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ON MODULAR PAIRS IN 
LOOMIS-*-SEMIGROUP 

s. H. R.aza 

The purpose of this paper is to introd uce the co ncept of modular 
ity in loomis- *-semigroup. ln cons iderat ion of this we extend some new 
results on loomi s- '야emigroup. D.J. Foulis [1] , proved that weak loomis 
*-semigroup is a complete Baer-*-semigroup and a loom.is-*• senugrou p ]s 
a weak Loomis-*-sem.igroup sat isfying the (EP) property. Particu larly we 
are interested in t he use of loomis- *-semigroup as Baer-*-semigroup. By 
virtue of this we proved different llew results. 1ll this llote we shall as
sume that the reader is fam.i li ar with the termillology alld notations of t he 
quoted papers. T he question arises : What cOIlnection exists if the loomis
*-sernigroup posses modular property. "아'e sha ll prove tba t if in a loomis-* 
sernigrou p rnod ular property h이ds with a : e ~， f tben (go바" = (g'o.)'o.' 
and another important theorern. 1n a loomis-*-sem.igroup if (e , J) M , for 
every e,j E ?'(S) and e is *-equivalent to a subelernent of f if and only 
if f is *-equivalent to a subelernent of e, tben 

0.] ^b] = (( e이)'ad' ̂  ( (f야 )'b1 )" wbere a1 = f'n and b1 = e'm. 

Apart frorn this we a lso proved other interesting theorerns 

Definitions. A *-sernigroup S is a semigroup with a mapping * : S • S 
such that (i) (xy)" = y'x' (ii ) x" = x for all x , y E S . An element e E S 
is called projection when e e‘ e2 A pro ject ion e is closed wben 
e e" E S . The set of p rojections a.nd closed projections are denoted 
by P(S) and P'(S) respectively. A Baer *-semigroup is an involution 
semigroup with when for each element a E S there exists a projection e of 
S such that {x E S;ax = O} = e'S . We sa.y that e and f are * equivalellt 
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and denoted by x e~. f where x is partially unitary, when x exf, 
x*x = f and xx ‘ = e. If M i5 any non-empty subset of S , then Z(M) 
is the centralizer of M if Z(M) = {s E S : sx = xs for all x E M}. We 
define zz(M) = Z(Z(M)). The involution semigroup S has the property 
(EP) if given any non-zero element x E S, there exists an element ν ES 
such that ν = ψ E zz(x‘τ) and x*xZ is a non-zero closed projection, 
then we shall say that S has property (WEP). An involution 5emigroup S 
satisfying *-cancellation law and (WEP) property in which 외1 pro jections 
are closed and if {aι} is orthogonal family of partially unitary element5 of 
S , then sumι aι is not empty. A loomis *-semigroup is a weak Loomis-* 
semigroup satisfying the (EP) property 

Theorem 1. Let S be a Loomis-*-semigroup, a e ~‘ f and (e , J) M 
e, f E P'(S). Theη for 9 E P'(S) 

(ga)" a* = (g닝)' a* 

Proof Since (ga)" = [(g' ^ e)이， ̂  f by lemma 18[2]. So (ga)' ^ f = ([(g' ^ 
e)이"v f ’) ^ f = [(g' ^ e)a]" , since [(g' ^ e)a]" :::: a" = (ea J)" :::: f by 37.5.3 
[1] and (f', f)M. Now by 37.7 [1 ], (ga)' ^f = [(g'e)이"= [이ea)]" = (g'a)" , 
since aa* (ea)a* (ea)(ea)* so a ea by *-cancellation law. Hence 
from [(ga)' ^ f] V l' = (g'a)" V f ’ we have [(ga)" V 1'] ^ f = (g'a) ^ f , 
which further gives (ga)" = (g'a)' ^ f , since (ga)" :::: a" = (eaJ)" :::: f by 
37.5.3 [1] and (f',f) M. As (g'a)" :::: f , so by 37.5[1] l' :::: (g'a)' which 
implies l' (g' a)’ = (g'a)'1' = l' and f(g'a)' = (g'a)'f = f ^ (g'a)' by 37.5 
ad 37.7[1]. Now on multiplying (ga)" = f(g'a)' by a on the left , we get 
a(ga)" = af(g'a)' and so a(ga)" = a(g닝)' ; since a = eaf and ea = a. On 
taking involution on both sides we get (ga)"a* = (g닝)'a‘· 

Theorem 2. Let S be a LOO1’m z싫s-* -‘ 

ev’ erν eζ’ f E P'’(S). Then 

a = eba ，뻐 

Proof From 37 .5[1] a" = (ea J)" :::: f , l' :::: a'. Therefore (f'a')' 
f , [e (f'a')γ = [ef ]'. Hence [e (f'a')γ ̂ f = (e f)' ̂ f = {(e' ^f) V f'} ^f = 
(e' /\ f) from 37.10 [1] , since (f',f) M. Now {[e(fψ)']' ̂  J}' = .e V l' gives 
{[e(f'a') 'l' ̂ J}'e = (eV 1' )e = e, since e:::: eV 1'. Let ([e (fψ)'] ̂  J}' = b 
So a*be = a*e = a* , since aa* (ea)a* = (ea)(ea) ‘ and 50 ea a by 
*-cancellation. Similarly af a. Now eb’‘ a a ea and 50 eb’ af = 
eaf = a. Therefore eba = a 
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Theorem 3. Let e is *-equivalent to a subelement oj j ij and only ij j is 
*-equivalent to a sube l emeη t oj e and (e, 1) M j07' every e,j E P' (S ), then 

a1 ^ b1 = ((ea; )’al)" ^ ((1b; )'b1)" 

ψhe1'e a1 = 1'n and b = e'm . 

Proof As a e ~‘ f지1 ~ j ,’ b : j ~. e이"’ so that ex씨1S t싫s pro이Jec다띠tíon 
m ,n E P'( S ) wíth m ~ e, n ~ j; η = (ma)' ^ j and m = (nb )' ^ e frorn 
Theorem 21[2] since (ma)" = [(m' ^ e)이 ' ^ j , (nb)" = [(n' ^ 1)이 ' ^ e1 from 
theorern 18[2] we have (ma)" ~ j , ~ j , (nb)" ~ e1 ~ e, (ma)" V j 二 f 
and (nb)" \I e = e. Also m ~ e, n ~ j gives me = em = m , nj = jn = n 
and so m e' = e'm = m{(nb)’ ^ e'} and n1' = 1'n 二 n {(ma)' ^ f'} from 
37.5[1]. Now 

e' ^마I e' ^ 1'n = n {(ma)' ^ 1'} ^ e' 

( (1'n )닝)닝 = ((ea;)'ad " from 37.8[1] 

= ( (e이 )'al )" where al = I'n , from 38 . 2 [니 

Símilarly, e'm ^ l' = m{ (nb)' ^ e' } ^ .f’ = ((1이 )' bl ) " where bl = e'm 
T herefore {( m e' ) ^ e’} ^ {(n f') ^ f'} = (( ea; ) '띠)" ^((1야 ) ' b1)". So fi naUy 
we get a ) ^ b, = (( eaj )'a J)" ^ ((1bj)'btl" , since (me')" ~ e' , (n1')" ~ f' 
from 37.5[1] . 

Theorem 4 . Let Uo- } be anη1 0 1'π't/띠hωo얘gonl“띠a띠l니l j.μil1nil씨lωy 0에jpπroJπecμtwnsαsznη1 S an 
S때u띠p끼깨}ηψpose that a : e ~. Vo- f o- where e is a projection in S .fo1' every e, f E 
P' (S) , then 

a~ V[a~ (양 ̂ (g'a ，， )껴: }' ] = j ,,, g E P'(S) 

P1'oof Now there exists a decomposil ion e = \I~eo- of e in to ort bogonal 
project ions Uo- } such lhat ao- : e" ~. j o- by Theorem 19[2] which gives 
ao a~ eer and a~aO' = fo-. Now aα is a nO Il-zero elemenl lhen by lemma 
3[2], there exists a nonzero closed project ion 9 E Z Z( a~a，， ) and an element 
y = ν. E ZZ(따 a，，) such tbal a~a"y = 9 and y = gyg. We have .fo-Y = g, 
because a: a"y = 9 and a:a" = j，α Since aaa:, = (eaa-)따 = ( eμ)( ea,,)*, 

we have by *-cancellal ion l a、v a (Y eaC'l 

Now [(g' ^ e" )a,,]" ~ a: and 양 ~ [(g' ^ e" )a,,l' by 37.5[1]. We get 
a~ ^ [(g’ ^ a,, )a,,1' = 양 So 따 ̂ [(g ' ^ e,, )aa.]' ^ .f" = 양 ̂ j" . Now 
from lemrna 18[2] and (37.7) [1] 따 ̂ [(g' ^ ea)a,, ]' ^ .f" = 따(gμ )". As 
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aα = (e" a" f ,,), so 강 = (e"a" f " Y' S; f " by 37.5[1]. By 37 .5[1] f~ S; a~ 
Hence we have f~따 a~f~ = f~ . Further f"따 = 양f" = 따 ̂  f " by 
37.7[1] . Now a~f" 0, since f " = a~a" ， hence a~f" (a~a~)a" = 0 
by 37.5[1]. From (i) 、ve get a~ (ga，， )" O. So a~(ga，， )"a~ O. By 
Theorem 1 양(g' a，， )'따 = O. Hence [a~ ^ (g' a，， )μ~ = a~f" ， by Theorem 

37.7[1] which implies a~([따 ̂ (g'a ，， )μ~)' = 양(J"야)'. Also (J"따)" S; 따 
by 37 .5[1] which gives 따(J"a~)" = (J，。따)" = ((J"따)"따 = (J"a ,,)". By 
(37.5.8) , (37.7) [1], (J"따)'따 = a~ (Ja따)' = a~^ (J"a~) ， a~(a~^(g'a，，) ’a ~ )' 
= [a~^ (J" a~)"] = a~^fa' So ( ea ，， )"V[a~(따 ^(g'aa )'a~]' = 따 V[따 ^f，， ] = 
f Ol since 매 = f" and (e,f)M j\e,f E P'(S) 
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