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VANISHING THEOREM FOR COHOMOLOGY
GROUPS AND STEIN-NESS PROBLEM

HonGg RAE CHO AND KwaNG HoO SHON

1. Introduction

The Levi-problem is a very old problem in the theory of several com-
plex variables and its original form was solved long ago. But some of the
more general forms of the Levi problem still remain unsolved.

Because of Oka’s characterization of domains of holomorphy by the
plurisubharmonicity of -log d, a domain  of C" is Stein if and only if it
is locally Stein in the sense that for every x € b} there exists an open
neighborhood U of z in C™ such that UN is Stein. A natural question to
raise is the relationship between Stein-ness and local Stein-ness for open
subsets of a general complex space. For example, we have the following
problem. In a Stein space, is a locally Stein open subset Stein 7 This
problem remains unsolved. The main difficulty is, of course, the lack
of an analog of -log d for the case of a complex space. In the manifold
case, Docquier-Grauert[9] proved that every locally Stein open subset of
a Stein manifold is Stein.

Because of Oka’s theorem, a domain in C* (or a domain spread over
C™) is Stein if it is the union of an increasing sequence of Stein open
subsets. This was first proved by Behnke-Stein[4] prior to Oka’s theorem.
It is natural to ask when a manifold which is the union of an increasing
sequence of Stein open subsets is Stein. By the result of Docquier-
Grauert[9], such a manifold is Stein if it is an open subset of a Stein
manifold. The answer to the following question is still unknown. Suppose
X; C X4 are Stein open subsets of a Stein space X. Is U;; X; Stein ?

In the first part of this paper we prove that in the holomorphically
separable complex space if the locus of holomorphic function is Stein,
then the cohomology group HP(X, O) of finite dimension vanishes. In
the last paragraph, by using the vanishing theorem, we get some partial
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answers to these Stein-ness questions. In this paper, X will denote a
(paracompact) complex space of finite dimension.

2. The Vanishing Theorem

For every f € O(X) let us set Z(f) = {z € X : f(z) = 0}. Let z
be a point of X and U, be an open neighborhood of z in X. The point
z is said to be (holomorphically) defined by O(X) in U, if finitely many
holomorphic functions fi,..., fs € O(X) exist such that

U.n ﬂ Z(f;) = {=}.

LeMMA 2.1([7]). Let (X,O) be a holomorphically separable complex
space. Let D be a discrete subset of (X,0). Let {X;}jer be a countable
family of irreducible closed analytic finite-dimensional subsets of X. For
every j € I let us pick a point z; € X; and an open neighborhood U; of
z; in X in which z; is defined by O(X). For every j € I let us pick a
point y; € U; N X, y; # z; (it is always possible). Then a holomorphic
function f € O(X) exists such that

(1) f(z;) # f(y;) for every j € 1,
(2) f(z)+# 0 for every z € D,
(3) dim(Z(f) N X;) < dim X for every j € I.

We recall the notion of profondeur. Let R be a Noetherian ring and M
an R-module of finite type. If I C R is an ideal, a sequence of elements
fis---, fp € Iis called a regular M-sequence if fi is not a zero-divisor of

M/Eij,

j=1
where E?:l fiM = 0. The maximum length of regular M-sequence is
denoted by prof; M(see [14]).

Definition 2.2. Let (X, O) be a complex space and F be a coherent
analytic sheaf on X. For z € X we define

oo fF, =0

prof: F = { profe. F if Fu 40
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and define the singularity subvariettes of F to be
St ={z€ X :prof, F <k}

for k£ > 0.

LEMMA 2.3([14]). Suppose that (X, ) is a complex space and let F
be a coherent analytic sheaf on X. If f € O(X), f; is not a zero-divisor
of F for every ¢ € X if and only if

for all k.

THEOREM 2.4. Let (X, O) be a holomorphically separable complex
space and F be a coherent analytic sheaf on X. Suppose that the fol-
lowing conditions are satisfied.

(1) For a suitable integer p > 1, HP(X, F) is finite-dimensional as a

vector space on C.

(2) I f is a holomorphic function on X which is non-constant on any

finite dimensional irreducible component of X, then Z(f) with

1ts reducible structure is a Stein space.

Then H?(X,F) = 0 for the fixed p.

Proof. We may assume that X is a connected space. Let {X;};ecr be
the family of finite dimensional irreducible components of the singularity
subvariety Si,k > 0. Then I is countable. For every j € I, let us
choose points z,y; as in Lemma 2.1 and let f € O(X) be a holomorphic
function chosen as in Lemma 2.1. For every holomorphic function g €
O(C) we shall denote by ¢ o f the holomorphic function on X which is
denoted by composition of the functions f and g¢.

We first claim that for every choice of ¢ € O(C), g # 0, the germ
(gof), isinvertible in O, for every z € X. If g is not a constant function,
g is open. Fix k > 0 and let T be an irreducible component of Si4; of
finite dimension. By Lemma 2.1(1) we know that f is nonconstant on
T. Then f is open on T and g o f, as a mapping, is open on 7. In
particular, g o f is nonconstant on 7" and we have

dim{Z(go f)NT) < dimT <k +1.
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Hence dim(Z(go )N Sk+1) < k for all k. By Lemma 2.3, (g o f), is not
a zero-divisor of F, for every z € X — Sj.

Let us consider g € O(C), g # 0, and the morphism 7 : F — (go f)F
defined, for every = € X, by nz(hs) = (g0 f)zhe. Since (go f); is not a
zero-divisor of F, for every z € X — Sy, 7, is injective for ¢ ¢ Sy. Thus
the support of ker 7 is discrete. Hence the homomorphism

n* : HY(X,F) — H?(X,(g 0 f)F),
induced by 7, is an isomorphism.

Let Z ={z € X : (go f)(z) =0} and let Oz = (O [/(go f)O)|z.
For z € X, go f — (g o f)(z) has zero in X and hence we may assume
that Z # (). Since g o f is nonconstant on any irreducible component
of X of finite dimension, by the condition (2), (Z,0z) is a Stein sub-
space( Grauert;[11]). Let us write Fz = (F /(go f)F )|z- Since F is
O-module, Fz is Oz-module whence H?(X, Fz) = 0. Note that

HY(X,F/[(go f)F) = H(Z, Fz)

and hence we get H?(X,F /(g o f)F) = 0. We consider the short exact
sequence

0= (g0 f)F < F = F/(go f)F =0

where 7 is the canonical injection. This short exact sequence induces the
long exact sequence

- — HP(X,(go f)F) - HY(X,F)— HYX,F[/(go f)F) — ---.
Since H?(X,F /(g o f)F) = 0, the homomorphism
i* L HY(X, (g 0 £)F) - HY(X, F),
induced by i, is surjective. Hence the endomorphism
g =" on": HY(X,F) — H?(X,F)
is surjective. Since dim H?(X,F) < 00,7, is a C-linear automorphism.

Suppose that there is a cohomology class £ € HP(X,F),& # 0. Since
g € O(C), g # 0, is arbitrary, we can define the mapping

A:0O(C) — HP(X,F)
by A(0) = 0 and by A(g) = 74(§). This mapping is C-linear. Notice that
A(g) = 74(€) # 0 for g # 0. Thus A is injective. Since O(C) is not finite

dimensional over C, this is a contradiction.
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3. Stein-ness Problems
In this section (X, O) will denote a holomorphically separable complex
space.

LEMMA 3.1([5]). Let Q be an open subset of X. Suppose that X is
Stein or @ € X. Let f be a non-constant holomorphic function in any
irreducible component of X and the following conditions are satisfied.

(1) Every holomorphic function on QN Z(f) can be extended on Q.
(2) The subset QN Z(f) is Stein.

Then ) is a Stein space.

The following lemma was shown in [16]. We can simply derive the
lemma by using the vanishing theorem.

LEMMA 3.2. Let Q be an open subset of X. Suppose that X is Stein
or € X. Suppose that either of the following conditions are satisfied.

(1) There exist open Stein subsets Q1,85 of X such that Q = Q,USQ,.
(2) There exist an increasing sequence of Stein subsets 3 C 2 C
. such that Q = Uj’;l Q;.

In each case, if H'(Q,0) is a finite-dimensional vector space over C,
then Q2 is a Stein space.

Proof. (1) Let F be a coherent analytic sheaf on 2. We consider the
Mayer-Vietoris exact sequence

o= HPH W Ny, F) — HA(Q, F) —
HY (0, F) & HP (2, F) — - -

for p > 1. Since 1, Q2, and Q; N2, are Stein, by Theorem B of Cartan,
H?P(Q4,F)=H?(Q, F)=H (Y NQ, F) =0

for all p > 1. Hence we get HP(Q2,F) =0 for all p > 2.

If dim X = 1, since Q is non-compact, the result is obvious. We shall
prove by induction on dimension of X. Suppose that the result is true
for the complex space of lower dimension of X. Let f be a non-constant
holomorphic function on any finite-dimensional irreducible component of
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X such that dim Z(f) < dim X and QN Z(f) # 0. It is always possible
by the Baire’s category theorem. We consider the short exact sequence
of coherent analytic sheaves onX

0= fO—=050/fO -0

where 7 is the canonical projection. This induces the long exact sequence
= HY(Q,0) 5 HY(Q,0/f0) - HY(R, fO) — --- .

Since fO is a coherent analytic sheaf on Q, H2(, fO) = 0. Hence the
induced map
™ : HY(Q,0) —» HY(Q,0/f0)
is surjective and dim H'(Q,O/fO) < oo. Set Z = Z(f). Since Z is
closed,
HY(Q,0/fO)= H'(QN Z,(0/f0)|z)

so that dim H*(QN Z,0z) < oo, where Oz = (O/ fO)|z. The subspaces
(1 NZ and Q2N Z are open Stein subsets of 2NZ and QNZ = (2 NZ2)U
(Q2N2Z). Since dim Z < dim X, by the induction hypothesis, (2NZ, Oz)
is a Stein space. By Theorem 2.4, H(Q,0) = 0. From Lemma of
Berg[5] every holomorphic function on £ N Z(f) can be extended on .
By Lemma 3.1, 2 itself is a Stein space.

(2) Since §2; are Stein, by Theorem B of Cartan,

HP(Q],O) == HP+I(Q]'+1,O) =0

for all ;7 > 1 and p > 1. By the result of Andreotti-Vesentini[2],
H?P(Q,0) = 0 for all p > 2. By applying the same method as (1), we get
the result.

PROPOSITION 3.3. Let {€2;}32, be a sequence of open subsets of X
such that ;N Q = 0 for |5 — k| > 1. Set @ = U2, Q;. Suppose that
X is Stein or that Q € X. If H(Q,O) is finite-dimensional, then Q is a

Stein space.
Proof. Put Dy = |J}_, Q;. Note that Dy, = Di UQgyy and Di 0
Qry1 = O N Qg41. We consider the Mayer-Vietoris exact sequence
-+ — H'(Dg41,0) = H'(Dg,0) @ H (Qp41, O)
— Hl(Qk ﬂQk_H,O) — ..
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for k = 2,3,.... By Theorem B of Cartan, H}(Qx4+1,0) = HY{(Qx N
Q441,0) = 0 Hence HY(Dyy,,0) — HY( Dy, O) is surjective. It follows
that the restriction map H!(Q,0) — H'(Dy, ) is surjective for any
k=1,2,... [1, p.241]. So,

dim H'(D;, 0) < dim H'(Q,0) < o

forany k=1,2,....

Now we prove, inductively on k, that Di(k = 1,2,...) are Stein
spaces. For k = 1 this is trivial because D; = ; is Stein. Since
Diy1 = Dy U Q4 and dim HY(Dgy4y,0) < 00, if Dy is Stein, then, by
(1) of Lemma 3.2, Di4q is Stein. By induction, Di(k = 1,2,...) are
Stein.

Note that {Dy}32, is an increasing sequence of Stein subsets such
that @ = |Jre; Dk and that dim H*(Q,0) < co. By (2) of Lemma 3.2,

Q is a Stein space.

THEOREM 3.4([10]). Let X be a (reduced) complex Stein space and
let Q0 be a relatively compact open subset of X. Suppose that the fol-
lowing conditions are satisfied.

(1) Q is locally Stein.

(2) HY(Q,0) =0.

(3) If f is holomorphic function on X which is non-constant on any
finite dimensional irreducible component of X, then Q N Z(f)
with its reduced structure is a Stein space.

Then €2 is Stein.

In [8] Coltoiu and Mihalache dropped the condition (3). Applying the
result of Lemma 3.2 we sharpen Theorem 3.4.

THEOREM 3.5. Let X be a (reduced) Stein space of finite dimension
and let §) be an open subset of X. Suppose that the following conditions
are satisfied.

(1) Q is locally Stein.
(2) HY(R, ) is a finite-dimensional vector space over C.

Then () is a Stein space.

Proof. Since Q is locally Stein, there is a Stein covering U = {Uy} of
X such that U, N Q is Stein for any a.
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From the result of Stehlé[15, p.167] we get a Stein covering B =
{B;}32, of X which is a refinement of f and such that C; = |J;; B; is
Stein for any j =1,2,.... Let Q; =C; NQ and D; = B; N

We first claim that for any 7 the restriction map

HY(Q,0) - H'(9Q;,0)
is surjective. We consider the Mayer-Vietoris exact sequence

o= HY (Q41,0) — H(Q;,0) © H'(Dj41,0)
— HI(QJ nDj+1,0) —> e

Note that Djy1 and Q; N Dj;, are Stein. Therefore HY(Dj41,0) —
HY(Q;, 0) is surjective. It follows that the restriction map H'(Q,0) —
H'(Q;,0) is surjective for any j = 1,2,...[1, p.241]. Hence

dim HY(Q;,0) < dim HY(Q, 0) < oo

forany yj =1,2,....

Now we shall prove, inductively on j, that {}; are Stein. For j = 1,
Q0 = B; N is Stein. Notice that ;41 = 2, U Dj4; and dim HY(Q,41,
0) < oo. If Q; is Stein, by Lemma 3.2, 2,4, is Stein. By induction,
Q;(j = 1,2,...) are all Stein. Note that Q3 C @, C -+ is an in-
creasing sequence of open Stein subsets of X. Since 2 = U;’?_zl 2; and
dim H1(2, 0) < o0, by (2) of Lemma 3.2, Q is Stein.
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