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MINIMAL FREE RESOLUTIONS OF
PERFECT AND ALMOST COMPLETE
INTERSECTION GRADED IDEALS

YounGg HyuN CHO

1. Introduction

Let R = @;2yR; be a polynomial ring in n indeterminates over a field
k:R=k[X;,...,X,]. We consider the usual grading on R determined
by the total degree of polynomials. Then each graded piece R; of Ris a
k-vector space of dimension (’:’:1) for all + > 0 and R, generates R as
a k-algebra. The ideal m = @;>0R; is the unique maximal homogeneous
ideal of R, and R can be treated as if it were an ordinary local ring (See

[3])-
By analogy with the local case, if

(1) RS F s R SR SM0

is a free resolution of an R-module M, and we denote

Kerd;_; for :>2

N; =Imd; = { .
Kere for :=1,

then we call (1) a minimal free resolution if N; C mF;_; forall ¢ > 1

(See Ch.7 of [5]).

By graded R-module we mean an R-module M with a decomposition
by k-vector spaces, M = @;ezM; (with M; = 0 for all : < a and
some a € Z), compatible with the R-module structure, which means
R;M; C M;,;foralliandj. A graded homomorphism is a homogeneous
homomorphism of graded R-modules of degree 0. A graded (minimal)
free resolution of a graded R-module M is a resolution like (1), with
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all F}’s graded R-modules and all d;’s (and ¢) graded homomorphisms.
If M is finitely generated, then every F; has to be of the form F; =
@1 (R(—v;,;))*", where the v; ;’s and the «; ;s are, respectively, the
degrees of the generators of N; = Imd; and the number of generators in
each degree. We call the numbers v; ; the twisting numbers of M and
each a; ; the multiplicity of v; ; (at F;). The numbers,

bi = a;; =rank F; = dim; Torf(M, k)

7

(=minimal number of generators of N;) are called the Betti numbers of
M.

In [1], Eisenbud and Goto calculated Betti numbers of R/I, when I
is a graded ideal of R and R/I has p-linear resolution. Lorenzini [4]
had partial results about twisting numbers and multiplicities and Betti
numbers of a Cohen-Macaulay ring R/I.

Based on the work of Lorenzini, in this paper we get some results
about Betti numbers when I is a perfect and almost complete intersection
ideal.

Finally, for the following sections we define the Hilbert function of M.
Let M = @iczM; be a finitely generated graded R-module. The Hilbert
function of M is the function H(M,-) : Z — Z defined by H(M,z) =
dimg M; (Vi € Z). We also define the first difference of the Hilbert
function of M as

AH(M,i)=H(M,i)— H(M,i— 1), Vi€Z

Inductively, for every r > 1, define the r-th difference of the Hilbert
function of M as

ATH(M,i) = AT H(M,i)— A" 'H(M,i —1), Vi€Z.

2. Basic Theorems

The result of this section is mostly due to [4], and we deal with a
perfect graded ideal I of R = k[Xi,...,X,]. When the length of a

maximal regular sequence in I is equal to the homological dimension of
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R/I, I is defined as a perfect ideal. Note that I is perfect in R if and
only if R/I is a Cohen-Macaulay ring. Suppose I has height s. Then
the homological dimension of I is s — 1. Hence I has graded minimal
free R-resolution:

(2) O—"Fs—-l_’""—’Fiﬁ*ﬂ~l—>"'—’F0‘—’I—>0
Since F; ®r R/m = TorF(I,k) (Vi > 1), the information on Tor®(I, k)
gives the twisting numbers of I.
Define
o(I) = min{t|1s # (0)}.
Assume k is infinite, and we may assume that X,4q,..., X, is a regular

sequence modulo I. Put A = R/I and

B = A & B X
(Xot15--, Xn)A (I, Xoy1,...,X0)
Define
o(I) = min{t|A" " H(A,t) = 0}
= min{¢|B, = (0)}.
It is clear that if Gi,...,G}, is a minimal set of generators of I, then

min{degG;|¢ =1,...,h} = a(l)

and it can easily be proved that max{deg G;|: =1,...,h} < o(I).

THEOREM 2.1. Let I be a height s, perfect graded ideal of R =
k[X1,...,X,) and suppose o(I) = d, o(I) = d + r. Then Torf(I, k)
vanishes in every degree different fromd+it,d+:¢+1,...,d+1+r.

Proof. See Theorem 2.2 of [4].
From Theorem 2.1, we can deduce that in the minimal free resolution
of I, (2) over R,
(3) Fi=R(-(d+i) & R-(d+i+ )" &
@ R(=(d i 7= 1) @ R(—(d 43+ 7))
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for each ¢ = 0,...,5 — 1, with the a; ;’s not necessarily all different from
0. If we put N; = Imd;, for every 1 > 1, and Ny = I, then we have
that a;9 = H(N;,d + ¢) and that N; is generated at most in degrees
d+i4,...,d+i+r=o0(l)+i foralli=0,...,5—1.

Now, dualize resolution (2), by applying the functor (-)* = Hom(-, R),
and we obtain

(2)*

0-R2Fr - Fr, % F .. 5 F > Exty(4,R) -0
which is a graded minimal free resolution of Ext%(4, R) and
Ff =@ R(vi)*, Vi=0,...,s—1
By (3),
F'=Rd+i+r)* @Rd+i+r—1)%1g...
o @ R(d+1+ 1) @ R(d +1)™°.

Put L; =Img;, foreach: =1,...,5—1, and L, = Ext}(4, R). Now, for
any:=0,...,s—1,andevery t = 1,...,r, let W;(N;) denote the vector
subspace of (N;)d+i+: generated by (N;)g4ite—1 under multiplication by
X1, [ ,Xn, i.e.,

Wi(N;) = Xai(Ni)ayitt—1 + -+ Xa(N)dtitt—1 € (Ni)dyite-
It is clear that for each : > 0,and t =1,...,r,
dimg Wi(N:) = H(Ni,d + i + 1) — aiz.

Similarly, consider the dual resolution and for any ¢ = 1,..., s and every
t=1,...,r, define Wy(L;) as the k-vector subspace of (L;)_(4t+i—14r—1)
generated by (L;)_(4+i+r—¢ under multiplication by Xj,..., Xy, ie,

Wi(L;) = Xi(Li)—(dsitr—1) + -+ + Xa(Li)—@zitr—1)
C (Li)—(d4i—14r—1)-
Again, it is clear that

djmk Wt(L,) = H(L,‘, -—(d 4+ —147r— t)) - Qi1,r—t
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THEOREM 2.2. Let I be a perfect homogeneous ideal of R of height
s, witha(I) = d, o(I) = d+r; and let a; ; be the multiplicity of d+i+j
at F; ( =0,...,7;:=0,...,5 —1). Then;
(a) foranyi=1,...,s —landanyt =0,...,r — 1, app = ax1 =
ce=aor,=0,Vk=1,...,5 -1, if and only if

t .
) t+1—73+n-1
dimy Wi1(Nioq) = Z ( g )ai—l,ﬁ

‘ n—1
=0
(b) forany:=1,...,s—1,andanyt =0,...,r—1, ag,r = 0 r—1 =
cor=agr—t=0,Vk=0,...,: -1, if and only if

t .
) t+1—74+n-1
dimg Wiy1(Lig1) = E ( J )ai,r—j-

n—1
=0

Proof. See Theorem 3.2 of [4].

3. Applications

In this section, let I be a perfect graded ideal of R = k[X;, ..., X,]
with ht(I) = s, and an almost complete intersection. I is defined as an
almost complete intersection ideal when the number of minimal genera-
tors of I is ht(I)+ 1. Then it is known that I = (Gy,...,G,, K), where
homogeneous elements Gy,...,G; is a regular sequence and a homoge-
neous element K ¢ (Gy,...,G,).

(*) Assume degG; =d,foranyi=1,...,sandd < deg K = d+r <

2d -1, withd>1,r > 1.

THEOREM 3.1. Let I be a perfect, almost complete intersection with

the condition (*). Then multiplicities a; ;’s of I in (3) are following;

oo =051 =-=0;,1=0, Ve=1,...,s—1L
Proof. Let J = (G4,...,Gs). Since ag,; = agp == agr-1 = 0,

we get Wy(No) = Jayiforany t = 1,...,r. From the fact that Gy,...,G,
is a regular sequence, and r < d— 1

dimkWt(NO)zs(t+n;1), Vi=1,...,r.
n-—
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. i1 ft—jbn—1 : _ — —
Now dim; Wi(Np) = Ej=0 ( A )a,-_l’j, since ag; = -+ = Qgr—1 =
0, and g = s. Hence, by Theorem 2.2(a), ajo = i1 =+ = o p—1 =

O,Vi=1,...,s—1.

COROLLARY 3.2. With the same I as in Theorem 3.1, Fy = R(—d)*®
R(—d—r), F; = R(-d—i—r)*r,i=1,...,s — 1. Hence the Betti
numbers by = s+ 1, and b; = a;,, and the minimal resolution (2) is
linear except at Fy. (For the linearity of the minimal resolution, refer
(1)).

Next, consider a duality of Theorem 3.1 in the minimal free resolution

(2)* of Ext}(4, R) = L,. By (Proposition 5, Ch.IV of [6]),

L. o~ (Gl,...,Gs):I
*7 (Gyy...,Gy)

and L, is generated at most in degrees —(d+s—1+7r),...,—(d+s—1).

Since G4,...,Gs is a regular sequence, S = R/(Gy,...,Gs) is Goren-
stein. Now I/(Gy,...,G,) = (G1,...,G4, K)/(Ga,-..,Gs) = (K) # 0
in § and dim S = dim S/(K), hence by Proposition 3.1 of [2], we get
Anng(Anng(K)) = (K). Therefore Anng(L,) = I.

THEOREM 3.3. Let I be same as in Theorem 3.1. Further Assume
L; = (a) ® M, where dega = —(d+ s — 1+ r) with Anng(a) = I and
MC @iz—(d+s—-1)(Ls)i~ Then

Qir=Qjr1=--=0a;=0, forany :=0,...,5—2.

Proof. Wiyp1(Ls) = Ry, forany t = 0,...,r—1, and multiplication

by a gives an injection since Anng(a) = I, and r < d — 1. Hence
Wit1(Ls) 2 Ryy1, and
. t+14+n-—1
dim; Wip1(L,) =
1M t+1( ) ( n—1 )
t .
t4+1-— -1 .
=Z(+ j+m )as_l,r-—], Vt=0,...,r—1
£ n—1
J=0
since as_1, = l,a5_1,-1 = -+ = as5_1,1 = 0. Therefore by Theorem

2.2(b), Qi pr = Qi r-1 = "= Q41 =0,i=0,...,8—2.
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COROLLARY 3.4. With the same I as in Theorem 3.3, F; = R(: +
d)*0,i=0,...,s—2,and Fs_1 = R(s—1+d4+r)®R(s—1+d)*-1o,
Therefore the minimal resolution (2) is linear except at F,_;.
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