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JOINT DISTRIBUTION OF QUEUE
LENGTH FOR TWO NODES QUEUEING
NETWORK BY FUNCTIONAL EQUATIONS

BoNG DAE CHoI AND YANG WO0O SHIN

1. Introduction

In this paper we consider the two nodes queueing network model in
which node 1 has general service time and node 2 has exponential service
time ( fig. 1). Customers arrive at the node 1 according to the Poisson
process with rate A. The node 1 has the service time distribution G(-)
and node 2 has an exponential server with mean % We assume that
two nodes have waiting rooms of infinite capacity. Customers departing
from each node may either leave the system or enter the another node
according to Bernoulli schedule. Let 0 < p; < 1, (¢ = 1,2) be the
probability that the customer completing his service at node : enters the
other node and let ¢; =1 —p;, ¢t = 1,2. When p; =1 and p; = 0, our
model becomes two nodes tandom queue denoted by M/G/1 — -/M/1
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When 0 < p; < 1 and p2 = 1, our model becomes an M/G/1 delayed
feedback model. The M/G/1 delayed feedback model has been stud-
ied by many authors([4]). For the detailed list of related works in the
queueing network refer the survey paper written by Disney and Konig
[4]. Recently, Blanc et al. [1] obtained the closed form expression for the
joint queue length distribution in the two node tandom queueing model
with general service time at the first node and exponential distribution
in the second node by solving the functional equation in two variables.
The main purpose of this paper is to find the joint queue length distribu-
tion for our model. We show that the generating function F(z,y) for the
joint stationary queue length distribution in the model described above
can be obtained by solving the functional equation of the following type

(1.1) K(z,y)¥(z,y) = A(z,y)®(z,y) + B(z,y)Uy),
where ¥, ® and (2 are unknown and K, A and B are known functions.
We solve the equation (1.1) and then give the expression for F(z,y).

In section 2 we derive the equation (1.1) and study the properties of
the equation K(z,y) = 0. In section 3, we solve the equation (1.1) in
terms of (y) and give the Fredholm integral equation of second kind
for Q(y). The generating function F(z,y) is given in section 4.

2. The functional equation

Let X;(t) denote the number of customers present at node ¢ (z = 1,2)
at time ¢, including the one being served, if any, and let R(t) be the
residual service time of the customer being served at node 1 at time ¢
if X1(t) > 0, otherwise R(t) = 0. Then the stochastic process X =
{(X1(2), X2(t), R(t)), t = 0} is a Markov process with state space N X
N x [0,400), where N denotes the set of all nonnegative integers. We
assurne that the service time distribution G(-) at node 1 is not a lattice
distribution and that G(0+4) = 0. It is also assumed that the second
order moment of the service times is finite. Let 1 be the mean service
time at node 1. Definefor t >0,7>0,22>1,5 >0,

(2.1) p(t;4,5,7) = Pr(Xy(t) = ¢, X3(t) = j, R(t) < 7),
(2.2) p(t;7) = Pr(Xa(t) = 0, X5(t) = j),

.. .0 ..
(2.3) a(t;1,5) = Lim ——p(t; 4,4, 7).
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Through out this paper, we assume that the following conditions

(A1) pp2 + A < v,
(A2) vp1 < @
hold. The conditions (A1) and (A2) guarantee the stability of node 1

and node 2, respectively. Hence under the conditions (Al) and (A2)
the Markov process X possesses a unique stationary distribution. Let
p(3,5,7) = lime o p(t34,5,7) and p(j) = limscop(t;5) and ¢(3,5) =
lim;_. oo g(t; ¢,7). Considering the process transitions between ¢ and t-+At
and letting At — 0 and then letting ¢ — oo, we have the following set
of differential equationsfor:>1,5>0,7 > 0,

——-g—_-p(z',j, )= Ap(t — 1,5, 7)li>2 + ppap(t — 1,5 + 1,7)1i>2
(2.4) + Ap(7)G(7)li=1 + pp2p(F +1)G(7)1i=:
— (A + 4151005, 5,7) — ¢(3,3) + paep(i, 5 + 1,7)
+p19(i+ 1,5 —1)G(7)1>1 + qa(i + 1,5)G(7),
forj >0

(2.5) (A4 pli>1)p(G) = pep(G +1) + p1g(1,5 — D1j>1 +q19(1,5),

where 14 denotes the indicator function of the event A and ¢; =1 — p;,
1 = 1,2. We introduce the following Laplace-Stieltjes transforms and
generating functions;

© 0 4o
(26) E(a:’ Y O') = Z Z xiy,‘l / e—a-rp(z- + l’j, dT):
0

=0 j=0

@7 Ua,y)= > qi+1,5)'y,

=0 j=0

(28) Q)= Zp(j )y,

oo 0

(29)  F(z,y)= lim Y > o'y’ Pr(Xu(t) = i, Xa(t) = 5),

=0 =0
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for |z| < 1, |yl £ 1 and Re(o) > 0. From (2.6)-(2.9), it is easily seen
that the generating function F(z,y) of the joint stationary queue length
distribution satisfies the relation

(2.10) F(z,y) = zZ(z,y,0) + Q(y),
for |z| < 1, |y| < 1. Multiplying equations (2.4) and (2.5) by z'y’and y’

and summing over ¢, j and j,respectively, we have the following relation
for unknown functions Z(z,y, o), ¥(z,y) and Q(y);

x(A(l —z)+p(l-— pﬂ—;-qz) - G)E(m,y,a)

211)  =p(l- Eﬁfﬂ)mx,a) ~(z — (my + 01)B(0))¥(z,y)

- (M1 -2+ w0 - B 0)0()

where ¢(z,0) = zE(z,0,0) + Q(0)B(c) and B(0) = f;° e *dG(t). Let-
ting 0 = A1 —z) + p(1 — &%ﬂz), the right hand side of (2.11) must
vanish and hence

(2.12) K(z,y)¥(z,y) = A(z,y)®(z,y) + B(z,y)y),

for |z] <1, |y £ 1, Re(A1 —z) + p(1 — B—?’-ﬂ)) > 0 with

(213)  K(z,9) =z — (my +@)BO(1 — z) + (1 — ’—’z—”ff—"ﬁ»,
218)  ¥(z,y) = $(z, M1~ ) + u(1 fffyig?-)),
(215)  Alzy)=p( - BEEE),

B(z,y) = — (M1 — 2) + p(1 — 222 2y,
(2.16) y N
x B — z) + p(1 — 22—-—;2))
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The three unknown functions ¥, @ and 2 in (2.12) have the following

properties;
for every fixed |y| < 1, ¥(z,y) is analytic for |z|] < 1 and continuous
for |z| € 1, and similarly for z and y interchanged;

- for every fixed y with |y| > 1, ®(z,y) is analytic in z for |z| < 1,
continous for |z| < 1;

- for every fixed  with |z| < 1, ®(z,y) is analytic in y for |y| < 1,
continus for |y| > 1;
Q(y) is analytic for |y| < 1 and continuous for |y| < 1.

The generating function F(z,y) can be expressed in terms of ¥(z,y).

Indeed, let 6 = 0 in (2.11) and then for fixed |z]| < 1, choose y such that
A(l—m)+u(1—m%ﬂ)=0and lyl < 1ie.

y = 0(z) = (p2z + @2)1

Ml—z)+p
Then we have from (2.11) that
_ o) Pl ) oo
A7) $(a0) = 8a) P g 5, ),

Letting o = 0 in (2.11) and substuting (2.17) into (2.11), we have from
the relation (2.10) that

(2.18)
Floy) < M2 Bazba () Fr DU 9(2, 0(z)) — (2 — (Pry + 1)) ¥(z, )
e M1 = z) + p(1 — B2EF) '

Thus to find F(z,y) it is enough to find the function ¥(z,y) for [z| < 1
and |y| < 1.

Now we consider the equation K(z,y) = 0.

LEMMA 2.1. There exists only one root yo in {|y| > 1} of the equation

(2.19) K(1Ly) =1— (py + q)B(u(1 - i—)) =0.
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For fixed y with 1 < |y| < yo, the equation K(z,y) = 0 has exactly
one root z = X(y) in {|z| < 1}. All the roots have multiplicity one.
Moreover, |X(y)] = 1 if and only if y = 1 or y = yo, in this case
X(1) = X(yo) = 1.

Proof. The existence and uniqueness of yp in {|y| > 1} are equivalent
to the existence and uniqueness of the solution 2z in {|z| < 1} of the
equation

z—(p1 + @12)B(p(1 - 2)) =0.

Let g(z) = (p1 + ¢12)B8(p(1 — z)). Since g is convex on open interval
(0,1) and ¢g(0) = p18(¢) and ¢'(1) = g1 + £ > 1 by the condition (A42),
g(z) = = has a real solution zp in the interval (0,1) (see fig.2). Since
for |g(z)| < g(]2]) < |z], for 1 > |2| > z0, by Rouche’s theorem, z is
the unique solution of g(z) = z in {|z] < 1}. Hence yo = ;l;(> 1) is the
unique solution of (2.19) in {|y| > 1}.

A
1

g(2)
g0 |

0 Zy 1 z
Fig. 2
Fix y with Jy| = 1 and y # 1. Then, for Jz| = 1, we have the following

inequalities

lpry + a1)BON1 = 2) + p(1 — p—zf’—y——w))l

<IBO( = =) + (1 — ”-—’%—'—q—z))l

<1
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By Rouche’s theorem, for each y with |y| = 1, y # 1, the equation
K(z,y) = 0 has exactly one solution in {|z| < 1}. From the relation

1BM(s)] < L@%’ll’ we have the inequalities

|41 — 2) + u(1 ~ (p2z + 02))
= (A + pp2)IBY(A1 — 2) + p(1 - (p22 + ¢2)))]
< O+ up)Z B — 2) + (1~ (paz + @)
< M <1

- v
for |z] < 1. Last inequality followed from the condition A1. Conse-
quently, for all |z| < 1 with = # 1, we have

11— A1 —2) + p(l - (P22 + ¢2)))| < |1 — =],

which therefore shows that z = 1 is the only solution of K(z,1) =0in
{lz] £1}. Now we consider the case 1 < |y| < yo and y # yo. Note that
for real y with 1 < y < yy, the inequality

@ _lh 1
(2.20) (1 +- Bl — ) < =

holds (see fig. 2), and the equality in the above inequality holds only the
case y =1 and y = yp. For |z| =1 and 1 < |y| < yo, y # Yo, we have

(1 + LB = 2) + 1 - 22””—y‘—*ﬂ))l

<(p+2 -1
where the last inequality followed from (2.20). If y is not real, the first
inequality in (2.21) is strict. The second inequality is strict except for
ly| = yo. Hence by Rouche’s theorem, for 1 < |y| < yo and y # yo, the
equation K(z,y) = 0 has exactly one solution in {|z| < 1}. By the same
procedure r = 1 is only solution of K(z,1) = 0, we can show that z = 1
is the only solution of K(z,ys) = 0.

(2.21) .
)) < T?;I’
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LEMMA 2.2. X(y) defined in lemma 2.1 is analytic in {1 < |y| <
Y0, y # 1} and continuous in {1 < |y] < yo}-

Proof. Fixy; with1 < |y1| < yo and y; # 1, and define 21 = X(y1). If
1 # 1and y1 # yo, then [ X(y1)] < 1. Thus it follows that there exist two
real numbers r; > 0 and ro > 0 such that Re()‘(l——x)+u(1—2&;—"l)) >0
for z € {]Jz —z1| < 1} and y € {Jy — y1] < r2}. Now we consider the
case y1 = yo. In this case take r; = %(yo — 1) > 0 and then take
ry = m‘%ﬁm > 0. Then Re(/\(l - $) + [l(l - 2&;’32')) > 0 for
z € {lz — 1| < r1} and {ly — yo| < r2}. Hence K(z,y) is analytic in
{lz — z1] < r1} for every fixed y with |y — y1] < r2 and analytic in
{ly — y1| < r2} for every fixed = with |z — 1| < r1. From the uniqueness
of the solution z; and multiplicity one, we have

0s)
aK(z,y)l(zl,yl) #0.

By the implicit function theorem for complex variables, X(y) is analytic
in {1 <y} < yo, y # 1} and continuous in {1 < |y| < yo}.

Let

Co = {lyl = yo}, Cf = {lvl < wo}, Co” = {lyl > yo}
L={X(y)ly € Co}
and L*(resp. L~) denote the region on the left (resp. right) of the curve
L, when moving on L in the counter clockwise. Because of the continuity

of X(y) on Cj it is seen that L is a closed curve. By differentiating the
relation K(X(y),y) = 0 with respect to y, we have

p1B(a(y)) + (uBXR¥e )5,y 1 g1)8 (0 (y))
14+ (A + pp23)(pry + 1)V (a(y))

=K@l xe.w

T 2Kl xmy

2 X(y) =
(2.22)

where o(y) = (1 - X(y)) + (1~ B2ZEL). Since LK (2, 9)lcx(,) #
0, the denominator of ;%X (y) cannot vanish for y € Cp, which shows that
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the curve L is everywhere differentiable. We easily see that X (1)(y) =0
if and only if —%K(m,y)kx(y),y) =0, y € Cp. We assume that the curve

L is smooth and L7 is simply connected domain, i.e.

(43) XP(y) #0, for y € Co
(A4) X(y1) # X(y2), for any 31, y2 € Coandyr # ya.

Following the procedure of Blanc et al. [1], we have the following
propositions. .

PROPOSITION 2.1. Forallz € {|z| < 1}NL~, the equation K(z,y) =
0 has exactly oneroot y = Y(z) in {|y| > yo}. Moreover, Y(z) is analytic
in {|z] < 1}NL~ and continuous in {|z| < 1}NL~ and can be analytically
continued up to L and Y(X (y)) =y for any y € Cy.

PROPOSITION 2.2. For every z € LY, the equation K(z,y) = 0 has
no roots in {|y| > yo }.

3. The Integral equation

Let us show that the functins ¥(z,y) and Q(y) can be both analyt-
ically continued up to the contour Cp, for every fixed || < 1. Since
K(X(y),y) = 0 for |y| = 1, we have from (2.12) that the following
relation holds

_AX@).)
B(X(y),9)

We assert that the right hand side of (3.1) is analytic in {1 < |y| < yo}
and continuous on {1 < |y| < yo}. Indeed, B(X(y),y) = 0 implies that

p2X(y) + 2
y

(3.1) Uy) = ®(X(y)y), lyl=1.

(1) M1 - X(y)) + p(1 -

=0, or
(3) B - X()) + u(1 — ’i(if—*ﬂ)) ~0

If (i) holds, then X(y) = -(%2“3 and hence

(A + )yl — pe2
Xl = Ay| + pp2 >1
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for 1 < |y| < yo. However since |X(y)] <1 for 1 < |y| < yo, (i) cannot
occur. If the case (ii) holds, it is easily seen from the definition of X(y)
that X(y) = 0. Hence ®(X(y),y) = 0.

Consequently, we deduce from the principle of analytic continuation
that (3.1) gives the analytic continuaton of Q(y) to {|ly| < yo}. Note
that

(3'2) ‘I’(.’L‘, y) = Tl (IE, y)@(z, y) + Tz((t, y)Q(y)a

for|z| <1, |y| <1 andRe(/\(l—a:)+p(1—&;"’l)) > 0, where T\ (z,y) =

%g—%% and Ty(z,y) = g—gi"'y%. Thus ¥(z,y) can be analytically continued
to {ly| < yo} for fixed z with |z] < 1. Cauchy’s integral formula for
analytic function and the relation (3.2) yield the following relation; for

lz] <1 with 2 & L and |y| < v,

(33) Uay)= 5 /C T:(‘” L 1)+ 5 /c T:(_x D oe)t.

Note that K(z,y) # 0 for |z] < 1 with z ¢ L and y € Cp, which ensures
that both integrals in the right hand side of (3.3) are well-defined. By
proposition 2.1 and 2.2, if ¢ € {|z| < 1} N L™, then K(z,y) has exactly
one zero y = Y(z) in Cy and K(z,y) has no zeros in Cy UCy if z € L.
This entails that the function ¢ +— Tj(z,t)®(z,t) is analytic in Cy and
continuous in C; U Cy for any z € L, and that it has exactly one pole
at y = Y(z) in C; for any z € {Jz] < 1} N L~. Thus for z € Lt and
y € Cf, we have that

(3:4) —2—};; /C T;(_f t)<1>( t)dt—

and for z € {|z| < 1} NL-,

1 Ti(z,t) I'(z)
5#_2'/@ t—y oy A= Y(z)-y’
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where I'(z) is the residue of the function t — T1(z,t)®(z,t) at t = Y (z),
1e.

(3.5)

D)= lim K( (S)A(m,t)é(z,t)

A(:v Y(2))®(z,Y(2))
2 K(z, )=y ()
_ p(1 - BEH2)8(2, Y (2))
p1B(a(Y(2)) + (p1Y () + @) vz (P22 + 02)BM(a(Y (2)))

LEMMA 3.1. The function I'(z) is continuous in {|z] < 1}N(L~UL).

Proof. Recall that Y(z) is a continuous and non-vanishing function
for z € {|z| <1} N (L~ U L). Since, for each z € {|z| < 1} N L, the
solution of K(z,y) = 0 is simple, we have -(%K(z,y)ly__.y(z) # 0. Noting
the following equivalences

0 0
(A3) & a—yK(:c,y)l(x(y),y) #0,y€ Co & -é;K(x,y)k,,y(z)) #0,z €L,

the lemma is proved.

From (3.5) and (3.1), we have

—B(X(y),y)

(X (y)) = -Qv)=5

(3.6) 33K (@ Vx @)
= —Q(y)ﬂ(y), y € Co,
where
Q) = a(y)Bo(y)) .
p1B(o(y)) + (P1y + @1) (P2 X (y) + 2)BM(a(y))
Let

Mi(z,y) = — /C L(2:%) o1yt

27 t—y
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Then (3.3) becomes
(3.7)

¥(z,y) = {

(z,y) forz € LT, ly| < yo
O(z,y) + 3,—1(};-_% forz € {|z] <1} NL7, |y| < yo.

Let Z(z) = p2z + g2, |z| < 1. Then clearly |Z(z)| < 1for |[z| < 1. We
have from (2.15) that A(z, Z(z)) = 0. From (2.12) we have

(3.8) ¥(z, Z(z)) = Ta(z, Z(2))(Z(z))-
From (3.7) we have for z € {|z| <1}NnL~,

I'(z)

(3.9) Y(z,Z(z)) = (z, Z(z)) + _Y_(:c)—:——Z—(-:;:-S

We have from (3.8), (3.9) and (3.7) that for z € {|z| < 1}NL—,

I'(z) = (2(z) - Y(2)){Il(z, Z(2)) - Ta(=, Z(2))A(Z(2))}
(3.10) _ Z(z) - Y(z) Ty(z,t) — To(z, Z(x))
273 Co t—Z(z)

Q(t)dt.

Note that Tz (z, Z(z)) = %%%—g%% is analytic in {|z]| < 1} and continuous
on {|z| < 1}. Indeed, let h(z) = (p1p2z + p1g2 + ¢1)B(AM1 — z)). Then
K(z,Z(z)) = =z — h(z). Note that h(z) is convex on the interval (0,1)
and h(0) = (pr¢z +a1)B(\) > 0 and k(1) = (A + pavpr) < 1 by (A1)
and (A2). Thus we have |h(z)| < h(Jz]) < |z| for |z| < 1, and hence
by Rouche’s theorem the equation K(z,Z(z)) = 0 has no solution in
{lz] < 1}. Since |h(z)] < 1 for |z| = 1,z # 1, the unique zero of
K(z,2(z)) is « = 1. However B(z,Z(z)) has also zero at £ = 1. Thus
Ty(z,t) — T2(z, Z(z)) has a pole at ¢ = X (¢), t € Co. Then the integral
(3.10) is singular integral when z € L. The following lemma helps us to
remove this singularity.

LEMMA 3.2. For any z € Co — {yo}, there exists a neighborhood V,
of the point z such that

1)X(y) is analyticin V,

2)X(V;nCy)Cc{lz| L1}nL™
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X(V,nCHc Lt

Proof. See Blanc et al. [1].

Let -
V =U.eco-{yo} V=

and define for y € V, t € Cy,

(3.11) H(y,t) = 2X (y),tz = ’-;z((;f( S;))) Z(X(y)) _ ;\Ey;

where A(y) is the residue of the function

_, B(X(u),1) - To(X (), Z(X(y))

¢ t— Z(X(y))

att=y. Infact,forany y € V,

. (t—y) B(X()?)
AW = b X ), 51 = X(X ()

— 1 B(X(y)’ y)

y — Z(X(y)) ZK(X(y),t)le=y
__ QW

y—2Z(X(y))

LEMMA 3.3. The function H(y,t) posseses the following properties:

1) for fixed y € V, the mapping t — H(y,1) is continuous on the circle
Co

2) for fixed t € Cy, the mapping y + H(y,t) is continuous in V.

Proof. (1).  y € V — Cy, then the continuity of ¢ — H(y,t) on Cy
readily follows from definition (3.11). Similary if y € Cy, then H(y,t)
is continuous on Cp — {y}. It remains to prove that H(y,t) has a finite
limit whenever ¢t — y if y € Cy. The existence of this limit follows from
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the fact A(y) is the residue of the function ¢ — Tz(X(y),tZ-_-g?(XX(;g;;,Z(X(y)))

at the point ¢t = y € Cy. Tedious calculation yields the limit
H(y)= lm Hy)

t€Co-{y}
(3.12) = _D(X(), Z(XW) | g
y — Z(X(y)) ’
where
e A(y) IIr

y—Z(X(y) T y-2(X(y))’
I = (pBe) + iy + a)( 5 (P X () + 2BV (o)

«n L (564 + a(y)ﬂ(”(a(y))) +o()Bo(v) - (IV),

= 220, X () + 228V (@) + 5o+ 1) (G X @) + 0 ) BP(a(w).

(2). Fix now ¢ € Cop. Then, clearly y — H(y,t) is continuous in V — {#}
from definition (3.11). It remains to prove that H(y,t) has a finite limit
whenever y — t. After tedious calculation we have

H()= Im H(y,t)

yEV-{t}
(3.13) __BX®,2XQ)
t—Z(X(t)) ’
where
ng(l)(t)A(t) II

I=AM@) +

X)) —t+q  pXE)-t+ae’
H = - (XO@) + (at +0)A + ) x O (2)p0 o (1))) R
x (0 + 22X 00) (Bo() + o()8V (o)
— B(X(¢),t)- 111,
IIT = __;_ (X(2)(t) +(pit+q) A+ E%E)Xm(t)ﬂ(l)(‘f(t))

(prt+a) (0 + ZZ2)XO(0) 8O (o(1).



Joint distribution of queue length for two nodes queueing network 91

From (3.10) and (3.11) we have for z € VN Cy,

(3.14)

I(X(2)) =——-———Z(Xgr)i)"z /C Q(t)H(z,t)dt+Z(Xgr)z.)—z : :\Ezlﬂ(t)dt
_Z(XG) > .
== /C ADE 1)

Letting z — y € Cp with z € V N Cy, we have from (3.14) that for
y € Co

Z(X(y)) —y

27

(315  T(X@)= [ a0+ o,

where

o o JH@t) ft#y
H(y”)‘{ﬂz(y) ift=y.

By combining (3.6) and (3.15), we derive the following integral equation:
(3.16) o) = [ N y € Co
Co

where
_(Z2(X(y)) —y)H*(y, 1)
2m1Q(y) '

REMARK. For every t € (), the function y — N(y,t) is continuous
on Cy. Similarily the function ¢ — N(y,t) is continuous on Cy — {y} and

_Z(X(y)—vy
271Q(y)

(3.17) N(y,t) =

}i__]};l’N(y’t)= Hl(y)’

which is finite. Hence we have
(3.18) / / IN(y, £)Pdydt < co.
Co vCo

Thus (3.15) defines a homogeneous Fredholm integral equation of the
second kind on the circle Cj.
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4. The generating function

PROPOSITION 4.1. The real part of Q(y) on the circle Co is given
as the unique up to additive constant nonzero and continuous solution
of the following homogeneous Fredholm integral equation of the second
kind

27

(41)  Qr(y)= Qr(t)Nr(y,t)dt, t=ye', ye€Cy,
0

where
(42) Qr(y) = Re(2y)),
(4.3) Nr(y,t) = 2Re(itN(y,t)).

Proof. The proof of proposition 4.1 is essentially the same as the proof
of proposition 5.1 of [1].

Let us now show that the knowledge of Qr(y) on Cj is actually suf-
ficient for determine the generating function F(z,y). If Q:(¢) and Q2(2)
be two solutions of (4.1), then Q,(¢) = Q(¢t) + C, for all ¢t € Cp, where
C is a constant. :

Let €o(t) be a solution of (4.1) with Q¢(yo) = 0. Then the required
solution is

(4.4) Qr(t) = Q(t) + C,

where C' = Qgr(yo). The constant C is determined later. For |w| =1
and t = yow, we clearly have

Q(t) = 2Re(Q(2)) — Q(2)
= 2Re(Q(t)) — Q()
= 2QR(t) — 9(% ,

since the coefficients of 2(y) are all real numbers. Thus the function
II(z,y) defined in section 3 can be rewritten as follows; for |z| < 1 with
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z ¢ L and |y| < yo,

e t_y
(4.5)
L / T:(”” t)sz R()dt,
1 Co -

from the Cauchy’s theorem, since the function

Tt2($ t)Q(yo), t=yow

)

is analytic for {|w| > 1} and continuous for {|w| > 1} for fixed z, y with
|z] <1, ¢ L and |y| < yo. Consequently,

(4.6)
= Jeo Ti_'z yt) Qr(t)dt, forz € LT
U(z,9) = § 7 Jo, Tiog Qm(t)dt
~HAFD L [, BEA=REEENQp(t)dt, for 2 € {le] <1} N L~
= Yo(z,y) + C¥1(z,y), for |y| < yo,
where
(4.7)
L[ Bedgih)dt, f L+
T fCo t—y ( ) or z €
Vo(z,y) = § & foo B2 Q0(t)dt
ﬁ_%_z;x)yi; ) L fCo ——S—'—Lj%'—w’ z tt:?: Z(z Qo(t)dt, forze {|z| <1}NL™
and
(4.8)
= Je, Tzil_'z_lyt dt, forz e Lt
Ui(z,y) = i fCo t(_zyt dt

_H@Y@ 1 [ BEATEIE gy for 5 € {|o] <} Lo
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Now we determine the constant C using the fact F(1,1) = 1. By sub-
stituting (4.6) into (2.18), we have

F(z,y) = (’\(l—x)+u(1— My—{—_qz.))—l

Pty 2= (8(z) +a)
< (= B0 G
(Zo(2,6(2)) + C¥1(z,6(z)))

~ (=~ (p1y + @))(%o(2,) + C¥i(3,)) )

(4.9)

Letting z — 1 in (4.9), it is easily obtained that

F(Ly) =3(1=pip2 = 51 2)(¥o(L, 1) + C¥1(1, 1))
(4.10) #

y(1 —pr1y—aq1)
S (%o(1,y) + C¥:1(1,y)).

Letting y — 1 in (4.10), we have
1= (20 -prpe — 21 2) + B) (%01, 1) + C01(1,1))
p pop

and hence

_1—3(1 = p1p2)¥o(1,1)
(4.11) C= 31— pip2)¥1(1,1)
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