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EXTREME POINTS OF A%

TAEG YOUNG CHOI

1. Introduction

Let H be a complex Hilbert space. If £ is a lattice of orthogonal pro-
jections acting on H, then AlgL is the algebra of all bounded operators
acting on H that leave invariant every orthogonal projections in £. A
subspace lattice £ is a strongly closed lattice of orthogonal projections
acting on H, containing 0 and I. Dually, if A is a subalgebra of B(H),
the algebra consisting of all bounded operators acting on H, then LatA
is the lattice of all orthogonal projections invariant for each operator in
A. An algebra A is reflexive if A = AlgLat.A and a lattice £ is reflexive
if £L = LatAlgL. A lattice £ is commutative if each pair of projections
in £ commutes. We write (A); for the unit ball of the algebra A. If
Zq1,%2,...,Tm are vectors in some Hilbert space, then [z1,Z2,...,Zum]
means the closed subspace generated by the vectors zy,z9,...,2.,. Let
A be in B(H) and let z be in H. If ||Az|| = ||Al|||z]], then z is said to be
a maximal vector for A and maxA is the set of all maximal vectors for
A. An element A of a subalgebra A of B(H) is described as an extreme
point of A if the only way in which it can be expressed as a convex
combination A = AB + (1 - A)C, with 0 < A <1and B, C in A, is by
taking B = C = A.

Let H be a n-dimensional complex Hilbert space with an orthonormal
basis {e1,€2,...,€en} and let £, be the lattice generated by {[e1], [e3],
ooy [en—1], [e1,€2, €3], [e3, €455, .., [€n—3, €n—2,€n—1], [€n-1,€n]} f N is
even(or' {[61]3 [63]a R [en]v [617 €2, 63]7 [63, €4, eS]a R [en—2, €n—1, en]} if
n is odd). Let H be an infinite separable Hilbert space with orthonormal
basis {e1, €z2,...} and let L, be the lattice generated by {[e2i—1], [e2i—1,
€2i, €2i41] : ¢ = 1,2,...}. Then the extreme points of the algebras
AlgLs, and AlgL ., are investigated in [8].
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Let H be a 2n-dimensional complex Hilbert space with an orthonor-
mal basis {e1, €3,...,€2,}. Let L3, be the lattice generated by {[e4], [es],
ooy le2n-1]; [e1,€2,€3],[€3,€4,€5), ..., [e1,€2n-1,€2,]} and let A;, be
the tridiagonal algebra discovered by F. Gilfeather and D. Larson. Then
Azp = AlgL,, and A € A3, has the form

(" ")

. *
\ v/
with respect to the basis {e;, e2,...,€2,}, where all non-starred entries

are zero. The extreme points of Az, are investigated in [2]. If we write

the basis in the order {e;j,e3,...,e2,-1,€2,€4,...,€2,}, then the above
matrix looks like this

/** ** *\

\ v/
where all non-starred entries are zero.

Let Aé?,) = { DOl 1'792 : Dy and D, are n X n diagonal matrices

and S is an n x n matrix }. The isometries of Ag?,) are investigated in

[7]. In this paper we will investigate the extreme points of Ag',?.
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2. Preliminaries and general properties

LEMMA 2.1 [8]. Let H be a finite dimensional Hilbert space and let
A be in B(H) such that ||A|| = 1. Then A has at least one nonzero

maximal vector.

LEMMA 2.2 [8]. Let A be a subalgebra of B(H). If A is an extreme
point of (A);, then A* is an extreme point of (A*);, where A* = {A* :
A€ A}

LEMMA 2.3 [8]. Let A be a nonzero operator in B(H). Then

maxA = ker(||A]|> — A*4) and dim(maxA4) = dim(maxA*).

LEMMA 2.4 [8]. Let dim ™ < co and let P > 0. Then ranP=ranP?,
where ranP={Pz : z € H}.

LEMMA 2.5 [11]. Let £ be a nest or a distributive lattice of orthog-
onal projections. If A is in (AlgL);, then A is an extreme point of
(AlgL), if and only if for all E in L, either E Nran(l — AA*)? = {0}
or EX Nran(l — A*A)? = {0}, where E_ =V{F : F € £ and F # E}
and EX = (E_)*.

LEMMA 2.6 [8]. Let A be in Aj,, such that ||A|| = 1. Then A is an
extreme point of (A, ), if and only if for all E in Ls,, either maxA* V
Et =H ormaxAVE_ =H.

LEMMA 2.7 [2]. Let A and B be subalgebras of B(H). Let U be a
unitary operator such that UAU* = B. Then A is an extreme point of
(A)y if and only if UAU* is an extreme point of (B);.

Proof. If UAU* = AB + (1 — X)C for some B and C in (B);, then
A= AU*BU + (1 — \)U*CU and U*BU and U*CU are in (A);. Since
A is an extreme point of (A);, A =U*BU =U*CU. Since U is unitary,
UAU* = B = C. Conversely, if A = AB + (1 — X)C for some B and C
in (A)y, then UAU* = AUBU* 4+ (1 —= M) UCU* and UBU* and UCU*
are in (B);. Since UBU™ is an extreme point of (B);, UAU* = UBU* =
UCU*. Hence A=B =C.
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LEMMA 2.8 [2]. Let A and U be in B(H) and let U be a unitary
operator. Then U*(maxA) = max(U*AU).

Proof. Let = be in maxA. Then [|A2| = ||4||ki| and so ||U*AUU*z||
_ U dz] = 42| = |A]lle]l = [U*AU|U"2]. Hence 0"z is in
max(U*AU). Conversely, let z be in max(U*AU). Then [|AUz]| =
|U*AUz|| = [U* AU |||zl = || All}iz]] = |AlliU=z]|]- Hence Uz is in maxA.

THEOREM 2.9. Let A and U be in B(H) and let U be a unitary
operator. Then dim(max(UAU*)) = dim(maxA4).

3. Extreme point of A"

Let H be a 2n-dimensional complex Hilbert space with an orthonor-
mal basis {e1,e€3,..., €, } and let ﬁg',? be the lattice generated by {[e;],
[ea], ..., [en], [e1,€2, ..., €nsenti] : 12 = 1,2, ...,n}. Then Af,_’,;) =
Algﬁg:;) and A,g:;) and L’g’,? are reflexive.

First we consider the extreme points of AS) and .Aiz). Since Agl) =

As, we have the following theorem.

THEOREM 3.1 [2]. Let A = (0(1)1 Z?) be in A such that || A =
2

1. Then A is an extreme point of (.Agl))l unless A is diagonal such that
laii| < 1 for some i (i = 1,2).

D, S
0 D,

D= 0 Dy = (6133 0 )and S = (013 014) .
0 aox 0 au d23 ds4
Let U be a 4 X 4 unitary matrix with 1 in (1,1)-, (2,3)-, (3,2)-,and

(4,4)-components and 0 elsewhere. Then U = U* and UAU* = Aff’).

By Lemma 2.8, A is an extreme point of (A,(f))l if and only if UAU* is
an extreme point of (A4);. Using the result in [2] we have the following
theorems.

Let A= ( ) € .A‘(f) such that ||Al| = 1, where
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THEOREM 3.2. Let A be in Aiz) such that ||A|| = 1. If every entry
of S is nonzero, then A is an extreme point of (A‘(f))l if and only if
dim(maxA4) = 2.

D, S be in Af) such that ||A|| = 1.
0 D,

If exactly one element of S is zero, then A is not an extreme point of

(AP

THEOREM 3.4. Let A be in A‘(lz) such that ||A|| = 1 and let exactly
k (2 < k < 4) elements of S be zero. Then A is an extreme point of

(Aflz))l if and only if dim(maxA) = k.

THEOREM 3.3. Let A =

From now on, we will consider the extreme points of (A(ZT,?)l for all

Dy § ) be in Ag',‘) such that ||4]| = 1,

positive integers n. Let A = o D,

where D; is an n X n diagonal matrix with a;; in (7, 7)-components, D, is
an n X n diagonal matrix with @n4jn4; in (J,j)-components and S is an
n X n matrix with a; ,4; in (2, 7)-components for all ¢,5 (1 < ¢,57 < n).

Then
«,_ ([ DiDy DS
ATA = (S*D1 S*S+D;‘D2>'
Ix= (XI’XZ) = (IL‘],.’L‘2, e ’$2n) c maxA, where Xy = (.’[1,.’172, .. .,xn)
and X2 = (Tp41,Zn+2,---,L2n), then by Lemma 2.3, we have the follow-

ing equation

X1 _ -DT-Dl DTS X4
X2 - S*Dl S*S+ D;Dg X9 )

From this we have the following relations;

n

(*) a1y = E 1101 n+kTntk
k=1
n

Ty = E 2202 n+kTntk
k=1
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n

ApnTpn = E arman,n+lc-77n+k

k=1
n n n

Opt1Tpp1 = E Ak, nt+10kkTk + Z(Z Gk nt10k ntj ) Tntj
k=1 j=2 k=1

n n n
Ong2Tpty = Zak,n+2‘1kkxk + Z (Z Ak n+20k,n+)Entj
k=1 J#£2,5=1 k=1

n

n-1 n
W2nTon = Y k2n0kkTk + 3 (D Tk 200k nti)Tnt;

k=1 j:l k=1

where a; = 1-— laiilz, and QApti — 1— |an+,-’n+,-|2 — ZZ:I ]ak’n+,~|2 for all
1=1,2,...,n.
From this relations we have the following theorem.
DOI 1')9 be in A;’,? such that || 4| =
2
1. I each row vector of S has at least one nonzero element, then
dim(maxA4) < n.

THEOREM 3.5. Let A =

.D1 S . (n)
0 D, be in A,

1. If each column vector of S has at least one nonzero element, then
dim(maxA*) < n.

COROLLARY 3.6. Let A = such that ||A]| =

THEOREM 3.7. Let A be in A such that ||A|| = 1. If A is an
extreme point of (Ag’,?)l, then dim(maxA4) > n.

Proof. Suppose that dim(maxA) = k < n. Take E = [e1,e2, ...,
€x+1) In ﬁg:?. Then E_ = [ey,es,...,e,] and E+ = [eg,eq,...,e241] .
Hence dim(E_) = n and dim(E+) = 2n—(k+1). Thus maxAVE_ # H
and maxA* VvV EL £ H.
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D, S
0 D,
and let each row vector of S be nonzero or each column vector of S be

nonzero. If A is an extreme point of (.Ag,?)l, then dim(maxA) = n.

D. S - n
o b, ) bein A such that || A]| = 1

and each row vector of S has at least one nonzero element. If for some
i (1 <t < n), 2p4: =0 for all x=(21,232,...,%2,) € maxA, then A is

not an extreme point of (.Ag?l))l.

COROLLARY 3.8. Let A = be in Ag’,? such that ||A|| =1

COROLLARY 3.9. Let A =

Proof. From the equation (*), dim(maxA) < n — 1. Hence by Theo-
rem 3.7, A is not extreme.

0 D,
1 and each column vector of S has at Ieast one nonzero element. If for
some i (1 <:<mn),y; =0 for all y=(y1,Y2,...,Y2n) € maxA*, then A

COROLLARY 3.10. Let A =

n

) be in Ag") such that ||A]| =

is not an extreme point of (AS®));.

THEOREM 3.11. Let A be in ASY) such that |A|| = 1. K A is an

(13
extreme point of (.Ag;))l, then for each i (1 <z < n), either there exists
Xn+i = (Z1,22,...,%2,) € maxA such that zpy; =1 and x,4; = 0 for
all j (j # 1,1 <3 < n) or there exists y¥; = (y1,Y2,---,Y2,) € maxA*
such that y; =1 andy; =0 forall j ( #¢,1< 5 <n).

Proof. Let E = [e1,e2,...,€,]. Then E_ = [e;,e3,...,€,] and E+ =
[€n+1;€nt2y--->€20). Since A is an extreme point of (Ag’,?)l, either
maxAV E_ = H or maxAV E+ = H. If maxAV E_ = H, then
enti € maxAV E_for all : = 1,2,...,n. So €py; = Eizl Zrer +
> k=1 Hrek for some Zi’;l zrer € maxA and Y ,_; urex € E_. Hence
Tpti = 1 and zpqj = 0 forall j (5 # 1,1 < j < n). Thus there exists
x; = (21,22,...,%2,) € maxA such that z,4; = 1 and z,4; = 0 for
all j (j # 4,1 < j < n). Similarly, if max4 vV EL = H, then there
exists y; = (¥1,Y2,--->Y2n) € MaxA* such that y; =1 and y; = 0 for
all j (j£i,1< 5 <n).

THEOREM 3.12. Let A be in A‘EZ) such that |A|| = 1. If for each
i (1 < ¢ < n), there exists a vector x= (z1,22,...,%2,) € maxA such
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that z,4; # 0 and 2,4 = 0 for all j (j #¢,1 < j < n), and there exists
a vector y=(y1,Y2,---,Y2n) € maxA* such that y; # 0, then A is an

extreme point of (Ag',?)].

Proof. Let E = [ex] for k = 1,2,...,n. Then E+ = [e;]* and so
maxA*VEL =H. Let E = [ej,ea,...,en,ensk] forsomek =1,2,... n.

Then E_ = [e,H_k]~L and so maxAV E_ = H. Let F be in ﬁg’,? such
that [e;] C E C [e1,e2,...,€,] for some j (1 < j < n). Then E_ =
[e1,€2,...,€n]. Since epyr € maxAVE_forallk=1,2,...,n, maxAV

E_ = H. Let E be in [,g':l) such that [e;,e3,...,€5,en4j] © E for
some j (1 < 7 < n). Then E_ = H and so maxA V E_ = H. If
E € [,g?l) such that E is different from above cases, then E_ = H and
somaxAV E_ =H.

By an argument similar to Theorem 3.12, we can get the following
theorem.

THEOREM 3.13. Let A be in A such that ||A|| = 1. If for each
¢ (1 <7 < n), there exists a vector x=(z1,22,...,22,) € maxA such
that T,4; # 0 and there exists a vector y=(y1,y2,...,y2n) € maxA*
such that y; # 0 and y; = 0 for all j (j #1,1 < 7 < n), then A is an
extreme point of (Ag’,?)l.

_ Dl S . (n) _

THEOREM 3.14. Let A = o D be in A5, such that ||A|| =
2

1. If each row vector of S is nonzero and Xp4+r € maxA for all k =

1,2,...,n, where Xp4r = (21,22,...,%2n) With Tpyx =1 and z,4; =0

for all j (j # k,1 <j <n), then A is an extreme point of (Ag’:,))l.

Proof. Let Dy = (a;;) and Dy = (@p4i n+i) be nxn diagonal matrices
and let S = (@i n+;) be nXn matrix. Suppose that a1 nyp, # 0,a2,n4p, #
0,...,8nntp, # 0 (1 < p1,p2,...,pn < n). Then |a;| # 1 for all
= 1,2,...,n. Since Xp4p, € maxA, AXnyp, € maxA* and the j-
th component of AXp4p, 1S @525 + @jntp;- Since"‘wj = a; @jjQj,ntp;>
Qj§Ti+ Gjntp; = QjQ; G ntp; +Antp; = Ginip; (@] aj;P +1) =
Q; @jntp; # 0. Hence for each j (1 < j < n), there exist y;=(y1,y2,

.-, Y2n) € maxA* such that y; # 0. By Theorem 3.12, A is an extreme

point of (A(;:l) -
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n

By an argument similar to Theorem 3.14, we can get the following
theorem.

THEOREM 3.15. Let A bein .Ag',i) such that ||A]| = 1. If each column
vector of S is nonzero and y; € maxA* for all k = 1,2,...,n, where
Y& = (Y1,Y2,---,Y2n) withyr = landy; =0 forallj (j # k,1 < j < n),
then A is an extreme point of (.Ag:? h-

Let A = (Dl S ) be in Agz) such that ||A]| = 1. Let k (1 < k <n)

0 D,
be given and let Xp4+r = (z1,22,...,%2,) With Zp4x = 1 and zn4; =0
for all j (7 # k,1 < j < n). Then x,4; € maxA if and only if z; =
al-_lﬁ,-iai,n+k for all z (1 <z < n) provided a; # 0 and

Q1,n+191,n+k  Q2n4+102,n+k *°°  Gnn+1Gn,n+k oy 7

— = — -1

A1 n4201 n+k A2,n4202 04k " Gnni20n.a+tk Qg Y2

41,9001,k 02200204k " Gp2nlnntk a;? Tn
where aj = 1 — |a;;|2 and ozj_1 =0ifa;=0fralj=12,...,n and
Yk =1 — |antknskl> and v; = 0for all j (j # k,1 < j < n). Suppose
that S = (@int1, Gint2s ---, Gi2n)’, that is, S} is the i-th column
vector of S*, for all ¢ = 1,2,...,n. Let B = (aj',a5%,...,a; 1) and

let Pr = (71,72,---,7n)". Then the above equation holds if and only if
(al,n+kSi", a2’n+k5;, aeny an,n_{,kS:;)B = Pk.

From this fact we have the following theorem.

D1 S
0 D,
Let k (1 < k <n) begiven and let Xpyr = (21,22,...,%T2p) With Tpip =
1land zp,4; =0forallj (j #k,1<j<n). Then Xpyr € maxA if and
only if

THEOREM 3.16. Let A = ( ) be in A such that ||A|| = 1.

(al,n-l-ksr’ a2,n+kS;’ vy an,n-!-ks':)B = Pk



652 Taeg Young Chot

and z; = a{lﬁiia,‘,n_l_k for all 7+ (1 < < n) provided a; # 0.

Let S; be the ith-column vectorof S and let C = (874,851, ..., 6.5,
where 8; =1 —|antintil> and G771 =0if B; =0 forall: = 1,2,...,n.
Let Qr = (m,72,...,Mn)", where gy = ax and ; = 0if j # k. By an
argument similar to Theorem 3.16, we can get the following theorem.

THEOREM 3.17. Let A = b, 5 ) be in Ag’,? such that ||A]| = 1.

0 D,
Let k (1 < k < n) be given and let yx = (y1,Y2,---,Y2n) With yp = 1
andy; =0 for all ¢ (¢ # k,1 <1 <n). Then y € maxA* if and only if

(@k,n+151, Gknt252, -y Gk 20S20)C = Qk

and Yp4; = ﬂ;l_dk’n.{_ian-l_i’n.{_i for all i (1 <: < n) such that §; #0.
From Theorem 3.11, 3.12, 3.13, 3.16 and 17, we have the following
theorems.

D, S
0 D,

If A is an extreme point of (.Ag?)l, then for each k (1 < k <n),

THEOREM 3.18. Let A = ( ) be in Ag':l) such that ||A] = 1.

(al,n.;_ka, (12,"+k55, ceey an7n+kS;)B = Pk
or
(ak,n+151, ak,n+2527 sy ak,?nsn)C = Qk-
D,

THEOREM 3.19. Let A = be in A such that ||Al| = 1

0 D,
and let each row and column vecter has at least one nonzero element. If
for each k (1 <k < n), ‘

]

(al,n+kS=1k, a'2,n+k5;a ey an,n—f-kS:)B = Pk

or
(ak,n+151, ak,n+252, ) ak,ann)C = Qk,

then A is extreme.
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