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SUPERCOMPACTNESS , PRODUCTS 
AND THE AXIOM OF CHOICE 

B. Banaschewski 

It is shown that the Axiom of Choice holds in ZF iff the product of any 
supercompact spaces is supercompact, whiJe the same result for 'Tü-spaces 
and its analogue for frames can be proved without Choice ‘ 

Recall that a topological space X is called supe7.compact if it has only 
trivial covers, that is , every open cover of X actually contains X. Obvi
。usly， this means that X has a largest proper open subset 

We note that such spaces do in fact occur widely. Thus for any parti aJ Jy 
。rdered set P with zero(=smallest element) , the collection UP of all up
sets W 드 P(x ""2. ν E W implies x E W) is a supercompact topology on P , 
and hence any su btopology of μP will be supercompact. This covers, for 
instance, all injective To-spaces, that is, continuous lattices equipped with 
the topoJogy of Scott open set [2]. These, in t urn, include all Sierpinski 
cubes, and consequently every To-space is a subspace of a supercompact 
To-space . Alternatively, any spa.ce X determines a space X obtained by 
adding a new point to X such that X is an open subspace of X and the 
only neighbourhood of the new point is the total space; evidently, X is 
supercompact. 

At t he same time, supercompactness is rather an extreme form of com • 

pactness, especially since a sllpercompact space mllst be fairly unsepa 
rated: sllch a space may be To but if it is 낀 it is a singleton or empty 
In view of this, it is noteworthy that, in Zermelo-Fraenkel set theory, the 
foundation aJ position of supercompactness is the same as that estab lished 
by Kelley [4] for compactness 

The Axiom 01 Choice holds iff the producl 01 any sV.]Jercompact s/Jaces 
is sU ]Jercompact. 

R.eceived May 8, 1992 

111 



112 B. Banaschewski 

Given supercompact spaces X마 E 1) with largest proper open subsets 
5i 드 X i, and X = IIXi with the projections Pi X • X i, put T 
uh넌 [5i ll i E I}. We claim this is the largest proper open subset of X 

Let, then, W be any proper open subset of X and consider any U 드 w 
such that 

U=p낀U1J n .. . n P피 [UnJ 

for open Uk 드 X i.; Since U is also proper, Uk f. X i• for some k, hence 
Uk 드 S‘.' and thus U 드 p피 [5i .J 드 T. This shows that W 드 T since W 
is the un ion of such U. To see that T 폼 X , choose Ci f/. S‘ for each i E 1: 
then C = (C;)iEl f/. T. 

Conversely, for any family (Ei)iE l of non-void se성， take any element 
* f/. UEi and define spaces X ‘ with underlying sets Ei U {*} and open sets 
0, {*}, and Ei U {*}. Obviously these X i are supercompact, and hence 
X = IIXi is supercompact by hypothesis. Now , put W,‘ = 까I{ *}, and for 
x E E‘ let i: E X be the point such that i:‘ = x and 획 = * for j ￥ i. Then 
i: f/. Wi and therefore uw,‘ f. X. It follows that, C meaning complement, 

0 ￥ C(UWi ) = ncwi = nCp;-I(*) 

np;-I[EiJ = IIEi ’ 

proving the Axiom of Choice 
We note that the spaces involved in the second part of this proof will, 

in general, be badly non-To. There is a good reason for this , namely 
Any product oJ supercompact To-spaces is supeπompact. 

Going back to the place in the fìrst part of the above proof where the 
Axiom of Choice is invoked by picking Ci f/. 5i in X‘ for each i E 1, consider 
any X f/. 5 i in X i . Then 5 i 드 c1감 and t hus 5 i = C감}， so that, for a띠’ 
x ,y f/. 5 i in 차， 표}=1고} and therefore x = y for To-spaces. Thus, there 
is only one point in X ‘ outside 5 i , for each i E 1 in t he present situation , 
and this eliminates the need for the Axiom of Choice at this stage. 

The last result leads to a further condition equivalent to the Axiom of 
Choice. For any space X , let X O be the To-reflection of X , that is , the 
quotient space of X obtained by identifying points with equal neighbour 
hood filters . Obviously X and X O have isomorphic lat ti ces of open sets so 
that X O is supercompact iff X is. Now we have, in Zermelo-Fraenkel set 
theory 

The Axiom oJ Choice holds iff any product space rrx i is supeπompact 
whenever II자 is supel'compact. 
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Given the Axiom of Choice and (X;);E J such t hat Y = nx? is su 
percompact , it follows that each X? is supercompact since the projections 
pi : Y • X? induce frame embeddings (= preserving n and U) U ,,-, 1';-1 [U] 
for the open sets U of X p. Hence each X ‘ , and therefore n x ‘’ IS s uper~ 
compact, the latter by our fir st resuJt 

For the converse, it suffices to deduce tha.t nx‘ is supercompa.ct for 
any family of supercompact spaces, but th is follows immediateJy from the 
fa.ct that n자 is supercompa.ct , by our second result. 

An aJterna.t ive to the first part of this proof would be to use the result 
of Ba.na.schewski [1] tha.t the Axiom of Choice is equivalent to the condi t ion 
that (nxi)O = nx? for any family of spaces 

Finally w‘e note that , a.gain in analogy with compactness but co n s id~ 

era.bly eas ier to prove, we have 
Any co야’p끼lroducκcto이I su띠'percomηl'따lacμ: 1 f:기1" ，ηm‘-ame얹8 !잉s s잉u띠tηψpcrη'co 

Recall , first, t hat a Jrame is a complete latt ice L in which X ^ V 5 = 
V {x ^ tit E S} for a ll x E L and S 드 Lι’ and a Jrame homomOl씨r:η‘7끼l 
l녕s a ma때p h : L • M between frames which preserves all finitary meets , 
including t he unit e, and arbitrary joins, including t he zero O. Any family 
(μ )iE J of fra.mes ha.s a coproducl θL‘’ and s때ercom.pactness， natu rally, 
means t here exists a largest element strictly smaller t han the uni t. For 
general facts about frames see Johnstone [3] 

Let , t hen, L = æ L; with coproduct maps ki L; • L and assume 
each L ; is supercompa.ct , with S; E L i the largest element smaller than 
the uni t. Note that, as a consequence of t his, each ki : Li • L has a left 
inverse ei : L • L i, defi ned such that 

J e (x <L Sj) 
t k‘ = ltlL. ,e,kj(x) = { J for J # I t 0 (x::; Sj) 

Now let S = V{ι(8‘) li E I}. We c1 aim this is the largcst element of L 
smaller than the unit 

To begin with , indeed s < e since s = e impl ies, fo r any j E " 

e = 긴 (e) = V {fjki(s;)li E I} = Sj ’ 

a contra.diction . Further, for any a < e, if 

x = ki1 (x ,) ^ ... ^ ki .. (x n ) :'Õ a 

for some Xk E Li, then x ::; S by the same argument as in our first proof, 
and since a is the join of these x we have a ::; s, as des ired 
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In conclusion, we remark that supercompact frames are as ubiqui
tous for frames as supercompact spaces are for spaces: For any frame L , 
“addinj1; a new top" produces a superco~pact frame L such that L 은 
{x ε Llx ::; s} for the largest s < e of L. This makes every frame an 
“open" quotient of a supercompact frame. In particular, it follows that 
there is a large supply of supercompact frames that are not isomorphic to 
a topology 
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