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GENUS POLYNOMIALS OF DIPOLES 

Jin Ho Kwak and Jaeun Lee 

The genus distribution of a graph G is the sequence go , g" . . . , where g"‘ 
is the number of different 2-cell embeddings of G into the closed orientable 
surface of genus m . J. L. Gross et al. computed the genus distríbμlioη 

for a bouquet of circles, and asked for the genus distribu t ion for othel 
interesting graphs. 1n this paper, we compute the genus díslríbutío71 for 
dipoles; that is, the multigraph having 2 vertices and multiple edges joining 
tbem. 

1. Introduction 

Let G be a fìllite connected graph allowing loops and multiple edges 
with vertex set V(G) and edge set E(G) , alld let IXI denote tbe cardinali ty 
of a set X. Convert G to a digraph by replacing each edge of G witb a 
pair of oppositely directed edges. By N(v) , we denote tbe set of directed 
edges starting at v E V(G). An embedding of G into a c10sed surface S 
is a mapping i : G • S of G into S t hat corestricts to a bomeomorpbism 
i: G • i(G). If every component of S - i(G) , called a 1"e9i07l, is an open 
disk, tben tbe embedd ing i G • S is called a 2-cell embedding. Two 
embeddings i : G • 5 alld j : G • 5 of a grapb G into an or iented surface 
S are equivalenl if tbere is an orientation-preserving homeomorphism h 
S • 5 such that hi = j . A rotation scheme p for a graph G is a map 
whicb assigns a cyclic permutation p(v) of N(v) to each v E V(G) . It is 
well known (see,10r example, [31 or Cbapter 3 of [6]) tbat every rotation 
scheme p for a grapb G determines a 2-cell embedding of G into an oriented 
surface 5 , and every 2-cell embedding of G is determined by sucb a scheme; 
ill fact , there is a one- to-one corn용pondence between tbe set of rotatioll 
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schemes for G and the equivalence c1 asses of 2-cell embeddings of G into 
an oriented surface S. Throughout th is paper, all surfaces are c10sed and 
orientable, all embeddings of graphs in to surfaces are 2-cell embeddings, 
and t he number of embeddings means the number of equivalence c1asses 
of embeddings. 

T he genus dislribution of a graph G is defined to be the sequence {gm} 
such that gm is the number of embeddings of the graph G into the surface 
of genus m . T he genus polynomial of the graph G is defined by 

g[G](x) = go + g,x + g2x2 + ... + 9NX
N

’ 

where N is the highest genus in which G has a 2-cell embedding. Since 
knowing t he genus polynomial implies knowing the genus distribution, we 
aim to compute in this paper the genus polynomial of the dipole Dn, which 
consists of two vertices joined by n edges 

To get acquainted with the problem, we give an example of the em
beddings of a particular dipole. Let G = D3, which can be drawn as 
follow s: 

e, 

e2 
U w 

e3 

For each edge ei , let et denote the edge ei wi th the direction from v to w 
and ei the inverse edge of et for i = 1,2,3. VÝe can easily construct tw。
nonequivalent embeddings of D3 into the sphere S2 
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U 

i : D3 - • 52 j: D3 • 52 

These two embeddings i and j are determined by the rotation schemes 

Pi(V) = (ei e; et), Pi(ψ) 二 (e~ e2 e3), 

and 

Pj(ν) = (ei ei e;) , PJ(ψ) = (e~ e3 e2), 
respectively. Note that these two embeddings are actually planar. The 
following figures show two different embeddings o[ D3 into the torus T. 

e2 e3 

ej 

k: D3 • T e: D3 • T 

Their corresponding rotation schemes are 

Pk(V) = (ei ei e;) , pdψ) = (e~ e2 e3), 

and 

pe(v) = (eT e; et), PI(ψ) = (e~ e3 e2) 
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In fact , the only possible embeddings of D3 into any surface are the above 
four, as will be shown in Section 3. 

2. Rotation schemes for the dipole Dn 

For every rotation scheme p for G , let r( G, p) and g( G, p) denote the 
number of regions and the genus of the surface in the embedding 0아f G 
de하te하rm띠llI ne 

IE(G)I - r서' (G’ p이)) by the invariance of the Euler characteristic. Thus, 
computing g( G , p) is equivalent to computing r( G, p) for a given graph G 
and a rotation scheme p for G. Moreover, 

g(Dn, p) = :(2 2 + n - r (Dn, p)) = 5(n T(Dn, p)) 

Hence, we get 
Lemm a 1. For any rotation scheme p for Dn’ 

r( Dn,P) = n - 2g(Dn,p). 

ln partic따 

Let En be the set of all cyclic permutations in the symmetric group 
Sn. For any 17 E S’‘, let j(u) = (j l ’ ‘ ’ , jn) be the cycle type of 17, i.e. , jk 
is the number of k-cycles occurring in the presentation of 17 as the product 
of disjoint cycles. 

Let el ,"' , en be the edges of Dn and v, w the vertices of Dn. Let et be 
the edge wi th the direction from v to ω and ei the inverse edge of et for 
each i = 1, .. . , n . Let p be a rotation scheme for Dn viewed as a permu
tation on the directed edge sets of D’‘ , and let ß denote the permutation 
(ei eJ) ... (e!' e;;) of the directed edges of D,‘ Then, the regions of the 
embedding associated wi th the rotation scheme p are given by the cycles 
of the permutat ion p(v)p(w)ß. Moreover, t he number r(Dn ,p) of regions 
of the embedd ing equals the number of di sjoint cycles of p( v )p(ψ)ß (cf 
Theorem 2.1 in [5]) 

For each rotation scheme p for Dn, by 、vriting p( v) = (안 e;; - eL) 
and p(ψ) = (e) e감 ... eι) we can define p : V(Dn) • En by p(v) = 
(1 k2 .. 셔) and p(ψ) = (1 ι ι) ‘ To simply further computations, 
we identify a rotation scheme p for Dn with the map p: V (Dn) • En 
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Lemma 2. For each rotation scheme p for Dn' 

r(Dn' p) = ε ]k , 

where (jt, . .. , jn) is the cycle type of ji(v)ji(ω) 

Proof Let (et . .. ) be a cycle occurring in the presentation of p(v)p(ω)ß 
as the prod uct of disjoint cycles. Then the cycle (et . .. ) is of the form 

(et p(ω)(e;-) p(v)ß(p(ω)(e;-)) p(ω)ß(p( v )ß(p(ψ)(e;-))) “ ), 

where every odd term is an edge from v to ω and every even term is an 
edge from ψ to v . T his cycle is completely deterrnined by the subcycle 
consisting of their odd terms, and this su bcycle corresponds to the cycle 

(i ji(v)p(ω) (i) (이v)p(ψ))'(i) . .. ) 

in ji(v)ρ(ω) . T his correspondence is c1early one-to-one (rom the sel of 
disjoint cycles of p( v )p(ψ)ß onto the set of di sjoint cycles of p(v)p(w) . In 
particular, t he number of disjoint cycles of p(v) p(w) ß is equa.l to that of 
p(v) p(ψ). This completes the proof. 

Remark. A region of the embedding associated with a rotation scheme p 
is given by a cycle of the permutation p( v )p( w)β The number of sides 
of t he region equals the lenglh of the corresponding cycle in p( v )p(ω)ß ， 

which is two t imes the length of the corresponding cycle in p(v)p(w) , as 
shown in the proof of the ahove lemma. 

Let !]m denote the number of embeddings of t he graph Dn into the 
surface of genus m , 0 1' equivalently having n - 2m regions, such that their 
cor responding permulation p satisfies ji( v) = (12 ‘ n). Let 

이Dn](x) = 90 + 9t X + 9. X ' + 
T hen by the symmetry of Dn we have l he following theorem. 

Theorem 1 
g[Dn](x) = (n - 1)’ 띠Dn](x) 

We will compute 이Dn](x) in l he following section by using D. M. 
Jackson’s counting formula concerning the cycle st ructure of permu tations 
([7]) 
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3. Genus polynomials and Stirling numbers 

Let 17 denote the cycle (1 2 “ n) throughout th is section ‘ In Sect ion 
2, we have seen that the numher 9m of embeddings of Dn into the surface 
of genus m with p(v) = 17 equals the number of p : V( Dn) • εn such 
that p( v) = 17 and the permutation p( v )p(ω) has exactly n - 2m disjoint 
cycles ‘ Hence, to compute 9띠[Dαn씨l 
T E En wi th t he pl'Operty that 17T has exact ly k cycles for eacb fixed 
number k. J ackso n de~oted t hi s number by e~n) (l); we wr ite it as e(n , k) 
Note t hat tb is number e(n , k) means the number of embeddings of Dn 
into the surface having exact ly k regions such t hat tbeir corresponding 
permutation p sat isfies p(v) = 17, that is, e(n , k ) = 9뜸k 

The Stù'ling numbers of the jù‘st kind s(n , k) , (say the Stirling numbers 
simply), are defined as the coe쩌cients of 

x(x - 1)(x • 2) ... (x - n + 1) = ε s(n, k)x k 

J acl야:kson co아omp ll따t뼈ed t미마he nllmbe밍r e(πn ， k셔) in te잉lïllS 
s이(n + 1, k) as fo llows ([7 ], Theorem 5.4) 

n-k t / e + k + 1\ 
e(n ,k) = ε nl("'~' ~) s(n+l ， C+ k+l) 

n+ 1 t=o \ k ) 

We summarize our discussions as the fo llowing theorem 

Theorem 2 

l뜸1) 

g[Dn](x) = (n - 1)! ε e(n ,n - 2m)xm , 

where 

~ , ( e + n - 2m + 1\ 
e(n ,n - 2m) = =-τε싸 ~::: ' ~ )s(n + l ,e + η 2m + 1) 

“"t- 1 1=0 ‘ n-ιm } 

To estimate the number e(n , k) , define 

f (x) = x(x - 1)(x - 2) . . . (x - n) and g(x) = f (n - x) , 
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80 that 
n+1 

f(x) = ε s(n -+ 1, h)xh. 

By taking the k-th deri、따ive of (_I)n+lf(x) = g(x) , we get 

(_ lt+1J<kl(x) = g(k1(x) = (_I)kf(k1(n - x) 

and 
(-1 r-k+1 f(서 (0) = (-1)얘(k1(0) = Jfkl(n) 

But , f(k1(0) = k!s(n -+ 1, k). Hence, we have 

Lemma 3. F01' any k , 
f(k l(n) = (-1)π k+ 1 k!s(n -+ 1, k) 

Now , we state a formula for e(n , k) 

Theorem 3 

e(n , k) = { "0꿇펙 if n - k is eveη， 

if n - k i5 odd 

Proof From f(x) = εX감 s(n -+ 1, h)xh, we have 

n+1 
f(k1(x) = ε h(h - 1) -.. (h - k -+ 1)5(n -+ 1, h)xh-k 

h=k 
n+1 

= k!s(n-+l ,k)-+ ε h(h -l) . .. (h-k-+ l)s(η-+ 1, h)삼 k 

h=k+l 

= k!s(n-+l ,k)-+ ε(e -+ 2) .. (e -+ k -+ 1 )s( n -+ 1,f -+ 1 -+ k)삼+1 
(::::0 

비
 

? 

( “ ” r r --

때
 

l 
-n 

메
 

ι n- k 

= 쓴s(η -+-I ,k)-+ ε(e -+ 2) .. - (1' -+ k -+ l)s(n -+ I ,Ji -+ 1 十 k)n f 

1ι 

(=0 

= 뜬(n -+ 1, k) -+ k!(n -+ 1) (잖 힐 (f+ 뀔)s(n-+l ， f-+l-+k펙 

= 월s(n+l ， k)-+kl(n+ 뼈， k) 
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Hence, 
(n ,k) = ,, 1

1 , "U(kJ(n) - k!s(n+ 1,k)). 
k!n(n + 1) 

Now, Lemma 3 gives 

(n, k) = -」L-((-1)n-k+1s(n + l , k) - s(n + l , k)) 
n(n + 1) 

This completes the proof 

By using Theorem 3, we can rewrite Theorem 2 as follows. 

Theorem 4 . 

I닫1J 
-2(n - 1)! '..!-

g[Dnl(x) = ----」 ε s(n + 1, n - 2m)xm 

(n + 1) ~o 

Corollary 1 

(1끼Iυ) T，빠'he max낀xlmηmum‘，m a띠때n뼈l펴d min 
tively 

(2) There are exactly (n - 1)! plana1' embeddings of Dn 

(3) Th ere aπ exactly 융(n+1)!(n-1)(n -2) toroidal embeddings of D’‘. 

μ) The number of embeddings of Dn having only one region is 

( lli!.'.二.!.l!f
(n - 1)’e(n ,l)={ ’‘6l if n is odd, 

if n is even. 

For exampJe, 

g[D2]{X) = 

g[D3]{X) = 

g[D씨 (X) = 

g[Ds](x) = 

g[D6]{X) 

g[D7]{X) = 

g[D8](X) = 

g[D9]{X) = 

2(1+ x) 
6(1 +5x) 

24(1 + 15x + 8상) 
120(1 + 35x + 84x2). 

720(1 + 70x + 469ε2 + 180x3). 

5040(1 + 126x + 1869x2 + 3044x3). 

40320(1 + 21 0x + 5985x2 + 26060x3 + 8064x4
). 
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Finally, we show that the genus distribution of the dipole Dn is strongly 
unimodal. 

A non-negative sequence {an } is said to be unimodal if there exists at 
least one integer M such that 

an-l ~ an for a\l η ~M， 

and 
an 즈 an+l for all n 2 M 

A sequence {a n } is ca\led strongly unimodal if its convolution with any 
unimodal sequence {bn } is unimodal. I<eilson and Gerber [8] proved that 
{a n } is strongly unimodal if and only if 

a~ 2 an+,an _l for a\l n 

For a fixed n , the sequence e(n , n) , e(n , n - 2), ... , e(n , n - 2 [굉]) is 
finite. We want to show that 

e(n ,n - 2k)2 2 e(n ,n -2k - 2)e(n,n - 2k +2) 

for 1 일 ~[굉]- 1. Since e(n , n - 2k) = 자숨ηs(η + 1,n - 2k) , it is 
sufficient to show that 

s(n + 1,n - 2k? 즈 Is(n + 1, n - 2k - 2)1 15(n + 1, n - 2k + 2) 1 

But, it is known that 

k(η k + 1) 
5(n ,k)2 으 15(n, k -1)115(n , k + 1)1 / ,.,. ,,;- , .~ 

for 1 < k < n (See [2] pp. 270- 271). This implies that 

5(n , k)2 즈 15(n,k - 1)lls(n, k + 1)1 for 1 < k < π 

Thus , 

5(n + 1 ， π _ 2k)2 으 Is(n + 1,n - 2k - 1)lls(n + 1,n - 2k + 1)1 

and 

s(n+1 ,n-2k)4 2 s (n +1 ,n-2k-l)2s(n+1 ,n-2k+1)2 

2 15(n + 1, n - 2k - 2)1 5(n + 1, n - 2k)2 Is (n + 1, n - 2k + : 
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Hence, 

s(n + l ,n - 2k)2 즈 Is(n + 1, n - 2k - 2)lls(n + 1, n - 2k + 2)1. 

The above discussion gives the following theorem. 

Theorem 5. The genus disf1'ibution oJ the dipole Dn is stronglν unimodal 

4. Further remarks 

Let G be a connected graph and let p be a rotation scheme for G 
Then p induces a multivariate monomial in the following manner. For 
each positive integer j , the exponent of the variable Zj equals the number 
of j-sided regions in the embedding. The sum of these monomials, taken 
over all embeddings , is called the embedding polynomial for the graph G. 
Recall that a rotat ion scheme p for Dn is identified with p ‘ V(Dn) • 
En. Let p( v) = CY and let ρ(w) = r. Then the contribution of p in the 
embedding polynomial z[Dn][zj] of Dn is the monomial m:=l Z갔， where 
j(CY7) = (j" . . . ,jn). Let ,[Dn](zj) denote t“비h따le p띠o이l이ynolllla쩌I cor아rr뼈 .. es얹sp야。이이I띠삐l ( 
to the set {( CY, 7) 1 CY = (12 ... n) , 7 E En }. Then we have the following 
theorem 

Theorem 6. 
z[Dn](Zj) = (n - 1)! ,[Dn](zj). 

For example, if n = 4 then the set {(CY,7) 1 CY = (1234),7 E E4} has six 
elements. 
If 7 = (1 23 4) , then CY7 = (1 3)(24). 
If 7 = (1 243), then CY7 = (1 32)(4) 
If 7 = (1 3 2 4) , then CY7 = (1 4 2)(3) 
If 7 = (1 3 4 2) , then CY7 = (1 4 3)(2) 
If 7 = (1423) , then CY7 = (1)(2 4 3) 
If 7 = (1 432) , then CY7 = (1)(2)(3)(4) . 
Thus, ï[D4 ](김) = zJ + 4Z2Z6 + z1, and z[D씨 (Zj) = 6z~ + 24z2Z6 + 6캉‘ 

Acknowledgement. After this manuscript was completed, Prof. J. L. 
Gross informed the authors that the genus polynomial of a dipole was 
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independently obtained by D r. R. G. Rieper in his Ph. D. thesis. 
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