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ON THE CONSTRUCTION OF INDEPENDENT 
SECTIONS OF T (S2m+l X Sn ) 

Dae-I<yung Kim and Hyun-Jong Song 

1. Introduction 

Let 5" denote the unit n-sphere in the Euclidea.n (n + 1 )-spa.ce Rn+l 
a.nd T(M) the tangent bundle of a. smooth manifold J\!J 

Utilizing product ivity of Eu ler chara.cteri st ic c1asses and t he fact tha t 
product of μNO stably triv ia l bundles is t ri vial if one of t hem has at least 
one independent sectio11 (cf. [2], [3], [4J or [5]) , we see th a.t vector fields 
problem o[ 5 2m+1 X 5" turns out to be a lmost obvious compared with 
Ad a.ms' 、…k 011 spheres ([1 )) 

T he purpose of thi s pa.per is to show hovv' to C011struct 2m + n + 1 in 
dependent sectio11s of T( 52m+ I X 5n

) ‘w‘v삐’ 
Tη(52m+1 ). 

The const ruction is ca..rred out as fo l1ows. Using a. single section 5 
of T(52m

+
1

) , we const ruct n + 1 independent sect ions U1,"', U,,+ 1 of 
0(5) EÐ T" , 、‘ here 0(5) is t he Lrivi a.1 bund le a.ssociated with 5 , 1;, is the 
pu l1-back bundle of T(5n

) under the canonica l projectio ll , and EÐ c1 enotes 
t he Whi tney sum of vector bund les. Next step is to const ruct 2m 十 2 
i ndependent sections 끼， ‘ ’ lιf2m+2 0이f T.η;m <$B 8이(ωUιl샤) EÐ O이(ωU2서)， 、w야배he히re T..지;”m‘ = 
℃되2m+μr/ O띠(5되)， tI마he quotient bundle 0이f1자iL?”써， 
buncl le associated 、Wlπtl대h μ [01아r‘ 1,’ 2. Then {Ui ， 끼 13 ~ i ~ n + 1, 1 ~ 
J ~ 2m + 2} is the c1esirecl set o[ 2m + n + 1 inclepcn clent sect iolls of 
T(52m+1 X 5") 

2 . Description of Subbundles of T(S2m+ 1 X S n) 
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Let T denote the tangent bundle T(S2m+1 X Sn) and let T2m+1, Tn 
denote the pull-back bundles 셔T(S2m+l) ， 다T(sn) ， respectively, under 
the canonical projections π1 : S2m+1 X Sn • S2m+l , π2 : S2m+1 X Sn • Sn ‘ 

Then T , T2m+1, and T" can be described as follows 

T = {(p , q, u, v) E s2m+1 X Sn x R2m+2 X R"+11 < p, u >= 0 =< q, v >}, 

T2m+1 = {(p ,q,u ,O)1 < p,U >= O}, 

Tn = {(p , q, 0, ν)1 < q,v >= O} , 
where <, > denote the standard inner produd on Rk

. Observe that T = 
T(S2m+1) X T(Sπ) = T2m+1 EÐ T" 

Let S: S2m+1 • T(S2m+1) be the independent sect ion defined by 

S(p) S(x }, ••• , X2m+Z) = (-X21 Xl , -X4 , X31"' , -X2m+2 , X2m+l) 
E T(S2m+1 )p , 

where T(S2m+1)p is the tangent plane at p E S2끼+1 Then the trivial 
subbundle O(S) of T associated with S and T~m = T2m+dO(S) have the 
following total spaces 

O(S) = {(p ,q,ÀS(p) ,O)IÀ E R} 

T~m = {(p ,q,u,O)1 < p,U >=< S(p) ,U >= O} ‘ 

Lemma 1. The bundle O(S) EÐ 끄 = {(p , q, ÀS(p) , η)IÀ E R , < q, ν >= O} 
is trivial with the lrivialization "" defiηed bν 

""(p , q, ÀS(p) , ν) = (p , q, v + Àq) 

Proof "" : O( S) EÐ Tn • (S2꺼+1 X Sπ) x Rn+1 is obviously a bundle map 
with inverse ",,-1 defined by 

",,-I(p,q,Z) = (p ,q,< q,z > S(p) ,z- < q,z > q). 

Let {E‘ 11 ::; i ::; n + 1} be a fixed orthonormal basis of Rπ+1 Define 
a map U,‘ : S2m+1 X Sn • O( S) EÐ Tn by 

U‘ (p ,q) = (p,q,< E‘’ q>S(p) ,E‘-<E‘ ,q > q) 
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for each 1 ::; i ::; n + 1. Then {U‘ 11 < i < n + 1} is clearly a set of 
independent sections of O(S) EÐ Tn. Moreover, the trivial bundle O(U‘) 
associated with the section U; is described by 

O(U‘) = {(p,q,À < Ei ,q > S(p) ,ÀE‘ -À <E‘ ,q> q)IÀER) 

Then the bundle T is isomorphic to τ;nl eB ($ l <‘<n+lO(U;)) and the total 
space of the subbundle 원m EÐ O( UJ) EÐ O( U2 ) of T is described by 

{(p ,q,u+ < 시El+ 사E2 ， q > S(p) ， 시 El + À2E2- < 시El + À2E2, q > q) 1 

< U ,p >= 0 =< U ,S(p) >, Àl , 사 E R , u E R2m+2} ‘ 

Lemma 2. The bundle 끽m EÐ O( Ud EÐ O( U2) is trivial with the trivialization 
β defined by 

ß(p ,q,u+ < À1El + À2E2 ,q > S(p) , 시E， + À2E2- < À,El + À2E2 ,q > q) 

= (p , q, u + À1P + À2S(p)) 

P l'Oof It is easy to see that ß : τ~m EÐ O(Ut) EÐO( U2) • (S2m+' X Sn) x R2m+2 
is a bundle map with inverse ß- 1 defined by 

ß-' (p ,q,x ) = (p ,q,pp(x)+ << x ,p > E,+ < x ,S(p) > E2,q > S()i ), 

< x ,p > E,+ < x ,S(p) > E2-<< X ,p > E,+ < x ,S(p) > E2,q > q) , 

where pp(x) = x- < x ,p > p- < x ,S(p) > S( p) E (1~m)(p ，q) 

3. Main Theorem 

For a fixed orthonormal basis {간 1 1 ::; i ::; 2m + 2} of R2m+2 ’ define a 
map V; : S2m+' X Sn • T' EÐ O(이 ) EÐ (U2 ) by 

V; (p ,q) = (p ， q ， pp (건)+ << 건 ， p>E，+ < 건 ， S(p) > E2,q > S(p) , 

< 건 ， p > E,+ < 건 ， S(p) > E2- << 건 ， p > E,+ < 건 ， S(p) > E2,q > q), 
for each 1 ::; j ::; 2m + 2. Then {끼 11 ::; j ::; 2m + 2} is a set of linearly 
independent sections of T;m EÐ O( UJ) EÐ O( U2) 
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FinaUy we come up with 2m + π + 1 linearly independent sections 

{μ ， 끼 13 ::; i ::; n + 1,1 ::; j ::; 2m + 2} 

of T2m+1 EB Tn = T 

Theorem 3 . T2m+ 1 E!l Tn has 2m + n + 1 lineal'ly independent sections 

{μ，끼 13 ::; i ::; n + 1,1 ::; j ::; 2m + 2} 

Proof It is enough to show that those sections are linearly independent 
for each (p , q) E S2m +l X sn. Let real numbers ai and bj be given and let 

X = ε3~i~ n+l 띠Ei and Y = ε ' Sj :>2m+ 2 bjFj. Then we see that 

ε aiU;(p,q) + ε bj V; (p , q) = 0 
3$i :5n +1 1::S j :5 2m +2 

if and only if 

(A) < X ,q > S(p) + pp(Y) 

+<< Y,p > E ,+ < Y,S(p) > E2,q > S(p) = 0 

and 

(B) X- < X ,q > q+ < Y,p > EI+ < Y,S(p) > E2 

- < < Y, p > E1 + < κ S(p) > E2,q > q = O. 

Since pp(Y ) is orthonogonal to S(p) for any Y , the equat ion (A) holds if 
and only if 

(C) pp(Y) = O(i .e. , Y =< Y,p > p+ < Y,S(p) > S(p)) and 

< X , q > + < < Y, p > E, + < ì이 S(p) > E2,q >= O. 

Substituting << Y,p > E ,+ < κ S(p) > E2,q = - < X ,q > into the 
equation (B), we get 

X+ < Y,p > E,+ < Y,S(p) > E2 = 0 

Since {Ed 1 ::; i ::; n + 1} is a basis of Rn+l, we have 

< Y,p >=<}이 S(p) >= a3 = a4 = ... = an+l = 0 

And , from (C) , Y = ε'<j<2m+2 bj Fj = 0; hence b, = ... = b2m+2 = 0 
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