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ON A STRUCTURE SATISFYING AN 

ALGEBRAIC EQUATION X = a2 X + εAp(X)TP 
p= l 

Lovejoy S. Das 

Different iable rnanifolds with almost contact st ructures were inves ti
gated by W. M. Boothby - H. C. Wang [IJ , D. E. Blai r [2], S. I. Gold 
berg - K. Yano [4J , and among others. S. Sasaki [3J defined the not ion 
of(tþ,f" η ， g)-structure on a differentiable rnanifold and showed that the 
structure is closely related to the almost contact structure. The purpose 
of this paper is to study a manifold with differentiable structure defined by 

r 

an algeb raic equat ion X = a2 X + εAp(X)TP and obtain its integrabil• 

p=l 

ity conditions. In partic비 ar tbis manifold reduces to an almost r-contact 
hyperbolic rnanifold 

The results of this paper have been announced by the author in Ab 
stracts, American Mathematical Society [8J 

1. Introduction 

Let us consider an n-dimensional (n = m + r) real differentiable man
ifold Mn of class C∞ Let there exist a C∞ fu nction F , 1'(Coo) con
tr avarian t vector -fi“빠le퍼e이lds T' ,’ T2R’ ’ T' a히n뼈1띠d r서(C∞) 1 -나- forms 
satisfying the fo이110α‘w씨Ilη띠n띠]자Ig cond비l“1t1μ10αns: 

서
 

1 
l 
i 

( 
X = a2X + ε Ap(X)TP, 

where a is any nonzero complex number. Let 

이
 
“ / 

1 ( 
X = F(X) , 
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(1.3) 

(1.4) 

(1.5) 

T" = 0, for p = 1,2, ... , r 
ApX = 0, for an arbit rary 、rector field X 

ApTP = _a2

’ 
Let Mn be endowed with the Riernannian rnetric tensor g such that 

(1.6) def 
AqX~'g(Tq ， X) ， forq=I ,2 ," ' ,r 

끼
 

l ( 
g(X , Y) = _a 2g(X, Y) ε Ap(X)Ap(Y) , 

p=l 

where g is a nonsingular rnetric tensor 
We suppose that F gives to Mn a differentiabJe structure defined by 

an algebraic eql빠ion (1.1). It is well known that a manifoJd is an aJmost 
r-contact metric rnanifold if it is of dirnension 2n + r and a = :J: i. 

Let us define 

(1.8) def ,,, '" 'F(X, Y)~'g(X ， Y) 

Barring X in (1.8) we obtain 

이
 ι
 

7 

-’ 
1 4 

( 
'F(X, Y) = g(X , Y ) 

which in view of (1.1) and (1.6) , yields 

(1.10) 'F(X ,Y) = a2g(X,Y) + ε Ap(X)Ap(Y) , 
p= l 

Barring Y in (1.8) we obtain 

m 1 i 
( 

'F(X,Y) =g(X ,Y ), 

which with the help of (1. 7) yields 

(1.1 2) 'F(X, Y) = -{a2g(X,Y) + ε Ap(X)Ap(Y)}. 

Thus frorn (1.1이 and (1.1 2) we get 

페
 

l ( 
F(X,Y) = -'F(X'y) 

Replacing X by Tq in (1.8) and making use of (1.3) , we get 

(1.14) 'F(Tq , Y) = 0 
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Barring X in (1. 13) and making use of (1.1) and (1. 14) we get 

(1.15) 'F(X ， γ) = _a2’F(X,Y) 

Also barring Y in (1.7) and with the help of (1. 3) and (1씨 we get 

(1.16) g(X , Y) = -g(X, Y). 

Thus from (1.8) and (1.1 6) we have 

(1.1 7) 'F(X,Y) = -'F(Y,X). 

Hence 'F(X, Y) is skew symmetric 

2. COMPLETE INTEGRABILITY CONDITIONS 
OF DIFFERENTIAL MANIFOLD Mn 

The Nijenhuis tensor for the (1 , 1) tensor field F can be wri tten as 

(2 .1) N(X, Y) = [X ，피 +까Y] - [X,Y]- [X ,Y] 

Thus in view of (1. 1) , we have 

(2.2) N(X, Y) = 갖，피 +a2 [X ， Y] + ε Ap([X， Y])TP 
p::::l 

-[X, Y]- [X , Y] 

Definition 2.1. The differentiable manifold Mn is completely integrable, 
if the Nijenhuis tensor vanishes. 

Theorem 2.1. 1η order that a differeηtiable manifold be completely inte
grable, it is ηecessary that 

(2.3) ε Ap([갖，피)TP = O. 

Proof Barring X in (2.2) and using (1.1) we get 

(2 .4) N(X , Y) = a2 [X ，끼 + ε Ap(X)[TP ， 꺼 + a2 [X , Y] 
p=1 

+ ε Ap ([강， Y])TP - [X ， γ] _ a2π， Y] 
p=1 

-η
 

-T 
지
 

A 
r 

ε
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Now barring the whole equation (2.4) and making use of (1.1), we obtain 

(2.5) 파숫， Y) = a2굽회 + ε Ap(X)균P ， Y) + a2 [X, Y) 
p=l 

_a2 (강，꺼 - ε Ap( [X , Y))TP - a4 [X , Y) 
p=l 

_a2 ε Ap([X , Y])T" - a2 ε Ap(X)[T", Y) 
p=l p=l 

- ε Ap(X)A,([T", Y])T' 

In consequence of equations (2 .4) and (2.5) we have 

(2.6) N(강， Y) + a2 N[X, Y) = ε Ap(X)[TP ，꺼 - ε Ap( [X , 끼)TP 
p=1 p=l 

_a2 ε Ap(X)[TP, Y)- ε Ap(X)Aq([TP, Y])T' 
p=I p,q=l 

Now in view of the equation 

(2.7) N(TP , Y) = a2 [TP, Y) + ε Ap(X)[TP, Y ]T" - [Tp , Y] . 
p=l 

and (2.6) we obtain 

(2.8) N(갖， Y)+a2N(X ， Y) = ε Ap(X){N(TP, Y)} 
p=l 

-ε Ap([X, Y))TP 

For the complete integrabilty of the manifold j\,fn , the equation (2.8) 
reduces to (2.3) 

T heorem 2.2. For a completely integrable manifold j\,fn, we have 

(2.9) ε Ap(X){[TP끼 - [TP ，까}+ ε Ap([X , Y))TP 
p=l p=1 

= ε Ap(Y){ [갖，T") -따f펴}+ ε Ap([X，피)TP. 
p=1 p:;::l 
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Proof Barring X and Y in (2 .4) and using (1. 1), we obtain respectively 
the following 

(2.10) N(X , Y) = a2 [X , Y] + ε Ap(X)[TP ，피 + a2 [강， Y] 
p;1 

+ ε Ap([X , Y])TP - [X, Y] - a2π， Y] 
p;1 

ε Ap(X)[TP ，피 

and 

(2.11) N(X， Y)=a2까， Y]+ ε Ap(Y)([강， TP]) + a2 [X , Y] 
p=l 

+ ε Ap([X，피)TP - 대， Y] - ε Ap(X)다f펙 [X ,Y] 
p;1 p=l 

Thus from (2.10) and (2.11 ), we have 

(2.1 2L}f(X , Y) - N(X，γ) = ε Ap(X){[TP ，꺼 - [TP , Y]} 
p=l 

+ ε Ap([X , Y])TP ε Ap([X，꺼)TP 
p=l p=l 

-ε Ap(Y){[τ， TP]- 더f펙} 

Now putting N(X , Y) = 0 in (2.12) we obtain (2.9) 

3. NON UNIQUENESS OF THE ALGEBRAIC EQUA
TION 

In this sect ion we takc C∞ manifold }o.1n admit ting il. C∞ tensor field f 
of the t샤ype (1 ,’ 1 ),’ T서(C∞) 1-forms 
ant vector fie리l버ds 'T1

시’/I T2R
’ 
... ,'Tr and we define the following relations 

(3.1) μ (J(X))뻗f파긋)- ε a:(X)TP , 
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(3.2) 

(3.3) 
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def TP ..... ~ μ ('TP) ， for p = 1,2, ... , r , 

def 
'Ap(Xt~'Ap(μ (X)) - a(f(X)) 

where a is some scalar function and μ is a nonsingular vector valued 
function 

Theorem 3.1. 1η a differentiable manifold the algebmic equatioη defined 
bν 

F 2 (X) = a2 X + ε Ap(X)T", 
p=l 

is not unique, if and only κ (3.2) and (3.3) hold 

Proof Putting f(X) for X in (3.1) and making use of (1.1) and (3.1 ) we 
get 

μ (f(f(X))) 마(X) ε a(f (X))TP, 
p=l 

a2μ(X)+ ε Ap (μ(X))TP ε a (X)T" , 
p= l p=1 

-ε a(f (X))TP , 

which in view of (1.3) yields 

μ (f(f(X))) = a2μ(X) + ε Ap(μ(X))TP ε a(f(X))T". 
p=l p=l 

Since μ is a nonsingular vector valued linear function , thus ma king use of 
(3.2) and (3.3) we obtain 

f (f(X)) = a2X + ε{Ap (μ(X)) - a (f (X)) }'TP 

or 

f (f (X)) = a2X + ε ， Ap(X)'TP 
p=l 

Therefore, the algebraic equation defined by (1 .1) is not uniq ue. 

Theorem 3.2. Let there be two algebmic equations satisfying (1.1) in M n 
and related bν (3.1) theη ψe hav 

(3 .4) a2a(X) = Apμ (f(X)) ， 



(3 .5 ) 

an d 

(3 .6) 
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O'('TP) = 0, 

Q 츄， Ap 

Proof The proof of (3 .4) fo llows in conseq lle n ce o f (3 .3) and (1.1 ). Putting 

'TP for X in (3씨 we a t once ge t (3. 5) . (3 .6 ) [o llows im m ediately a fte r 

p ll t t ing 'Ap fo r 0' in (3 .5) , t hllS gi v ing 'Ap('TP) = 0ι’ ‘w‘，' hiκch 녕s no야t tnω‘' U 
because o f (1.5 ) he n ce 0' ￥， Ap 
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