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ON A NON-SELF ADJOINT SINGLUAR 
BOUNDARY VALUE PROBLEM 

A. A. Darwish 

T his paper is devoted to study a boundary value problem of Sturm Li
。uville type wi th a discontinuous density funct ion and including a spectral 
parameter in the boundary condit ion . The kernel resolvent is constructed 
and the distribution of the spectrum of the considered problem is inves
t igated. Moreover, a new approach is induced to construct t he adjoi nt 
problem associated to the problem. Finally, the continuous spectrum of 
t he problem is inves tigated and whence the spect rum of the adj이nt prob
lem is given 

Introduction 

[n the space L2 (0 , ∞， p(x)) the bounclary value probl~m 

_y"+q(X )Y= 샤(x)y ， 
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y' (이 - À ε Ony(an) = 0 (2) 
n ;;l 

is consiclerecl , where the function q(x) is a complex valued , continuous on 
[0, ∞) and satisfì es the condition 

L∞ xlq(싸 (3) 

T he function p(x) is discontinuous at x = b and has the form 
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O<x<b 
b<x< ∞， ^f ￥ 1" > O. 
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2 A. A. Oarwish 

Also, ,\" is a complex parameter and a n , an are real constants 
It is well known [See(5.p.146-152)] that the boundary value problems 

with spectral parameter in the boundary condition have many interesting 
applications in mathematical physics 

It should be mentioned that the spectrum of the boundary value prob 
lem (1 )-(2) has been previously investigated [1] when p( x) 즈 a > 0 and 
the boundary condition y(O) = 0 holds 

Also, a regular boundary value problem with spectral parameter in 
the boundary condition was discussed in [7]. Moreover , in [6] the case 
of two-point boundary value problems with eigenvalue parameter in the 
boundary condition was studied 

1n the following treatments, some certain solutions of the equation (1) 
under the hypothesis that condition (3) holds were shown. A detailed 
study of the discrete spectrum of the boundary value problem (1)-(2) was 
conducted where the resolvent of this boundary problem was obtained 
Also, the adjoint problem of the same boundary problem was constructed. 
Futhermore, the continuous spectrum o[ the considered problem (1)-(2) 
and the spectrum of the adjoint problem associated with the boundary 
value problem (1)-(2) were investigated 

Q1. Some solutions of the equation (1) 

From condition (3) it is evident that (1) reduces asymptotically to the 
simpler equation -y" 샤y as x • ∞. This permits us a complete 
investigation of the properties of the solution to equation (1) 

Let ψ(x ， k) and 'P (x , k) denote the solutions to the equation (1) on the 
interval [0, b] which satisfy the initial conditions 

ψ (O ， k) = 1, ψ'(O ， k) = 0 
'1' (0 , k) = 0, rp'(O , k) = 1, 

where Ü = k = é, + iT such that 0 으 argk < π. 

Lemma 1. The solution ψ(x ， k) of the eqμatwn μ) 0η th e iη terval [0, b] 
may be expπssed in the form 

ψ(싹) = cos(제) + f A(x , t) ∞s(kìt)dt ， O::; t::; x::; b, 

where the kernel A(x, t) has summable derivatives A~ ， A: and satis.껴es the 
conditions 

A(상) = : Lt q(t)dt; ￡A(z ， t) |t=o = 0 
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lvforeover 

ψ(x ， k) = cos k,x(l + O( l / k )) as T 으 o and Ikl • ∞. 

See [2] 

Lemma 2 , The solution <p(x , k) can be written on th e Jorm 

fX ~ ， " sin k,t 
cp(x ,k) = ττ + Jo B(x , t)τ;-dt， o s t S I S b, 

3 

ψheπ， the kernel B(x , t) has summable derivatives B~， B; and salisfies 
the conditions 

B(낌) = ; lz q(t)dt, B(z, 0) = 0 

fn addition 

cp(x ,k) = 힌므쉰f( 1 + 0(1/k)) QS T 즈 o and Ikl • ∞· 
k, 

Lemma 3 , lJ the condilion (3) is satisfied, th en as x > b and T 즈 o the 
equation (1) has th e solution J(x , k ) which may be expressed in the Jo)'m 

10。

J (x ,k) = exp(ikx) + I [( (x ,t)exp(ikt)dt ,b < x::::: t < ∞， 

ψhere the kernel K (x , t) has continuous derivatives with )'espect to x and 
t and satisfies the inequalities 

(x + t) 
IK(x, t )l::::: ~exp {CT1 (X)}CT\- ~ .'; 

l '-f x+ t" , 1 _ r.(\) . (x+t) 
I J<감 (x ， t )I ， I J.이(x ， t)I ::::: ~ l qC ~ - )I+~exp{σ(z)}01-5-， 

ψhe 7'e CT(X) and CT1( X) an defin ed by the Jol/oψing J01'mulas 

CT(X) = 1∞ Iq(t)ldt aπdCTJ (X) = 뚱Iq(t)ldt 

Th e solution J( x , k) is an analytic Junction oJ k in the uppel' halJ plane 
T > 0 and is continuous on the real lin e , This solution has th e Jollowing 
asymptotic behaviour 

J(x ,k) = exp(ikx)[l + O(l/k)] 
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and f(x , k) = ikexp(ikx)[l + 0(1/k)] as Ikl • ∞ for all x aπd T ~ 0 

This lemma and the following lemma can be proved by making use of 
[2]. 

Lemma 4. Equation 띠 has th e solution f , (x , k ) in the domain x > b, 
7 으 0, Ik l 으 ß and as Ikl • ∞ 

f ,(x , k ) = exp(ikx)[1 + 0 (1/k)], f ,(x ,k) = -ik exp(-ikx )[1 + O(1 /k)] 

mψrmly with respect to x > b. 

This solution is a holomorphic function of k in the domain T 즈 0, Ik l ~ ß 
It should bonentioned that [5] 

J c,(k )1þ (x , k) + c2(k l'.p (x , k) , 0 :s: x :S: b 
f (x ,k) = ~ l ex p(ikx) + Jx

oo K (x , t) exp(ikt)dt , b < x < ∞， 

where 

c,( k ) = f ( b ， k)에b， k ) - f' (b , k )<p (b, k ) 

and 

c2(k) = f'( b ， k)ψ(b， k) - f (b, k)ψ'(b， k) ， T ~ O 

Iη addition, as T ~ 0, Ikl • ∞ ψe have 

f(야x ，싸， l exp마(ikx야)[…[1+ 0이(야i)]， 
’ 

(4) 

O <x< b 

b < x < ∞ 
(5) 

Q2. On the discrete spectrum and the resolvent of the boundary 
value problem (1)-(2) 

In this section we study the discrete spect rum and construct the resol 
vent of the problem (1)-(2) 

Now, we use the methods of the works [2,3] to prove the fo Jlowing 
theorems 

Theorem 1. Th e boundary valu e problem 띠- (2) has no positive eigen
va/ues 

Theorem 2. The n ecessarν aπd suffici en t conditions that .\ 폼 o be an 
eigenvalue ofthe boundary valu e problem (1)-(2) a7"e 

.\ = k 2;T > O;W(k) = f' (O ,k) .. k 2 ε cxnf(an, k ) = 0 (6) 
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H ere, the asymptotics behaviour for the eigeπvalues of the problem (1) -(2) 
is then investigated 

In view of (4), (5) and (6) it can be found that 

W(k) = k')'[s뼈 + : cos hbl e빼 

_k2 

낄 a n exp(1kb)Icos h(an - b) + i sin k?(an - b)] 

[1+ 짜)l - k2 ￡ an exp(i따)Il + 0(f)] 
ι n=r+l ‘ 

The question concerning the discrete spectrum of the houndary vallle 
problem (1)-(2) leads to the stlldy of zero ’s of the flln ction W( k) in the 
upper half plane {k: T > O} 

As long as the function W(k) is holomorphic in the llpper half plane, 
then the set of zero's of the fun ction W (k ) has no more than coun table 
set {kn }. The latter set has thus been classified: 

The lim.i t points of the set exists on the real axis and at infinity. If 
the condition exp(êx)q(X) E Lj(O, ∞) holds then W( k) is holomorphic in 
the half plane M, = {k : T > - U and therefore {kn } is impossible to 
have limit points on the real axis. Accordingly the stlldy of the discrete 
spectrum classification is eqllivalent to the study of the zero’s fllndion 

lν。 ( k ) = k')'[sin k')'b + ~ cos k^fbJ exp( ikb) 
? 

e ε on[cos k7(an b) + i sin k7(an - b)l exp(zkb) 

_k2 ε D:n exp( ikan ) 

from the llpper half plane. Here, some different examples a re given 

Example 1. If p( x) = 1 and the bOlln따ry condition has the form y'(O)
k2y(1) = 0(2’), then 

W(k) = ik - k2 exp(ik) = 0 

Therefore, it is fOllnd that kn = 2πn + i ln 12πnl + D:n + 0(1). This means 
that the problem (1)-(2’) has an ir짜니te number of eigenvalues. 
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Example 2. If p(x) 드 1 and the boundary condition has the form 

y'(O) - k2 [y(1) + y(2)] = 0 

thus W(k) = ik - k2[exp(ik) + exp(2ik)] = 0 and 

Wo(k) = exp(ik) + exp(상) = O. 

( 2") 

Theorefore 
kg = 2nπ+ 11". 

Hence 
kn = k~ + ê n • 

The quantity é n can be calculated more accurately. Hence 

1 3 . 1 , " 
kn = 2ηπ + π + , 0 . +:.( , 0 )" +Oh); 

π + 2nπ 2i π +2nπ η) 

and since Imkn = -~(융늄 )2 + O(골) and T n < 0 for large n , it follows 
that the problem (1)-(2") could have a finite number of eigenvalues k 
approaching the real axis as η • ∞. Hence, if q( x) ￥ o then it is possible 
to take these numbers as e>genvalues , These examples show the difficulty 
of the study of the distribution of eigenvalues. 

In the forthcoming work this question can be studied in detailed. 

Theorem 3. All numbers .\ = k2, T > 0 aηd W(k) f. 0 beloη9 to the 
resolveπt 8et oj the problem (1)-찌 IfW(k) ￥ o then the resolνent R>. is 
an integral operator 

R>.(pf) = 10∞ R(x , t , k)p(t)j(t)dt , 

with the kern el 

Ff(x ,k) 듀 
R(x, t , k) = Ro(x , t , k) + .. /，~;，，，"J 、 >nRo( an, t , k) , (7) 

W(k) ~ 
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Proof It follows immediately by theorem 2 that all numbers .\ = F , W( k) ￥ 
0, T > 0 belong to the r얹olvent set of the problem (1 )-(2) ‘ Now, byas 
sumption, .\ = k 2 is not an eigenvalue of the problem (1 )-(2), thus the 
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resolvent R>. exists. This rneans that there exists a solution of the equa 
tion 

-y"+q(x)y-샤(x)y = pf (8) 

belongs to L2(0 , ∞， p(x)) and satisfying the condition (2). Denote by 
yo(x , k) to the solution of equation (8) belongs to L2(0 , ∞， p(x)) and sat
isfìes the condition ψ(0) = O. This solution has the forrn 

yo(깐) = 10∞ Ro(x , t , k )p(t) f (t) dt , 

where 
J f (x , k)ψ(t ， k) ， t ~x 

Ro(x , t , k) = " '~ ,. \ ~ f' (O,k ) l ψ(x ， k)f(t , k), t 즈 j 

Hence, the general solution of equation (8) frorn L2 (0, ∞， p(x)) can be 
written on the forrn [2] 

ν (x ， k) = yo(x ,k) + C f(x ,k) , (9) 

where C is an arbitrary constant . Since, tbe fun ction y(x , k) satisfìes the 
condi t ion (2) thus we have 

C - k22:::;;'=1 Q n YO( an , k) 
W(k) 

Substituting in (9) to get 

y(x , t ) = 10∞ R(x , t , k )p(t)f(t)dt , 

where R(x, t , k ) is defìned by the formula (7). 

Q3. Construction of the adjoint problem of the problem (1)-(2) 

In t his section tbe adjoint problern of tbe problern (1)-(2) is con
structed. 

Now, suppose tbat z(x) E L2 (0 ，∞ρ(x)) and z'(x) ex:ist and absolutely 
continuous in the entπe intervals [0, a1) , (a] , a2) , . . . , (a n _ ] , an ) , (an , ∞) 

Theorem 4. Let the preνious ' conditions be satisfied. Th en the adjoint 
problem 0 f the problem (1)-(잉 has the form 

- z" + q(x)z = >.pz, 
m ( 
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ψhere 

(i) the function z(x) 앙 absolutely C07따nuous on (0 , ∞)， 
(ii) the function z(x) has a continuous derivative in all eηtire intervals 

[0, al) , (aJ, a2) , . .. , (a n , ∞); 
(iii) z'(O) = 0; 
(iv) 강(an + 이 -z'(an - 이 = ÀOn웅(0); 
(v) wheπ z ￥ a’‘’ n = 1, m the functioη z(x) has a second derηnνvativ 

and sa따ti뼈sJβ'ìe않s the e여qua띠tion 

_z" + q(X)긍 = ÀpZ+ f 

μ should be mentioned that the concept of satisfying equat ion {1 띠 can 
be understood in the sense of genemlized functions. 

Proof 、"Ie conslruct the adjoint problem by using the kernel resolvent 
(7). It is weJl known from lhe theory of operators [2,4] that the domain 
of definition of the adjoint problem can be defined by lhe resolvent. Here, 
we introduce the set D(L;.) such that 

z(x)= fo'X> R(띠， 따)p(t)f(t)dt ， 

where f is an arbitrary function from L2 (0 , ∞p(x)). By virtue of the 
evident equality 

[Rx(A)J ‘ = [(A - .l.pt1J' = (A* 샤t1 = R,,(A*), 

it yields that D(L>.) coincide with domain of definition of the adjoint 
problem. We study the properties of the functions belonging to the set 
D(L;J 

i) The function z(x) E D(LjJ is an absolulely continuous on [0, ∞). 
In fact 

z(x) = 10∞ Ro (t , x , 따)p(t)f(t)dt 

+-느 E an&(an , t , 따) [이(t ， 따)p(t)f(t)dt (11) 
W(ν1) n=1 A 

Here, the first quantity is an absolutely continuous function and the se∞nd 

quantity also satisfies this fact in view of the properties of the kernel 
Ro (an , x ， 깅). 
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ii) The function ZI(X) has a ∞ntinuous derivative on an any of inter
vals [0 ,a,), (a"a2) ," ' , (an, ∞). The first quantity in (11) has a continu
ous de헤flva、 

Ro“(μan ， x ， VX치) has a cont inuous derivative on [0, an ) and (a n , ∞)， n=l， m 
Moreover 

옳Ro(an’ x , 따) lx=an+C - 옳Ro(an ， x ， 따)Ix=an-O = -1 

From this equality the required statement is sat isfied 
피) The condit ion ZI(O) = 0 holds 
T his is evident from the equali ty 

ξRo(an ， x ， 띠)Ix=o = 0 
ux 

iv) T he following formula holds 

zl(an + 0) - zl(an - 0) 

In fact , 

= - 3EL /∞ f( t, ψ)pf(t)dt 
W(따) Jo J\-' V " 

= ÀQnZ(O). 

z(이 = 10∞ Ro(t ,O, 따)p( t ) f (t) dt 

+-느 효 QnRo(an ， O피) r∞ f (t , 따)p(t)f(t)dt W( /X) ~ -n' '\I \-n ， v ， y '"' JO 

_ , _ 1 ",", [ r∞ f(t , ý "5.. )p(t)f(t)dt 
1' (0 ， 지)'10 J\ " , y ‘ 

+-느 E onf(an, 따) r∞ f(t , 따)p(t)f(t)dt] 
W(깅)n=1 A 

-f" f(t피)p(t)f(t)dt [W씨 +"5.. 홍 Qnf(an, 따)] 

.. .,1 F" r∞ f (t , 、 "5.. )p(t) f (t )dt 
W(따) 10 J' ~ ' V " 

Then, the last equali ty is equivalent to the requi red equality. 
v) Let x ￥ an , n = 1, m and the function z(x) has a second derivative 

and satisfies the equation 

-ε"+q(X)ε = Àpε +f. 
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1n fa:ct, the first quantity in the expression of z( x) satisfies this equat ion 
and the second quantity by using the defintion of kernel resolvent satisfies 
the associated homogenous equation for all x ￥ an , n = l,m 

Note. By the concepts of the generalized functions the adjoint problem 
of the problem (1)-(2) can be written in the following form 

- z" + q (꾀z+À ε QnÒ(x - an)z(O) = Àpz (12) 

z'(O) = 0, (13) 

whe1'e z(x) satisfies the prope1'ties (i)-(v) from the theo l'em 6 

Q4. The continuous spectrum of (1)-(2) and the spectrum of the 
adjoint problem (12)-(13) 

1n this section we investigate the continuous spect1'um of (1)-(2) and 
whence we obtain the sepct1'um of the adjoint p1'oblem (12)-(13) 

Theorem 5. The continuous spectrum oJ the problem 띠 (잉 lies on the 
semi axis À > 0 

Proof. If ê < ~， it found that A > b and in view of (4) it is possible to 
get J(x ,k) ::::: expikx(1 - c:) fo 1' x ::::: A > 1. Suppose that J(x) 三 o as 
x 't [A , A + 1] and J( x ) E L2(0 , ∞) . then 

R(pf) = / +l & (z, t, k)f(t )dt+프 파f(z， k) / + I & (an, t, k)f (t )dt 
JA W(k) n=1 A 

If it is assumed that the numbe1' A 즈 an, n = l,m ,x > A+ 1, thus 

(A+ l ψ(t ， k) , k2 
rt 1 \ .;;. 

R(pf) = / [--- + --f(x, k) ε Ro(an , t , k)] J (t )dt 
μ f ’(0 , k) , W(k)' ,-,', ~ 

Now let 

Then 

f -쁨삼 + 싫다1 ~(an ， t , k) ], f(t) = { O j (0야) 
t E [A, A + 1] 

t rt [A ,A+ 1] 

f |R(f )|2dt = LB lf(z, k)|2dz f+1 |f(t)|2dt 
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As B • ∞ it yields that 

i = IRUWdx :::: (1- ê.)2ioo1e때(ikxWd패A+l |f(t)|2dt 

(1- ê. )2 ____ 1 'L.\ [A+l 
= τF-exp( 2TA)L 1f(t)|2dt 

Therefore, when r • o the norm of the resolvent is increased. Hence, the 

half line [0, ∞) coincides with the continuous spectrum of operator L ), 

Now, from [3 ,4] the following results are attained 

Theorem 6. The spectmm of the adjoint problem (1잉-(13) consists oJ 

the eigenvalues À when W (샤 ) = 0, I mÀ > 0 and th e continuous spectl'um 

lies on the semi axis [0 , ∞) 
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