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Comparison of Survival Function Estimators
for the Cox’s Regression Model using Bootstrap Method *

Young Joon Cha?

ABSTRACT

The Cox’s regression model is frequently used for covariate effects in survival
data analysis. But, much of the statistical work has focused on asymptotic behavior,
so the small sample evaluation has been neglected. In this paper, we compare the
small or moderate sample performances of the survival function estimators for the
Cox’s regression model using bootstrap method. The smoothed PL type estimator
and the Link estimator are slightly better than corresponding the PL type estimator

and the Nelson type estimator in the sense of the achieved error rates.

1. Introduction

The Cox’s regression model plays a significant role in survival analysis with
covariate effects. The model assumes that the hazard function A(¢;z) at time

t for an individual with a column vector of covariates, z, is given by

At;2) = exp(f'2) o (1), (1.1)
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where f is a column vector of unknown parameters and Xo(t) is the hazard for

a base level individual that is left unspecified.

A rigorous development of the asymptotic properties of the Cox’s regres-
sion model has been given by Breslow(1974), Kalbfleisch and Prentice(1980), Tsi-
atis(1981), Andersen and Gill(1982), Andersen and Borgan(1985), and Arjas and
Haara(1988). As seen in the preceeding paragraphs, much of the statistical work for
this model has focused on asymptotic behavior, so the small-sample properties have
been neglected. A small-smaple estimation evaluation using bootstrap method, of
particular interest to the applied statistician, is presented in Section 2. An example
is illustrated in Section 3 using experimental Leukemia data set. Finally Disscusion

is presented in Section 4.
2. Small-Sample Estimation Performance

The observed data from n individuals consist of the vector (t;,6;,z2;), where
t; is the observed death or censoring time; é; is censoring indicator equal to
1 if a death is oberved and equal to 0 if the observation is censord ; and 2z; =
(zi1,+++,2ip) is a p-dimensional vector of covariates. R(t(;y) will be used to
represent the risk set at the i-th observation time t(;). From equation (1.1), the

survival function for the Cox’s regression model can be written by
g

S(t; z) = exp {— /Ot Au; 2) du}

= exp {- exp(f'z) /0 t Ao(u)du}

~{ow(- [ Ao(u)d,,)}“"“""

= So(t)*P#'), (2.1)

where

So(t) = exp{— /0 t Ao(u)du} -
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Therefore, we turn our attention first to the question of estimating the unknown
survival function. To estimate Sy(t) nonparametrically, we turn to another formula,

which estimates the cumulative hazard function Ag(t), equal to the negative log

of So(t), as

A= % i — (2.2)

ity <t EjGR(t(;)) exp(f'z;)
where ﬁ represents the vector of estimated regression coefficients, and the first
summation sign refers to the sum of all terms in the following brackets at times up
to and including time %;). And my; are the multiplicities of the death times.
The advantage of this formulation is that it accomodates tied death times as well

as single death time. Sometimes we call this estimator the Breslow estimator.

From equations (2.1) and (2.2), the estimated survival function for an individual

with covariate vector z may be written
Swolt; 2) = {Sa(t)) @)
= {exp(—Ao(t))}**P#')
—emp{-ef) Y —T0 )

HINRS Z]'ER(t(;)) exp(8'z;)

Note that Snc adjusted for a set of measured covariates under the Cox’s model
corresponds to the Nelson estimato, and reduces to the Nelson estimator when
ﬁ = 0. Also the estimator Syc will, in general, form a step function whose value

drops at the next observed death time.

Link (1984) has modified this step function, equation (2.3),to a smoothed curve
by linearly interpolating between observed times. When the possibility of ties is

included, the survival function may be estimated by
Siink(t;z) = exp{—exp(B'2)Ao(2)}, (2.4)

where

I
Ao(t) = Z (ti —ti-1)Xi + (E—t)hn
i=1
' (i) t—t M(+1)

Y -~ ’
i=1 EjeR(t(s)) exp(/'z;) taen — EjeR(t(:+1)) exp(f'z;)
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! is such that ¢ <t and t(4q) >t , and

T M)
(t: — tie1) EjeR(t(,-)) exp(f'z;)

: =

Next, we consider the survival function estimator of the PL type in stead of

the Nelson type under the Cox’s regression model as follows :

Srwcti={ T1 (1= "0 =N, s

ity <t JER(t(iy) exp(f'z;)

where the outer product is over the true death time t#(;) less than or equal to t.

In the similar method, we have the smoothed PL type estimator as follows:

l

Ssprc(t; z) ={H (1 > m() )

=1 jER(t(;)) exp(ﬁ,Zj)

(1 _ t—tw M(i1+1) )}exp(ﬂ ? (2.6)

tasn) ~ o) ZjeR(t(,,,,l)) exp(f'z;)

In this formula, we consider the proportion of time between ¢ and last observed

death time prior to time ¢, which is ignored by S pLc(t; 2).

To carefully study the small or moderate sample evaluation of mentioned sur-
vival function estimators, we take coverage probabilities as the measure of the
performance. A method for calculating confidence intervals particularly suited to
Monte Carlo simulations has been used by Efron(1981,1985) for censored survival
data. Efron discussed its theoretical justification for the case in which the bootstrap
distribution is not found by Monte Carlo methods. In particular, nonparmetric
Monte Carlo confidence intervals may be useful when analytic intervals are unob-
tainable. The Monte Carlo simulations by the bootstrap method were carried out
to determine the effects of varing the lifetime distributions, censoring distributions,
covariates, nominal levels of confidence, and sample sizes under the Cox’s model.
Achieved error rates for the estimators were determined for all combinations of the

following situations with 100 times replications and 1000 times trials :
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(1) survival distributions(exponential regression model, Weibull regression model
with decreasing failure rate, and Weibull regression model with increasing fail-

ure rate) ;
(2) sample sizes n= 10, 20, 30, 50 ;
(3) censoring levels(uncensored case, 10%, 20%, 50%) ;
(4) covariates (0,1) ;
(5) nominal levels of confidence : 0.99, 0.95, 0.90 ;
(6) time t : S(t;2) =0.1(0.1)0.9.

Note that the parameters of the censoring distributions are calculated by using
the numerical integration DCADRE subroutine of IMSL, so that the proportion of
censoring, P(Y > C;z), is equal to 0%, 10%, 30%, or 50% approximately.

Table 1 - 2 illustrates the following general findings :

(1) The Link estimator has more accurate coverage probabilities than do the Nel-
son type estimator. This superiority is due to smoothness, that is, the piecewise
linear curve obtained by connecting linearly the start point of successive steps
of the Nelson type estimator.

(2) To be completely satisfactory, confidence intervals should fall above and below
the true parameter value an approximately equal number of times. But this is
a more difficult task than to achieve an acceptable total error rates. Almost

all the intervals produce unbalanced number of failures.

(3) Fleming and Harrington(1984) found that the Nelson estimator is more effi-
cient than the PL estimator for ¢ satisfying S(t) > 0.20. In this respect, we

found the similar thing under the Cox’s regession models.

(4) The smoothed PL type estimator and the Link estimator have the similar
achieved error rates as the sample size is larger. But the Link estimator is
slightly better than the smoothed PL type estimator for the small or moderate
sample size.
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(5) The smoothed PL type estimator are better than the PL type estimator under

the Cox’s regression model in terms of the achieved error rates.

3. An Example

Gehan and others have discussed the results of a clinical trial reported by
Freireich et al. in which the drug 6-MP was compared to a placebo with respect to
the ability to maintain remission in acute leukemia patients. The 42 patients who
entered the study were randomized into two groups, one group given the placebo
(lengths of remission: 1,1,2,2,3,4,4,5,5,8,8,8,8,11,11,12,12,15,17,22,23) and the other
the drug 6-MP(lengths of remission: 6,6,6,6*,7,9*,10,10*,11*,13,16,17*,19*,20*,
22,23, 25*,32*,32*,34*,35*, * denote censored data).

We consider graphical presentation to display S NC, S LINK S pLc, and
S sprc. Clear departures of the survival function estimators under the Cox’s model
from the PL eswimator would be shown by the following figures. Finally, 3 NC,
§LINK, §ch, §sch, and §pL are displayed by Figure 1 and Figure 2.

4. Discussion

On the basis of overall performance, The Nelson type estimator and Link
estimator are preferred for the small samples in the sense of the achieved error
rates with comparing to the PL type estimator and the smoothed PL type esti-
mator,respectively, when the true survival probability is at least '0;2. This result
is particularly enticing for the Cox’s regression models with covariates, in which
one or more groups of patients are often followed for a limited period of time after
onset of disease or initiation of treatment, since one is quite certain that the true
survival function is much larger than 0.2 over the entire interval on which it is be-
ing estimated. Moreover, the smoothed PL type estimator and the Link estimator
are slightly better than corresponding the PL type estimator and the Nelson type

estimator.
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