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BEHAVIOR OF THE PERMANENT FUNCTION 
ON SOME CLASSES OF DOUBLY STOCHASTIC 

MATRICES 

Sun-J∞ng Shin 

1. Introd uction 

Let lìn denote the convex polytope consisting of all n x n doubly 
stochastic matrices. Let Jn denote the n x n matrix all of whose entries 
equ외s ~. It is well known that the p하manent function att려ns the glob떠 
mlnImum 쉰 over lìn uniqualy at Jn . This fact was conjectured in 1926 by 
va.n der Waerden [12J and solved by Egoryêev [3J in 1981. A strong version 
of the va.n der Waerden-Egorycev ’5 theorem is the following property: 

For A E lìn , the permanent function is monotone increa.sing on the line 
segment joining Jn and A '. This property is referred to as the monotonicity 
0] ]J crmanent (abb. MP) for A 

It is not yet known whether MP holds “r 때1 A E lìn . In [10J the 
problem of finding matrices in lìn for which MP holds a.re proposed. Up 
to present time several cla.sses of doubly stochastic matrices are proved t。
satisfy MP [4,6,8J . 

In [11 ], Sinkhorn proved MP for A = !(In + Pn) where Pn denotes the 
n X n permutation matrix with 1’5 in positions (2 ,1), (3,2) , . .. , (n , n -
1), (1, n) and In denotes the identity matrix of order n. 

In this pa.per, we prove MP for 2', {(Im + Pm) l8i K,} , rn = 3,4, r 즈 
1,where K , denotes the r x r ma.trix of 1’5 and l8i sta.nds for the Kronecker 
product. 

Besides the monotonicity one other interesting property of the perma
nent function is its convexity on a certain subclass of lìn. It is known [1이 
that the permanent function is strictly convex near Jn 

In this paper, we also prove the convexity of per[(1 - t)Jn + tAJ for 
A = W n + Pn) ,n 즈 3, over some 5뼈interval of [0,1 J. 
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2. MP for 21r{(Im+Pm) i8) Kr} 

For a matrix A , let A(ilj) denote the matrix obtained from A by 
deleting the row i and column j. Let D be a real valued functioll of nn 
defined by 
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For A E n n, and for a real number t , let A , = (1 - t )Jn + tA alld let 
JA (t) = perA" the permanent of A, . It is proved in 14J that MP holds for 
A E nn if and only if D(A ,) 즈 o for all t, 0 ~ t ~ L 

Lemma 1 [Sinkhorn-Bapat, 1] . Let A E fl n be such that perA(ilj) = 
perA Jo1' all i , j = 1, . .. , n , then eithe1' A = J’‘ 0 1' A = HI,‘ + Pn) ,up to 
pe1'mutations oJ rows and columηs. 

Let A be an n x n real matrix. We say that the positions (i ,j) and 
(k ,l) of A are equivalent if there exist permutation matrices P , Q such that 
P AQ = A and the transformation X • P XQ takes the (i ,j)-entry of X 
onto the (k , l)-entry of P X Q for all n x n matrix X. 

It is clear that, if the positions (i ,j) and (k, 1) of A are equivalent, then 
perA(ilj) = perA (세) . 

Lemma 2. Let m = 3,4, r 즈 1 be integers such that n mr. Fo1' 

(Im +Pm) i8) ](r := [Xi j ], let Z = {(i ,j) lxij = 1}. Let A = [a ij ] be an n xn 
matπX such that all aij , (i ,j ) E Z , are the same and all ak /, (k , 1) 용 Z , are 
the same. Then all oJ the Z -positions oJ A are equivalent and all oJ the 
off Z-positions oJ A are equivalent 

Proof For p,q = 1, ... ,m , let Zpq = {(i ,j) l(p-1)r+1 ~ i ~ pr,(q-1)r+ 
1 ~ j ~ qr}. Then Z = Z l1 UZ22U .. . U ZmmU Z21UZ32 U .. . UZmm_ ,UZ'm. 
Clearly all the positions of A in a single Zpq are equivalent. To show the 
equ ivalence of all the elements of posit ions in Z lI U Z21 of A, we can use 
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the transformation X • PXQ , where 
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In addition to that, this transformation shows also that all the position 
o[ A in Z12 U Z2m are equivalent. And the transformation X • RXS with 

L o L 
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R= O L -C 
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shows the equivalence of all t he (Z l1 U Zj，πm싸‘ 

Zmm_닝-1샤) -pos i t io아on s and of a떠11 the (Zml UZ2m)-posit ions of A. Repeating sim
ilar arguments a finite number of times , we see t hat all of the Z-positions 
of A are equivalent and all of the off Z-positions of A are equivalent 
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Corollary 2.1. Let m = 3,4,r 즈 1 be integers such that n = mr and let 
A= 승 (Im +Pm ) 0 I<r . Then , for each t E [0,1], there exist πal numbers, 
À" μt such that 

perA ，싸 perAt = { t: if (i ,j) E Z, 
otherwise 

n ( 

Expanding per A, along the first row, we get 

perA, = perA, + 인nt + 2r(1 - t)} μt + i{(n - 2r)(1 - t) }시 
Thus we get the following relationship between À, and μ ， . 

Corollary 2.2. Let m = 3,4, r 즈 1 be integers such that n = mr and let 
A = 2~ (Im + Pm) 0 I<r. Then, for each t E [0,1], {nt + 2r(1 - t)} μ，+ 
{(n - 2r)(1 - t)}시 = 0, where μ， and À, are the numbers de.βn ed by 띠 
And, ift ￥ 1, ψe hav 

시= 
n t + 2r - 2rt 

n - 2r - nt + 2rt μ‘- (2) 

Lemma 3. Let m = 3,4, r > 1 be integers such that n = mr and let 
A = 칸 (Im + Pm) 0 I<r. Then, for each t E [0,1), 

D(At) = -E-μ， , 
1 - t 

ψheπ μ， is the number defined in 끼. 

Proof From (1), we have 

εεperA‘ (i Jj) = ( ε + L )perA,(i lj) 
‘;) j;) U.j)EZ (;，j)~Z 

년perA， + (n2 
- 2rn)시 + 2rnμ， . 

Therefore by Corollary 2.2 it follows that 

D(A ,) = perA, - 필 εεperA， (i lj ) 
2r n - 2r ‘ 

= μ， - '̂ n n 
(n - 2r)t 

(n -강Fτt) μt 

= rτIμ， . 
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Theorem 4. Let m = 3,4, r 으 1 be integers such that n = mr. Then MP 
holds ψT 슬(Im + Pm) IZi K , 
Pmof Let A = 강 (Im + Pm) IZi I<, . To prove MP for A , it sufficies to show 
that μt ~ 0 for aJ1 t E (0,1). Suppose that μd < 0 for some d E (0,1). 
Since Jn is the unique matrix in l1n with the minimum permanent, MP 
holds for matric얹 in a sufficiently smaJ1 neighbourhood of Jn in l1n. Hence 
we can take a c E (0 , d) such that D(Ac) > 0 so that μc > O. Then , by the 
Intermediate Value Theorem, there exists a t E (c, d) such that μ t = O. 
And hence also that λ = 0 by Corollary 2.2 . Then perA,(ilj) = perA, 
for all i,j = 1, ‘ , n. This contrad icts to Lemma 1 because At of J n and 
A, ￥ ~(In + Pn) . Thus μ ， ~ 0 for all t E (0,1). 

3. Convexity of the permanent for HIn + Pn ) 

In [2] , Brualdi and Newman showed that for any A E l1n, per[(1 -
t )A + tIn] :S (1 - t)perA + t for a11 t E [0,1], and pointed out that it is 
not in general true that per[(1 - t)Jn + tA] :S (1 - t)perJn + tperA for all 
t ε [0,1] and for all A E l1n. But, since the permanent function is st rictly 
convex on a neighbourhood of Jn , we see that there exists some t > 0 such 
that the above inequality holds for all A E l1n and for all t E [0, t ]. 

ln [7], Lih and Wang conjectured that the ineq뻐li ty per[(l - t )Jn + 
tA] :S (1 - t)perJn + tperA holds for all A E l1n and for all t ε [0, 섣， and 
proved their conjecture for the case of n = 3 

In [5] , Hwang proposed a similar conjecture asserting that the perma
nent function is convex on the straight line segment joining Jn and In쁨 
for all A E l1n, and proved it for the case of n = 3. 

But the above two assert ions are slight ly different and so far any evi
dence that Lih and vνang’s conjecture and Hwang’s conjecture are equiv
alent has not been found 

ln this section, we prove that the function per[(1 - t)ι‘ + tA] for 
A = !(In + Pn ), n ~ 3, is convex in the interval 0 :S t :S 슴. 

For an n X n matrix A, let Pk(A) , k 1, .. ‘ , n , be the sum of the 

permanents of all (~f k x k submatrices of A and define Po(A) = 1. Note 
that Pn(A) = perA. 

Let !AAt) = Pk( (1 - t)Jn + tA) , k = 1, ... , n 

First , we shall prove that fA.k (t) , for A = t(Jn + Pn) is a convex 
function of t on [0 , 바. For this, it s u田C영 to show that fμ(t ) 으 o for 
A = t( In + Pn) and for all t E [0 , 숨]. 
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Lemma 5. [Marcus and Minc,9J For A E !1n’ 

fA ,k(t) = Pk((1 - t)Jn + tA) 

~(k\11 -L \k-t -LiP‘(A) 
= Pk(Jn ) ε { l (1 - t) t --

=0 \ i J'- " 'Pi(Jn ) ’ 
k = 1,' ‘ ,n. 

Differentiating fA ,k(t) twice w>th respect to t , we get the following 

Lemma 6. For A = ~(In + Pn) ,n 2: 3, 

f1.k( t) = 
k(k -1)Pk(Jn )[델{(델)(1- t)k -녁{k - 2,\ {1 .I.\k-2- i-l- i1 ( P‘+1 (A) Pi(A) 
- ( ~ ~ ~ 1 (1 - t)k-2-γ}(--- - ---) 

\ I / p,+1(4) R(Jn) 
21 Pk(A) pk-1 (A) (--- - ----)L k = 3 

Pk( Jn ) Pk-1 (Jn) 

Lemma 7. [London,8J Let n 2: 2. Theη 

Pk(In + Pn) = { 향e
n

-k
k

- 1 ) , k = 0," ', n - 1, 
k = n. 

Using the fact that 
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and Lemma 7, we get the following theorem. 

Theorem 8. For A = ~(In + Pn), n 2: 3, pd(1 - t)Jn + tA ], k = 3,"' , n , 
is a convex function of t on [0 , 숨J. 

Proof It suflicies to show that 
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for t E [0, 숨]， k=3 ,"', n , i=1 , ... ,k-2. 
In fact , 

(i) since 

“ e have 

p‘+1(In + Pn)(n - i - 1)!]2n ;+2(2n - i - 2)! 
Pi+1(Jn) - (n!)2(n - i - 1)(2n - 2i - 3)! 

p‘+1 (1π + Pn) 2Pi(In + Pn) 

Pi+1 (Jn) Pi(Jn) 
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[(n - i _ 1)!]2n’+2(2n - i - 2)! 2[(n - i)!]2ni+1(2n - i -1)! 

- (n!)2(n-i-1)(2n - 2i - 3)! (n’)2(n - i)(2n - 2i • 1 )! 

2m’+1 (2η i - 2)![(n - i-1)’]\n - i - 1) \ n 

(n!)2(2n - 2i 一 1)! '--

(“n샤) (:仁띈:파D (1ιμ1-녀_ t)k-→- 1 -←-→가- :tt-깨γγ1'-‘←서-→녁1 
(k - 2)! r, ,\k- 1-;,i- l (샤k-2이1 ’ ----•_ 1\1 (1 - t)k- 1-;ë- 1 - ←「「(1 t)k-2- t 

(i - l)!(k ‘ 1)!'- " i \% ‘ ” 
(k - 2)1 
←-←-기(1 - t )k-2- it i- 1{i - (k -l)t} 즈 0 

1’(k-i - 1)! 

for t E [0, 둡]， k = 3, -, ηi 1, ... , k - 2. Therefore, it follows 

t ha t fμ( t) 즈 o for t E [0 , 바] from Lemma 6 

Corollary. For A = ~(In + Pn), η 2: 3, pe서(1 - t)Jn + tA] is a conνex 
끼tηctioη 01t on [0 , 운]. 
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