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THE SPECTRUM OF LAPLACIAN FOR 
SU(4)jSU(2) Q9 SU(2) AND ITS APPLICATION 

Joon-Sik Park 

In this paper, we compute the spectrum of the Laplacian for normal 
homogeneous manifold SU(4)jSU(2) i8I SU(2) , and , as a by-product of 
spectrum calculation , prove that the identity map of this manifold is stable 
as a harmonic map. 

1. Introduction and statement of the main results 

1.1. Let (M,g) be an n-dimensional compact Riemannian manifold. 'vVe 
denote by .ð. the Laplace-Beltrami operator acting on the space C∞(M) 
of a ll complex valued smooth functions on M , that is , 
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where the g,j are the components of 9 with respect to a local coordinate 
(x [, X2 , . .. , xn ) , (g'J) is the inverse matrix of (g,j) and G = det(g,j)' Then, 
the spectrum Spec(M,g) of the Laplacian .ð., i.e, the set of all eigenvalues 
of the Laplacian, consists of 

0= Ào < 시 < 시 < ... • +∞. 

Problem. Given a Riemannian manifold (M,g) , calcu\ate its spectrum 
Spec(M,g) 

This task seems to be impossib\e, in general, for nonhomogeneous Rie
mannian manifolds. For a few Riemannian manifolds, e.g. , flat tori , lens 
spases and symmetric spaces, spectra have been calculated ([8], [9], [11]). 

In thIS paper, we treat a normal homogengmSU(4) / SU(2) @ SU(2). That is, let ( , ) be an Ad(SU(4))-Invariant 
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inner product on the Lie algebra su( 4). Let m be the orthogonal com
plement to the subalgebra su(2) 181 12 + 12 181 su (2) of SU(2) 181 SU(2) in 
su(4) relat ive to (-, .), so that su(4) = su(2) 181 12 + 1, 181 su(2) + m and 
Ad(SU(2) 181 SU(2)) (m ) = m , where 
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(a = (a;j) ,b = (시) E M2 (C)) 

The tangent space To(SU(4)jSU(2) 181 SU(2)) at the origin 0:=SU(2) 181 
SU(2) can be identified with the subspace m by 

m 3X • X o E To(SU(4)jSU(2) 181 SU(2)) , 

where Xo f := dj dt f( exptX.o) 1,=0 for a C∞-function f on SU(4)j SU( 2)18I 
SU(2) . An inner product go on the tangent space at 0 defined by go(X o, κ) = 
(X , Y) , X , Y E m , can be uniquely extended to a SU(4)-inva따nt Rie
rnann ian metric 9 on SU(4)jSU(2) 181 SU(2) 

1.2. A harmonic map is a differenti al map between two Riemannian man
ifolds which is a critical point of the energy funcliona l. As a variational 
problem, it is nat ural to study the stability of a given harmonic map. The 
identity map id셔 of a given Riemannian manifold (M,g) is a harmonic 
map. (M ,g) is said to be stable when the second variation of the energy 
[unctional at idM is non-negative and in the other cases, (M ,g) is said to 
be unstable. 

1.3. Under the above preparations 1.1 and 1.2, we can state the following 
resu lts 

Theorem. Let (M,g) be a normal homogeneous Riemannian manψld 

(SU(4)j(SU(2) 181 SU(2)) , g) with the normìû metric 9 ψhich Îs canoni 
ca띠Q띠11ωy ind따u‘κC삶e떠dfrom t빠h따e K illing f01"1ππrm꺼n B on the Lie algebm su(4) of SU(4) 
Th en (M ,g) is an irγedu cible symmetric Riemannian manifold, and the 
least positive eigenvalue of the Laplacian 6. fo r (M, g) is ~ 

Corollary. (M, g) is stable. 

2. Proof of the main results 

2.1. In this pa rt, we present some results on the sectra for normal homo
geneous Riemannian manifolds , and introduce some Theorems to prove 
the main results 
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The spectrum Spec(Gj I<, g) of the Laplacian for a normal homoge
neous Riemannian manifold Gj I< can be obtained as follows [9, pp.979-
980]. Let t be a maximal abelian subalgebra of the Lie algebra g of G 
Since the weight of a finite unitary representation of G relative to t has 
its value in purely imaginary numbers on t , we cons녕s잉l버de하r the 、wel땅ghtπt a잃s an 
element 0아f J=Tt* ’ 、w‘v애r 
Ad(따G)-μ-냐lnvar끼lan따t inne앙r product on g ’ a positive inner product on J=Tt* 
is defined in the usual way and denoted by the same symbol (', .). Fix
ing a lexicographic order > on J=T t* , let P be the set of all pos잉itiv 
roo야ts 0이f the complex자ification g양c 0이f g relative to t c . We denote by 8 half 
the sum of all elements in P. Let r( G) = {H E t; expH = e} and 
1 = P E J=lt*; >'(H) E 2、!=lZ for all H E r(G)}. An element in 1 is 
called a G - integral f orm. The elements of 

D(G) = P E 1; (>., a):::: 0 for all α E P} 

are called dominant G-integral forms. Then there exists a natural bijec 
tion from D( G) onto the set D( G) of all nonequivalent finite dimensional 
irreducible unitary representation of G which map a dominant G-integral 
form >. E D( G) to an irreducible un따ry representation (ι ， η) having 
highest weight À. For >. E D(G) , put d(>') the dimension of the represen 
tation V.\. d( >') is given by 

d(>.) = IIoEP (>' + 8, a)j(8, a) 

A representation (V.\ , 자) in D( G) is called spherical relative to I< if there 
exists a nonzero vector v E ~α such that η(k) v = v for all k E K. Let 
D(G ,I<) be the set of all spherical representations in D(G) relative to I< 
and D(G ,I<) = P E D(G); (κ 자) E D(G ,I<)}. Then the following 
Theorem is well known 

Theorem 1 [8 , Propo. 2.1 , p. 558]. The spectrum Spec(Gj I<, g) of the 
Laplacían on the normal homogeneous space (G j I<, g) ís git 
va씨a때l 

Furthermore, we need the following Theorems to prove the main re
sults. 

Theorem 2 [1 , Th. 7.73, p. 194]. The Ríccí curvature tensor R of a 
Ríemannían sνmmetηc space G j I< satís.껴es 

R= 二~B~ ‘2 “‘/ 
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ψhere B is the 1(illing f01m of g, m is the canonical complementary space 
of Riemannian symmetric pair (G ,I<), and Bm is the πstriction 0 f B to 
m x m. 

Theorem 3 [10, Th. 1.28, p. 1981. If a compact Riemannian manifold 
(M ,g ) is Einstein, i.e., the Ricci tensor R satisfies R cg, then the 
identity map idM of (M,g) is stable if and only if the 꺼rst eigenvalues 
À] (M,g ) of the Laplace-Beltrami operator of (M,g) acting on C∞(M) 

satisfies 시(M， g ) ~ 2c. 

Theorem 4 [3 , Th. 10, p. 87] . Let (G/1(,g) be a symmetric Riemman
nwn manψId. Then, if G is simple, G / H is irreducible. 

2.2. The in따lκ띠ch뼈on of SU띠(α2잉) 0 SU띠(2야) in따]tωo SU띠(μ에4씨) is the tensor prod uct 
of two usual linear representations of SU(2) . 1n this section , we use the 
following notations 

G = SU(4) , G(2) = SU(2) , H = (SU(2) 0 SU(2)) , M = G/H , 
T = {diag[f] ， f2 ， f3 ， f4];f] f2야é4 = 1, I테 =1 ,fiEC }, 
T(2) = {diag[f], f2] ; f] f2 = 1, lf;l = 1, fj E C}, 
g (resp. g(2)) : the Lie algebra of G (resp. G(2))' 
h = su(2) 0 /2 + μ o su(2): the Lie algebra of H as a subspace of g , 
t (resp. t (2)) : the Lie algebra of T (resp 낀2)) , 
gC (r영p. t C

) : the complexification of g (resp. t) , 
diag[f] , f2 ,' . . , 씨 a diagonal matrix 

with diagonal elements f] , f2 , ... , fn

We give an Ad (G) -invariant inner product (.,.) on g by 

(2. 1) (X , Y) = -B(X, Y) = -8 Trace( XY) , (X , Y E g) , 

where B is the Killing form on gC. Let 9 be the G-invariant Riemannian 
metric on M induced from this inner product (', .). We denote by ej E 
V-rt- (j =1 ,2,3,4) , the Linear map 

V-lt 3 diag[x] ,x2 ,X3 ,X4] - • Xj E C 

Put Qj = ej - e‘+], (i = 1,2). We fix an lexicographic order < on ι-lt
in such a way e] > e2 > e3 > 0 > e4 . The set D(G) of all do며nant 
G-integral forms is given by 

D(G) = P = εmiei; ml 으 m2 ~ m3 즈 0, each mj ε z }. 
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On the other hand, theelements H'j E J=Tt such that ej(H) = B(H' j' H) 
for all H E t C are given as follows: 

r He, = 1/32 diag[3 , -1 , - 1, - 1], H., = 1/32 diag[-l , 3, - 1, -1 ], 
(2 얘 He야， = 1/32 diag이망{←-꾀 

' j H"이1 = 1/8 d마zag이{μ1 ， -카1 ，’， 0 ，페0이] ， H"야， = 1/8 d마zag이[0’ 1, - 1,’ 0이]， , 
l H", = 1/8 diag[O , 0, 1, -1] 

Then the inner product (-,.) induced on ι-lt is given by 

(2.3) I 옳 (i =j) , 
(e; ,ej) = (H,nHej) = ~ l 끓 (i 폼 j) , 

where i , j = 1,2,3,4. The set P of aU positive roots of gC relative to t C is 

(2 .4) 

so we have 
(2 .5) 

T herefore we have 

(.\ + 28,.\) = 

(2.6) 

P = {e‘ - ej ; 1 ~ i < j ~ 4}, 

8 = 3et + 2e2 + e3. 

(1/32) [(m t - m2)' + (m2 - m3)2 + (m3 - md2 

+mt 2 + m2 2 + m32 + 12mt + 4(m2 - m3)] 

for .\ = mt et + m2e2 + m3e3 E D (G ). Moreover, we bave 

d(.\) n (e‘ - ej ,.\+8) 
1 <i<j<4 c\ 

’ e‘ - ej ’ 
(2.7) = (1/12)(mt + 3)(m2 + 2)(m3 + 1) 

(ml - m2 + 1)(m2 - m3 + l)(mt - m3 + 2) 

for .\ = mt et + m2e2 + m 3e3 E D (G). Here we bave 

Lemma 5. Let m be the orlhogonal complement oJ h in g with πspect to 
the innel. product (.,.). Theπ m IS glVeπ by 

(2.8) m ={(A;j)E g; TraceA;j = 0(i , j=1 ,2) , A l1 +A22 =O,}, 

where O2 is the zero matπX oJ ol.der 2. 

Proof Since h = {X 0 12 + ι o Y ; X , Y E g(2) }, m is perpendicular to 
h. Moreover, dimh + dimm = dimg . Hence, the proof of this Lemma is 
completed. 
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In the unitary irreducible representations of G(2) , we use the same 
symbols as occured in the unitary irreducible representation of G. Let 
V(2)/ be a unitary irreducible representation space of G(2) with highest 
weight le1 , where lel E D(G(2)) = {mel ; m 즈 O,m E Z }, [6, Th. 1, 
p. 46J . By t he character formula of Weyl [11 , pp. 332-333J for À 

fl el + f2 e2 + f3e3 E D( G) , 

(2.9) x>- (h) = IE끼j f， (h) 

for each h = diag [El' E2 , E3, μJ E T , where I강 I is the determinant of matrix 
of order 4 빼Qse (i,j)-entries are f~i ， 

(2.10) li = fj + 4 - j (j = 1,2,3), and 14 = 0, 

and f, (h) is given as follows: 

(2.11) f, (h) = nI$i<i$4(ε‘ Ej) 

Now let us consider the decomposition of ，ι (À = 'L t=I fiei E D(G)) , 
into H -irreducible submodule as foll ows 

(2.12) 1α = ε N(À , 11, 12 ) V(2)/1 0 V(2)/" 

where 11 ,12 run over the set of all non-zero integers , V(2\ 0 V(2)" are 
irreducible representat ion spaces of G(2) 0 G(2) , and N(À , 1" 12) is the mul
tiplicity of V(2\ 0 V(2) /, in V~. 

We investigate À E D(G) which belong to D(G,H). À(E D(G)) be
longs to D(G, H) if and only if the un때ry irreducible representation space 
V~ of G contains V(2)O 0 V(2)O. We put 

h = h1 0 h2 = diag[xlx-IJ 0 diag[Y ly-IJ 

diag[xy , xy-1 , x -1y, x-1y-I J 

E T(2) 0 η2) C T , 

then we have from (2 ,12) 

(2.13) X~(h) = ε N(À , 11, 12 ) Xdh 1 ) Xdh2 ) , 

where X~ (resp. xd is the character of the irreducible representation of 
G (resp. G(2)) with the highest weight À (resp. 1‘ el). Then we have 
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Lemma 6. 

(a) κ1 = V(2)1 @ V(2)l, 
(b) κ1+e， == \1(2)20 \1 (2)0 + \1(2)0 0 \1 (2)2 , 
( c) κ1+상e3 == \1 (2)) 0 \I(야) , 
(d) \12<1 == \1(2)2 0 \1(2)2 + \1 (2)0 0 \1(2)0 , 
(e) \l2e1+e, == \1 (2)3 0 \1 (2)) + \1(2)) 0 \1 (2) 3 + \1(2)) 0 \1 (2)) , 
(J) V2e,+e,+e3 == \1(2)20 V (2 )2 + \1(2) , 0 \1(2)0 + \1(2)00 \1(2)" 

(g) \l2e1+2<2+<3 == \1(2) 3 0 \1 (2)) + V(2)) 0 \1(2) 3 + \I(깐 @ V(2)1 , 
(h) V2e1+ 2야+2e， == \1(2) 2 0 \1(2) 2 + \1(2) 0 0 V(2) o. 
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Proof Comparing with coefficients of both sides of (2.13) by using Weyl’s 
character formular (2 .9)-(2.11), we can obtain this Lemma 

Remark. Comparing with the dimensions of both sides in the decomposi 
tions in the above Lemma, we can check these decompositions 

Using (2.6) , we get 

Lemma 7. 
(a) (28 + 2e) , 2e)) == 4(8 + e) + e2 + e3 , e) + e2 + e3) == 9/8, 
(b) 1n case of À E {mlel + m2e2 + m3e3 E D(G) ; m) 즈 3} , 

(28 + À, À) > (39/32) 

Therefore, we find from Theorem 1, Lemma 6 and Lemma 7 that the 
least positive eigenvalue of the Laplace- Beltrami operator D.g of (G/ H,g) 
is 9/8. 

We can easily obtain by a direct computation 

(2.14) [m,m] Ch ‘ 

Moreover, SU( 4) is simply connected. Hence, we get from Theorem 4 and 
the above facts 

Lemma 8. The normal homogeneous space (G/H,g) is an irredμ cible 
symmetric Riemannian manifold 

Thus, the proof of the main Theorem is completed 
From Theorem 2 and (2.1) , we get 

Lemma 9. (G/H,g) is aπ Einstein man씨old with Einstein constant 1/2. 
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Hence, we find from the main Theorem, Theorem 3 and Lemma 9 that 

the normal homogeneous space (G / H, g) is stable. 

Thus, the proof of Corollary is also completed. 
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