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PERFECTLY NORMALLY PREORDERED 
SPACES 

Jae Ho Chang 

It is well known that a topological space (X , T) is perfectly normal if f 
for any nonempty closed set A in the space and any point b rt A , there 
exists a continuous function f : X • [0,1] such that f-1(0) = A, f(b) = 
1 [7]. In this paper, we will show that the similar result is obtained 
by defining analogously the perfectly normally preordered space as the 
perfectly normal space. 

First we fix some no야ta따tioins 
ordered set. For a subset A of X , we write d(A) = {ν ε XI ν S 
x for some x E A} andi(A) {ν E X I x < y for some x E A}. 
A subset A of X is decreasing (increasing, respectively) if A d(A) 
(A i(A) , respectively). We say that a function f from X to a pre 
。rdered space Y is increasing (decreasing, respectively) if x < y implies 
f(x) :S; f(ν) (J(y) :S; f(x) , respectively) in Y. 

In a preordered topological space (X , T , :S;), for a subset A of X , D(A) 
denotes the smallest closed decreasing subset containing A. Dually I(A) 
denotes the smallest closed increasing subset containing A 

Remark. In a preordered space (X , :S;), if A and B are the decreasing 
(increasing, respectively) subsets of X , then A n B is also a decreasing 
(increasing, respectively) subset of X. 

Perfectly normally preordered space 

The preordered topological space (X , T ,:S;) is said to be perfectly nor
mally preo여eπd if the space is normally preordered and every decreasing 
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(increasing, respectively) closed subset in the space is a decreasing (in
creasing, respect ively) G5-set, t hat is, n얻l G‘ ， where G; is a decreasing 
(increasing, respectively) open set . The following lemma can be found in 
[5). 

LEMMA.A pπordeπd topological space (X , T ,::;) is nOI.mally preordered 
i ff giνen any deC1'easing (increasing, respeclively) closed subset A of X 
and any dec rcasing (incrcasing rcspectively) open sub set of V of X ψith 

A C V , th ere. exists a decreasing (increasing, respce tively) open sub set W 
of X sμch lhal A c W, D (W) c V (I (W) c V , respec tively) 

We obtain the following result. 

THEOREM. A preordercd topological space (X , T , ::;) is perfectly n or
mally prco여ered i f f f or an y nonempty decreasing closed s et A in X 
and b E X wilh b rf: A, there. exisls an increasing conlinuous funcl ion 
f: X • [0,1) such thal f - 1(0) = A f(b) = 1, and dually 

Proof Suppose t hat such funct ions exist . Let A be a decreasing closed 
subset and let B be an increasing closed subset of X sucb tbat A n B = φ 
Pick a E A , b E B. Then there are a continuous increasing fun ction 
f ‘ X • [0 ,1) such that f-1(0) = A, f (b) = 1 and a continuous decreas ing 
function 9 : X • [0,1) such that g-I(O) = B ,g(a) = 1. Hence ψ = f- g 
is a continuous increasing fun ction from X to [一 1 ， 1 ]， and ψ < 0 for all 
x E A , ψ > 0 for all x E B. T he open set ψ-1 (ν < 0), ψ-1 (y > 0) are 
disjoint and A c ψ- 1 (y < 이 ， B C ψ-1 (y > 0). Moreover ψ-1 (y < 이 IS 

decreas ing. For, suppose that k ::; 1 and 1 E ψ- 1 (y < 0); t hen ψ (k) ::; ψ(1 ) 

and ψ(1) < 0; hence 1/;( k) < 0 and consequently k E ψ-1(y < 이. And 
dually one can easily show that ψ-1 (y> 0) is increasing. Hence (X , T ,::;) 
is normally preordered. Now, let A(B , respectively) be any decreasing 
(increasing, respect ively) closed subset of X. T hen there are t he following 
two cases (i) or (ii ) 

(i) A = X or A = </> (B = X or B = </>, respect ively). In this case, it 
is a G5-set obviously. 

(ii) A ￥ X and A"# </> (B ￥ X andB ￥ </>, respectively) . Consider t he 
case that A is a decleasing closed subset of X. There exists b 줄 A . Then 
there exists a continuous increasing function f from X to [0, 1) such t hat 
f - 1(0 ) = A , f (b) = 1. It follows that A = n뚱d- 1 (y < ~) is a decreasing 
G5-set. For, suppose t hat k ::; 1 and 1 E f-1 (y < ~); t hen f ( k ) ::; f (l ) 
since f is an increasing function, and f (l ) < ~ ; hence f ( k ) < ~ and t bus 
k E f-1 (y < *); therefore f-1 (y < *) is a decreasing open set. 
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Now consider the case that B is an increasing closet subset of X. 
There exists a ~ B. Then there exists a continuous decreasing function 
9 from X to [-1 ，이 such that g-I(_l) = B ,g(a) = O. It follows that 
B= 댄Ig녁 (y < -닮) is an incre왜ng Gs-set. For, suppose that k::; 1 
a l1d k E g-l(y <-랴ï); thel1 g(l) ::; g( k) since 9 is a decreasi l1g fU l1ction , 
and g(k) < -숨 hence g(l) < -;;묶 and 1 E g-l(y < -밟); therefore 
g- l (y < _많) is an increasing open set. Hel1ce (X, T ,::;) is perfectly 
110rmally preordered 

Now we assume that (X , T ,::;) is perfectly normally preordered. Let 
A be a nonempty proper decreasing closed subset of X and let b 잊 A 
Then by hypothesis A is a decreasing Gs-set, that is, A = n얻1 G i where 
G i is a decreasing open set . Hence there exists no such that b 홉 Gno . 
Set H1 = n얻1 G‘ Then A c H1 and H1 is a decreasing open set by 
REMARK . 

Since (X , T ,::;) is normally preordered , by LEMMA , there exists a 
decreasil1g open subset H; such that A C H; c D(H;) C H1. Set 
H2 = Gno+,nH;. Then H2 is a decreasing open set and A C H2,D(H2) C 
H1. Assume that H1 to Hk, have beel1 determined so that A c Hk , 
D(Hd C Hk- 1 and Hk C Gno+k-1 ‘ We set Hk+1 = Gno+k n H j.. where the 
。pen decreasing H; is such that A C Hk c D(Hk) c Hk. 

111ductively, we construct a sequence {Hn} of decreasing open sets 
such that A = n얻1 Hn si l1ce A c Hn c Gno+n-" and which satisfies 
D(Hn+,) c Hn c X - {b}. Now we take V(운) to be Hn+1. Note 
that H1 = V(l) , H2 = Vm , H3 = V(흙). And we const ruct a sequence 
{V(유)} of decreasing opel1 sets as follows; Let q = 유 such that 0 ::; 
q ::; 1, 0 ::; k ::; 2n and π > O. With each q we will associate an open 
decreasing subset V(q) of X such that if q < q' then D(V(q)) c V(ψ) . 

Since D(H2 ) c H" D(V(상) C V(l). Using LEMMA , we can find a 
decreasing opel1 set, which we let V(융) be such that 

D(VG)) CV(융)， D (V (융))CV(l) 
Since D(H3) c H2' D(V(괄)) c V(~). Assume we have defined V(q) for 
n. We now define V(q) for n + 1 (and thus for k = 1,3,., 2n+1 - 1). Note 
that the definition of V(q) needs to be given only for odd k: for if k were 
evel1, the numerator and denumerator of q could be divided by 2. Because 
the V(q) have already been constructed for q = 2k• ,k odd, we have 
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[since k is odd , (D (V(원))) = D(V(똘))， which 뼈 already been de
fined] . Therefore by LEMMA , t here exists a decreasing open set, which 
we let be ~'(닮ï) such that 

D (V (짧)) c V (뚫)CD(V(옳)) C V (隱)
We thus bave an inductive definit ion of V(q ) for eacb q as described . By 
construction, tbe col\ection of V(q) bave tbe prescribed property tbat if 
q < q' then D(V(q)) C V(q'). We define the funct ion J as fo l\ows: 

1 . k _. . 1 
f(x) = greatest lower bound iqlq = ~~ and x E V (q) ~ for x E Hl 

I 'I~ 2n \ .1 / 1 

and f (x) = 1 for x E X - H,. Then f is an increasing function. For, 
if x < y and y E V (q), then x E V (q) because V (q) is a decreasing 
subset of X; bence J (x) :S: J (y). And f is a continous function from 
X to [0 , 11. For, suppose tbat J(xo) = yo and assume that yo is neit her 
o nor 1. Let (yo - P, yo + p) is any neighborhood of yo where p is a 
positive number.Then there are rationals q and q’ 。f the form 숨 such that 
yo E (q ,q') C (Yo - P,Yo + p). Then 

V= V(ψ)-D(V(q)) is a neighborhood of Xo and f(V) c (ν。-p， yo+p)
If yo is either 0 or 1, then the corresponding neighborhoods of 0 and 

1, respectively, are [O ,q) and (q' , 1] ; but the argument is the same. Hence 
J is continous. Furthermore, we have J(b) = 1 and 

AC r'빠 

Now , let B be a nonempty proper increasing closed subset of X. Then the 
same argument can be applied dually so that for B and a 양 B , there exists 
a decreasing continuous function 9 such that g-1(0) = B and g(a) = 1. 

Tbe proof is complete 

References 

[1] Green , M. D., A locally convex topology on a pπo어ered space, Pacific J. Math 
38.(1971) 523-529 



Perfectly normally preordered spaces 253 

[2] Hofmann , K. H. Mislove, M. and 5tralka, A. , The pont깨agin duality of compact 
O-dimensional semilattices and its applications, Lecture notes in mathematÎcs 396, 
5pringer-Verlag, New York, 1974 

[3] M. Erne, The ABC of order and Topology Category Theory at Work, Herrich H 
E, Porst(eds) H. Verlag 8erline 1991 57-83. 

[4] Maclane , 5. D. , Sepamtion axioms for topological ordered spaces, Proc. Camb 
Phi lJ. 50c. 64(968) 965• 973 

[51 Nachbin , L. , Topology and order, Van Nostand Mathematical 5tudies 4, Princeton , 
N. J. 1965 

[6] Priestley, H. A. , Ordeπd topological spaces and the representation 01 dist얘utive 

lattices , Proc. London Math. 50c. (3)24(1972) 507-530 

[7] Thron , W. J. , Topological Structuπ5， Holt , Rinehart and "Vinston , New York , 
1966 

DEPARTMENT OF MATHEMATICS , DONGGUK UNIVERSITV , KYONGJU 780-350 , Ko 
REA 


