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ON A STRENGTH OF T찌TO ABSOLUTE 
SUMMABILITY METHODS 

、v ‘ T. SuJaiman 

A new absolute summabili ty method is defined. A new theorem con
cerning this method is proved . Ot he r results , some of them are known , 
a re deduced . 

1. Introduction 

Let ε an be a n infinite series of pa rtial sums Sn . Let (J~ and ηg denote 
the nth Cesàro mean of order ó(ó > -1 ) of the sequences {Sn} and {na n} 
respect ively. The series ε an is said to be summable IC, Ól k> k 즈 1, if 

ε 7lk-1log - og l|l; < ∞， 
n=l 

。 r equivalent ly 

ε n-1 1ηn | k < ∞· 

Let {Pn} be a sequence of posi tive numbers such that 

Pn = ε Pv →∞ as n → ∞ (P- i = P•= 0, i 으 1 ) 

The series ε an is said to be summable IN ， p싸 

ε(Pn/Pn)k- ' I t n - tn_,I" < ∞ (Bor [1]) , 
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where 

tn = P;1 ε pvSV' 
v=o 

The series ε an is said to be summable IR, Pn Ik , k ::: 1, if 

ε nk-1ltn - tn_1lk < ∞· 

If we take Pn = 1, each of the two summabilities IN , P샤the same as IC, llk summability. Let {'Pn} be any sequence of positive 

numbers. The series ε an is said to be summable IN , Pn’%샤 ， k 즈 1, if 

ε pt-11tn t”-1 |k < ∞ (Sulaiman [7]). 

The series εμ is summable IN,Pnl if 

ε |끄 - Tn _ 1 1 < ∞， 
n 
니
 

( 

where 

인1 = P;1 ε Pn-vSv (T_ 1 = 이 
v=o 

We write P = {Pn} and 

Pn+1 ~ Pn+2 、
M={p·pn>O& 5 51,n=0, l , } 

Pn Pn+1 

It is known that for P E M , (1) holds iff (Das [4]) 

깊 g늪| 흘 Pn-vvavl < ∞ 
For P E M , ε an is summable IN， p싸 ， k 즈 1, if 

흘 g늄|효Pn_vvavl k < ∞ (Sulaiman [이) 

1n the special case in which Pn = A~-\ r > -1 , where A~ is the coefficient 
of xn in the power series expansion of (1_x J- r-1 for Ixl < 1, IN,Pnlk 
summability reduces to IC, 마 summability. Here we give the following 
new defini tion : 
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Definition. Let p E M. The series ε an is said to besummable IN,Pn ,'Pnlb 
k ~ 1, if 

∞ n r ψ~-1( n 1'; )kl γ VPn_vavl k < ∞ 
::; n PnP• 1 :; 

The following result is due to Bosanquet [3J. 

Theorem Å. Let 1: = 1, Pn&qn > 0, Pn & Qn • ∞ . 1π order that 

IR,Pnlk * IR,qnlk (2) 

it is necessary and sufficient that 

qnPn/PnQn = 0(1). (3) 

Bor [2J , generalized the above result by giving the following. 

Theorem B. 1n 0며er for (2) to hold, (3) is necessary. 1f we suppose that 

효프갚= O{얀꽉그} 
n=v 와i 녕，‘-l U 

(4) 

th en (3) is also sufficient. 
We assume {O!n}, {ßn} be sequence of positive numbers and prove the 

[ollowing 

Theorem C. Let q E M such that {여 l/kqn /QnQn_d nonincreasing. Let 
tn denote the (Ñ ， Pn)-meaπ of the seηes ε an and write ì n = 와-l/k 6.t n_1 • 

U 
ξ at-I(쁘)k펀각 = O{양1(프 )k(냉_)k }， 
n=u Qn Qn I Pu Q1/Q1/ 1 

ξ nk(~n)k-l(꽉(r;-완-)klfnlklìnlk < ∞， 
n=1 an Pn QnQn I 

∞ α P" . , . . P" _ '- L • G 
ε nk(-쓰)k-l(~N~.-"-그)k( ~ ~느)kl 6. fn l k lìnlk < ∞， 
n=1 On Pn Pn QnQn-l 

and 

E(완)k-l(쓰/(~n )k( n ~느)따Iklìn l\ 
”=1 an Pn Pn QnQ”-1 

then the series εa“n is summable IN, qn , O!샤 ， k ~ 1. 
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2. Lemmas 

Lemma 1 (Bor [2]). Let k > 1 and A = (a nv) be an infinite matπx. In 
0여er that A E (깐; gk) , it is necessary that 

anv = 0(1) μlln ， v ). (5) 

Lemma 2 (Sulaiman [8]). If {qn} nonincreasing, then for 0 < r ::; 1, 

끼
 

U 이
 、

“ 
-
따
 

∞
 ε
 때
 

3. Proof of Theorem C 

Write 

Tn = ε vqn_vavfv. 

Since 

Ìv = 며-t/k二Pv ξ 
PuE-1 : -

then we have 

Tn = ε(ε Pr-tar)6v (vP，피tqn-vfv) + (ε pr-t ar )n p'괴tqofn 
v=l r=l r=l 
n-) n 

= L:( -v ~ V ßvqn-vfv킴/k-17u uqn-u-IEu와/k- t Ìv 
v=l YV 

+욕二놔-v-l fv떠/k-17U 
Y V 

+(v+1)맏qn-v-t 6폐/k-I7u) - nEqoSn잉/k거n 
/"V 1-'n 

= Tn ,t + Tn,2 + Tn,3 + T" ,4 + T" ,5 , say. 

1n order to prove the theorem, by Minkowski’sm여uality， it is sufficient 
to show that 

ξQk-1(」느/Irn，rl k < ∞ r= 띠 3 ， 4 ， 5 
n=1 

n 
QnQn-l 
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A pplying Hölder’s inequality, 
m +1 

ε at-l(-」L-)k냥，1 
n=2 QnQf1-1 

m+l n-1 n 
= ε 야 1 c.-,;:: )k 1 ε -v~6.vqn_vf왜/k-1 ìv Ik 

n=2 QnQn-1 u=1 
n ‘+1 n- l D 

s ε at-l(」L-)k ε vk ('_ v )k 16vqn-v 11 Ev 1않 klìνI k 

n=2 QnQn-1 u=1 

x{ε 16vqn-v I} k- 1 
1.1 =1 

m D m+l 
~ 0(1) ε 야(V)싸 I k왜 klìvl k ε gk-1(」L-)klAuqnJ

u=1 Pu n=u+1 
n QnQn 1 

r、 D ’n +1 

~ 0(1) ε 야(간)k-l(암)kC， ~ )샤바|γvl k ε 16vqn-vl 
v=1 au Pu QuQv 1 n=u+1 

~ 0(1) 효 샘':)k-1(~V)kC， ;느 )klεvlklìvl k 
u=1 au Pu QuQu-1 

m +1 

ε Qt-1(」L-)k|Tn，2|k
n=2 QnQn- 1 

m+l n-l 
= ε ak I(」L-)k| ε υQn-v-l l:1)외/k-1?ulk 

n=2 n QnQ,l 1 u=1 
m+1 • n-l n-l 

s ε 야 1(찮)kQ간1 E ukqn ν 1니샤kεμ테때U냐샤Ikß;샘빡많a씌망쐐3r-
m m+l 

~ 0(1) ε vkl μI k외-klìv Ik ε Qk l(쁘l박그그 
u=1 ,1=t1+l 

n Q,l Qn l 

~ 0(1) 친k(학)k- 1(한(」느)klEvlklìvl k 
U=l du Pu QuQv l 

m+l 
ε ak-1(」느)kl7n ，3l k 

n=2 
n QnQn I 

m+l n-l D 

= ε Qk l(-」L-)kl ε 암二lqn-u-lεu떠/k- 1 ìvl k 

n=2 n QnQn-1 ν=1 Pv 
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m+l n-1 D 

s ε at- I (콧)kQ감l ε(쓰그)kqn_v_1I lvl발-k lìvlk {ε 관v-1 }k-l 
n=2 녕n v=1 PV v=l 녕n-1 

m D m+l 
~ 0(1 ) ε(으二!fllv l쐐-k lìvlk ε 야-1 (쁘)k관그二l 

v=l Pu n=u+I Qn Qn-I 

~ 0(1) ε(으~ )k-1 (감각)k(" ~ /Ilvlklìvlk(프)k 
u=I A Pu QvQu-1 

m +1 

ε O'~거」L-)k |Tn ，4lk 
n=2 n QflQn-l 

m+l n-1 。

= ε at- I (-」L-)kl ε (v + 1)간:lq，1 U IAA&fUJG잉;?/μk←-카I놔ìv씨’vl 
n=2 QnQv I v=1 
m+l n-I D 

s ε 。!- I ( ;，，，- )kQ낀1 ε (v + 1 ) k(얻각)kqn_ v_11 ð.μI k ß;-klìv Ik 

=2 ‘νn u=1 I'v 

X {E1렀}k-1 
m D m+l 

~ 0(1) ε vk(건그)kl ð. lvl쐐-k lìvlk ε ak-l(12)k꽉각그 
u=1 Pu n=u+1 n Q ’‘ Qn-1 

m α P ... . . P .. _, . . . a 
~ 0(1) ε VkCV)k-1(V)k( v- 1 )k(" ;느)klμIklìvl k 

v=l au Pu Pu Q
‘’QV-1 

E화찰@하k←“-샤1 (나qn뉘-카)k사싸%싸싸써Ir，까h싸씨T자κ퍼찌n‘샤세’j셔5꾀| 
’n‘;피=더I 

n QnQn-1 

= E a:-I(」느)k | -nEqoEnanenauk-l7n|k 
n=I QnQn-1 

~ 0(1) 늙(~n )k-1(꽉(，，::: )klEn lklìn lk 
’‘=1 an Pa QnQn 1 

T his completes the proof of the theorem. 

4. Applications 

Il is clear tha.t: IN ,Pn , nlk = IR, Pnlk , IN ,Pn , Pn/Pnlk = IN ， p.샤 ， IN ,Pn ,1h = 
IÑ ,Pnh , IÑ,1,nlk = IC,1Ik and IN， Pn ，(원렇)k/(k-1)1 = IN,Pnlk . Also we 

define IR,Pnlk = IN,Pn ,nlk' 
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Theor em D. Let q E M such that {여 l/k qn /QnQn_l } nonincreasing 
Let 

Pn = O(npn ) (6) 

and 

증 a:- 1 (쁘)k꽉그 = 이앙기프k(」」)k} (7) 
n=u Qn Qn- 1 

U 

Pv QtlQ
‘’- 1 

Then a. necessa.ry and sufficient coπdition th a.t ε an is summable IN,qn ,anlk 
whenever it 앙 summable IN , Pn , ßn Ik , k 즈 1, is 

nP값 (8) 

Proof Sufficiency. Follows from tbeorem C by putting fn = 1. 

Necessity. On the lines of Bor [2], put Qn월:Tn = an , Atn-1 = bn, 

then 링많TTn，5 = (앓 )l -l /k잃뿔껴 꽤n' It is possible to write the 

matrix t ransforming (떠- 1/kbn ) into (a~-I/kan)' Since IN ， Pn껴싸 implies 

IN ， qn ， a싸 ， then the matrix [(앙 ;깐). By lemma 1, a necessary condi. 
t ions for tbis implication is tbat the elements (in particular the diagonal 
elements) of th is matrix should be bounded. Hence (8). 

Cor ollary 1. Let q E M . 1f 

Pn = O(npn) (9) 

and 
∞ nk-1q l ε -τnk 二.!. = 0{v- 1CI';' )k }, 

n =v …‘ι n I'V “ 'V 

then a necessary and sufficient condition that 

(10) 

IN , Pnlk => IN , qnlk , 

k 2 1, is 
n/Qn = O{(npn/ Pn) l/k}. 

Proof F，이lows from theorem D by putt ing a~- l = (립따 )k ， ßn = Pn/Pn . 

C orolla ry 2. ([1] and [5]). 1f 

npn = O(Pn ), 
m ( 
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then a n ecessary and sufficient condition that 

IN ,Pnlk => IC,lIk , 
k 즈 1, is (9). 

P 1'Oof W빼 qn = 1, (10) follows from (11). The result follows from 

corollary 1. 

Corollar y 3. Let q E M. If (9) holds and 

응 nk-l(쁘)k꽉그 = 0{Vk- 1 (프 )k( ，..， ~느lL 
순; Qn Qn I Pv Q vQ u 1 

then a n ecessary and sufficient condition that 

IN,Pn lk => IR,qn lb 

k ~ 1, is 

η2qn/QnQn_l = O{(npn / pS/k }. 

P 1'Oof Follows fro m theorem D by putting O!n = n , ßn = Pn/Pn. 
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