.15)
_ 7 7
h-): N ‘IEPEH#"‘ !2113::1'1;;' (4.16)

Hence W,(n) satisfies the equation (4.1).
For i=j,

Wi(n) +E[Wg(n™) | n]
=nF’'+g/+E[n"Hg+hg | 0]

ri
=nF/+ g+ EZIQ}';{E [l‘ll | n]H;ﬂ- hfj}
_ ;
=nF’+g’+{nN’+ N/} 21 pH,+ > pihy
i=1 iI=1
7 .= 1 I
= l'l{ F'+N }Iglp,;Hg;' } +{ g f+N"I§p,;H¢;+I2]Dﬁh;}
= W,(n) |

The last equation follows from the definition
of the constants H,, and h;, that is,

) s
H;=F'+N ’JZle,;H;,- (4.17)
h;=g "+N2§1 pﬂH”"'!le"h” d {4.18)

5, Conclusion

In this paper, we are concerned with feed-

back queueing systems with priorities. We
derived the generating functions of the
system states just after a busy period and
investigated the statistics with regard to the
system states.

Also, under Assumptien 1 and Assump-
tion 2 and the assumption regarding the ex-
istence of the inverse matrix, we obtained
the formula for the mean sojourn time that
a specific tagged job spends at station ] from
1ts arrivai to departure.

The methlodogy given in this paper will be
widely applicable to the analysis of the
multiclass queueing system.
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