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ADDITIVE FUNCTIONS ON
ARITHMETIC PROGRESSIONS

JUNGSEOB LEE AND KwWANG YOUNG LEE

A complex-valued function f, defined on the set of positive integers, is
called additive if f(mn) = f(m)+ f(n) for any relatively prime integers
m and n. For any integers q, d and real £ > 0, we define

Efzida)= Y f(n)~ﬁ Y fn)

n<z n<lz
n=amodd (n,d)=1

This quantity measures the uniformity of the distribution of values of
additive functions on arithmetic progressions. It is natural to expect
that E¢(z;d,a) is small for all reduced residue classes a modulo d and all
integers d up to z.

In Chapter 7 of his book [4], Elliott has extensively investigated the
behavior of additive functions on arithmetic progressions. Later Hilde-
brand [7], motivated by Elliott’s work, proved the following.

For any given ¢ < % and all additive functions f,

ay|2
E poz mgx lEf(m;paaa)IZ <, 8o T loglogz' Z If(p )‘

px<z*© {(a,p)=1 p*<z
where p® runs through prime powers,and the implicit constant depends
only on c.

One can find in Elliott [5] a similar inequality under more severe
restrictions. Their results can legitimately be considered as counterparts
in the theory of additive functions to the Bombieri-Vinogradov theorem
in prime number theory. As in the case of the Bombieri-Vinogradov
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theorem, it is desired to prove a theorem which allows the constant ¢ in
the above theorem to be as large as 1.

In this note, considering the mean square average of Ef(z;d,a), we
will prove, in a relatively simple manner, results which are useful for
large moduli. The following theorem has been sought as an analogue
of the result on primes in arithmetic progressions, due to Davenport-

Halberstam [4] and Gallagher [6, Theorem 3].

THEOREM 1. For any = > 0, Q > 0 and all additive functzons 7

S Y Bwdaf<B Y b‘_g.{zl

d< a=1 <z
Q(a py] <

where

Q?loglogz )

2

B = B(z,Q) = min (Qz log log ¢, Qz +

One finds that the above inequality holds with B = Qz for Q@ <
z3 [loglog z. :

Confining the moduli to prime powers, we obtain an inequality in a
slightly strengthened form.

THEOREM 2. For any z > 0, @ > 0 and all additive functions f,

Z X Z lEf(y,p @ <B Y lf(;’a)lz

p"‘<Q a=1 pe <z
where
‘ , 2loglo
B = B(z,Q) = min ((:c + Q)zloglogz,z? + Qz + 9—-—%%——(15—3—;-) .

The following theorem is concerning general moduli though it is mean-
ingful when @ is significantly smaller than z.
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THEOREM 3. Let € > 0 be given. Then for any z > 0, Q > 0 and all
additive functions f, we have

>~ dmax max |Ey(y;d, a)|<< 5 If(p

<o ¥=T (ad)=t pa<z

To prove the theorems, we will need several lemmas. The first one
is the well-known maximal version of the large sieve inequality, due to
Montgomery [8].

LEMMA 1. For any real z > 0, @ > 0 and any complex numbers ay,

Z 5 2 mexl Y anx(mP <2+ @)Y ladl’

d<Q xmodd - n<y n<z

where E;mod 4 denotes the sum over all primitive characters modulo d.

LEMMA 2. For any real number @ > 0, and any complex numbers

> ——= So() o axlzanx(n)P«(xw)ZlanP

a<Q Xmodd n<lz

Proof. We see that for any U > 0,

Y o X med Y (ol

U<d<2U xmodd - n<z
1
<y ( ) 3 auxlz:oznx(n)l2
U<d<2U ¥ xmodd n<z

By Lemma 1, thisis < (zU 1+ U) Y, , |an|?. Summing over U = 2%,
1 < U < Q, we complete the proof.

LeEMMA 3. For any integer d and real z > 0,

d

2 1 ! 2
> |Ef(z;d,a)| = o) ST f)x(n)l

a=1 xmodd n<z -
(a,d)=1
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where Z
d.

,xm od ¢ denotes the sum over all non-principal characters modulo

Proof. We recall the orthogonal properties of Dirichlet characters. If
(a,d) =1, then
¢(d) if a =n mod d,

0 otherwise.

1) S @) = {

x mod d

For any two characters x and £ modulo d,

d _ d) if xy=¢,
@) ZX(GX(G) = {(’9( 3 ;tgerwise
a=]1 :
By the relation (1), we find that for any a with (a,d) = 1,
(3) Br(zida)= —= 3" %(@) ¥ fn)x(n).
So(d) x mod d n<z

On squaring this out and summing over all reduced residue classes a
modulo d,

d
> |Ei(z;d,a)

a=1
(a,d)=1

‘P( n<z m<z

d
_ ;)22 DD fx(m) D Fm)E(m) Y x(a)E(a).
x ¢ e=1

Applying the relation (2), we finish the proof.

LEMMA 4. Let f be an additive function. Then for any = > 0,

Z lf(n)l2 L zloglog z Z ligg;-)—,i

n<z p*<Lz P
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Proof. Using the additivity of f and changing the order of summa-
tions, we find that the left hand is

DD FEINES Y D I Y 1,

n<z p=|n pe<T¢f<z n<z
P lin,g” lin

where p®||n means p* divides n but p**! does not. First we estimate
the contribution of those terms with p # ¢. In this case the innermost
sum is not greater than z/p%¢?. Thus by Cauchy’s inequality we find
that the last sum with the restriction p # ¢ is

2

co 3y M) o,y Ly WUOE

pe<z p“(z p*<z

Since E agy P77 K log log z, we obtain the wanted bound.
The contrlbutlon of those terms with p = ¢ to the sum is bounded by

o 8
Z Z |f§i )||f(Pﬂ)|= Z Z Ifgi),u)l B/4 |f(54)|p—ﬂ/4

PO B<c P:Of <a
p"<xﬂ j 2 ps

By the inequa.lity of arithmetic and geometric means, this is

F@N g2 | PO g
M =

P, B<la
p®<z As

F(p*)? 2 |f(P?)? a2
S LS e S TS e
p*<z B<La pP <z a>f
<z Z |f(£:)|2.

p<z

This 1s less than the wanted bound.
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Proof of Theorem 1. Squaring out E¢(z;d,a) using the definition, we
have

Bi(z;da)P =1 Y, fP——= > f(n) Y F(n)

n<z n<z n<lz

n=amod d n=amodd (n,d)=1
1 _ 1
- = f(n) f(n) + —| HOIR
w(d) ; ,;z ( o(d)? ,,Z; )
n=emod d (n,d)=1 (n,d)=1

Summing over all reduced residue classes a modulo d and interchanging
the summations, we find that

d
Y 1Bz da)f = > If(n)f - (d)l Y fm)P
(a‘f;—51=1 (nrjds)il (n'jd<)il
< I
n<z

Using Lemma 4, we see that the summation of the above over all positive
integers d < @ is bounded by

Qzloglogz Z M

o
p*<z P

To get the second bound, we define A=A(f,z)=z7'} ., f(p™)/p"
and an arithmetic function g(n) = f(rn) — A. Then a straightforward
calculation leads to

Ef(z;d,a) = Ej(z;d,a) + A | ) <P(d) 2!

n<z n<z
n=amodd (n,d)=1

o(z;d,a) + O(4).
We use the same argument as above to get
d

3 1By(aid,a)P <) lg(n)F =) If(n) — AP

n<z n<z

a=1
(a,d)=1
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By the Turan-Kubilius inequality, this is
If(p))?
e ), =

pe<z P

Summing over all positive integers d < @),
¥ . £

(4) Z Z |Eg(z;d,a)? < Qz Y T

<9 o= poss

Now we estimate the contribution of O(A) term. First we find by
Cauchy’s inequality that

AP < % ) !f(zo;’)l2 > 1 10g1<2>gw ) If(p:)lz.

o
p*<z P p°‘.<_rp p*<z P

Summing over all reduced residue classes a modulo d and all integers
d < Q, we get

(5) Z z |A|2<< Q loglogx Z |f(pa)|2

pr<
d<Q (a,tl) . z

Combining (4) and (5), we obtain the second bound and complete the
proof.

Proof of Theorem 2. By Lemma 3, we find that
(6)

Z Z |Es(y;p™,a)P = ) w(p j ex Z | Y f)x(n)P.

°‘<Q p*<Q x mod p¢ n<y
(a,p) 1

Since any non-principal character xy modulo p® is induced by some prim-
itive character y; modulop?, 1 < 8 < a, and x(n) = x1(n) for every
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integer n, the above is

>

pe<0 so(p")

wx Y Y 1Y )l

= B=1xmodp? n<ly

< 2 so(pf’)zp o > 1Y fm)x(n)l?

PPLQ 121 xmod pf n<y

< Y oo ISP

P <LQ xmod p? nr<y

< (z+Q)) If(n)

n<lzy

by Lemma 2. Applying Lemma 4, we obtain the first bound. In order
to get the second bound, we define A and ¢ as in the proof of Theorem
1, and see that

E¢(y;d,a) = Ey(y; d, a) + O(A).

On successively applying Lemma 4 and the Turan-Kubilius inequality,
we find that the contribution of Ey(y;d, a) to the sum on the left hand
of (6) is »

<<($+Q) Z !f(pa)|2

pe<z p
We treat the contribution of O(A) term as in the proof of Theorem 1.
Proof of Theoremn $. By the identity (3), we have

max By (s )| = max |—— () Y 1@ Y fm)x(n))

(a, d) 1 o (a d)" x mod d n<y
Z 1> f(n)x(n)l.
xmod d n<y

Since f is additive,

Zf(n)x(n) =33 feMx(n) = Y FEx(*) Y, x(m).

n<y n<y pxjin r* <Ly m<y/p®
ptm
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It is known that ) , <y x(m) K ys ds+¢ for any non- prmc1pal character
x modulo d(See Burgess [2]). Thus the above is

& y3d9+e Z lf(pa)’-

2a/3
p*<y p

Hence

deg.x max |Ef(y; d,a)
<0 ST (ad)=1

<oty y L)

d<Q p*<z
210 1£(p™)l
sz SQ Z 2&/3 )
p*<z

By Cauchy’s inequality the last sum above is not greater than

i

1 ; a\|2 T3 a\|2
3 7 3 lf(;’a)l < Z If(P ()

po<z p<z pe<z
This completes the proof.
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