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NOTE ON THE ANALYTIC CONTINUATION 
OF THE MULTIPLE HURWITZ ZETA 

FUNCTION (n(s ,a) 

Ta.e Young Seo* , Junesang Choi**, Jin Sook Gang* , Bo Myoung Ok* 

In tbis paper, we provide a new proof of tbe convergence and analyt ic 
continuation of the multiple Hurwitz zeta function μ(s ， a) ‘ 

1. Introduct ion and Preliminaries 

First we introduce tbe generalized zeta function (or the Hurwi tz zeta 
function). Tbe function ((s ,a) = ε뚱。(a + n t' is called tbe generalized 
(or Hurwil샤 zeta function, wbere s is a complex number and a > O. It can 
be shown that ((s , a) is an analytic function for Res > 1. In partic비ar ， 
when a = 1, ((s ,l) = ε뚱1 n-' = ((s) is the well-known Riemann zeta 
function. Moreover by tbe contour integral representat ion (( s, a) can be 
cont inued to a meromorphic fun ct ion having only simple pole at s=l with 
its residue 1 [5]. In [1 ], E.W.Barnes introduces the mutiple Hurwitz ( 
function, for Res > r , 

ι(s ， a Iψ1 ， ψ2 ， . .. ， ψr) = ε 1 
ml ,m2 . 짜=o(a+ í!)' ’ 

wbere n = mlψl +m2ψ2 +" .+mrWr . He also represents t he r-ple Hurwi tz 
(-function by the contour integral 

、 i r( 1 - s) f e-az( _ Z)'-l 
ι(s ， a I ψ1 ， ω2 ， ... ， Wr ) = v-\~ ~J I 

I 2π h I1k=1(1 - cωk Z ) 

where the conditions for a and W l ," ', w" tbe possible contour L are 
gl、 en in [1], f is the well-known gamma function which has simple poles 
at z = 0, -1 ,-2, ... ; and Resz=_nf(z) = i펜 n = 0, 1,2, ... [5]. 

R.eceived February 10, 1992. 

127 



128 T . Y. Seo, J . Choi , J. S. Gang, B. M. Ok 

Here we restrict these when αk=l ， k=I ， 2 ， ... ,n ,a>OandCthe 
contour given as in [5] , p. 245 

That is to say, we get 

(n(s ,a) = ε (a+kl+k2+ .. . +knt' , 
k1 ,k2, ...• kn::;O 

which is an analytic function for Res > n by the Eisenstei따 Theorem [2], 
[3]. Furthermore μ(s ， a) can be continued to a meromorphic function with 
on Iy poles at s = 1,2, . .. , n. For by the contour integral representation 

if(l - s) r e-a'(_z)'-1 
<n(s,a) = --- - l - ----

c (1 - e• )n 

the integral is va\id for a > 0 and all s so (n(s , a) has possible poles only 
at the poles of f(1 - s) i. e., s = 1,2,3, .... But by the series definition 
μ (s ， a) is holomorphic for Res > n. 1n particular when n = 1, (l(s ,a) = 
ε뚱。(a + kJ-' = ((s ,a) is the well known Hurwitz (-function. 

2. The analytic continuation of μ(8 ， a) 
Jn fact to show the analytic cont inuation of μ(s ， a) through the con

tour integral representat ion , the complicated theory and computat ion are 
required [1]. ln this section we reduce the multiple Hurwitz zeta function 
to t he generalized zeta function and explain the an혀ytic continuation of 
μ (s ， a) by using that of t he generlized zeta function ((s ,a). 

Lemma 2.1. The muIt iple Hurwiiz zeia fun ciion 

∞ (kt?;I) 
(n(S,x) = ε 

~ (x + k)' 

ωhere (k !:~I) is the C01뼈7때on noiation 

Proof Observe the series defini tion of 

(n(S ,x) = ε (x + k1 + k2 + ... + knt' 

Then the number of solutions of k1 + kz + ... + kn = k , k = 0,1,2, . .. 
(k" k2, . .. , kn) E Nn is equal to the coe댐cient of xk in t he expansion of t he 
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M뻐!Iac이laurin s않ene얹so이.f (l - x껴x씨)-nηl e , (r깐). By t야he뼈le de리해fin괴m뼈I 
comb비ma따tion no야ta따tlO삐o이nι 1, , 

(~n) = 
η(-n -1) “ (-n-k+1) 

k (n + k - 1) ... (n + l)n 
= (-1)<"" ..파f 

dn + k - 1)! ( - 1) 
(n - 1)!k! 

(4)k(ktrJ 1) 
On the other hand the Maclaurn series expansion of (1 - x t n is 

효 (-n(-Xl = 홀 (k: 깐 1 )Xk 
Theorem 2.2. The 1ηmηnu 
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ued to a rπmeromorphic ftμmction 11ψJith simple poles 0이n미!lωya띠t s = 1,2’ ... ,n 

Froof By Lemma 2.1 , 

(n쐐 

Consider 

(kjtJ 1) (k + n - l)(k + n - 2) ... (k + 2)(k + 1) 
(n - 1)! 

εQπ’‘ k! ， 

where Qn ,; are rational numbers , i = 0, 1,2, ... , n , 

Then we have 

= 」- and Qn o = 1 (n - 1)! 

μ쐐 = 효 (헐 Qn.;k‘ )/(x+k)' 
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Consider, by the binomial theorem, 

k‘ = {(패 쐐}' = 짚 G)(-x)‘-J(x + k )1 

T herefore we have 

μ짜 

Consider 

힐 Qn ，i (효 G)헤 
where p/(x) is a polynomial in x with rati。때 coe댄cients. Therefore we 
have 

(n(s , τ) E Pl(z)ξ-느 
t=o k=o ($ + k)s I 

= ε P,(x)((s -I,x) . 

(2) 

We know that ((s , x) = ε2:。김n)' converges absolutely for Res > 1. 

50 we see that μ(s， x) converges abs이utely for Re(s - 1) > 1, = 
0,1,2, ... , n - 1. Thus we conclude that ((s , x) converges absolutely for 
Res> η 

Furthermore in the first section we know that ((s , a) can be continued 
to a meromorphic function with only simple pole at s = 1. 50 we deduce 
that μ(s ， x) can be continued to a meromorphic function with only simple 
poles at s - 1 = 1, 1 = 0,1,2, . .. ,n - 1, i.e., s = 1,2, . .. ,n. 

1n particular, when n = 2,3, we have 

Corollary 2.3 . We have 

μ(s ， x) 

(3(S , x) 

= ((s - l ,x) + (I-x)((s ,x) , 

= iα(s-2 ， x) + (3-2x싸 -1 ,x)+ 하 3x + 2)((s ,x)) 

P roof Replacing η by 2 and 3 in (2.1 ), we can have these. 
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Corollary 2 .4. For k = 1,2, . . . , n , 

Res,=k(n(S , x) = Pk-l(X) , 

where PI(X) is the polνnomial in x appeaπng in (2.2) 

Proof By Theorem 2.2, μ(s ， x) has only simple poles at s = 1,2 , ... ,n 

From (2.2) we have 

μ (s ， x) = ε pt{x )((s - I,x) ‘ 

Since ((s ,x) has only simple pole at s = 1 with residue 1 , 

Res,=k(n(S , x) 

where k 二 1,2, ... ,n. 
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