Comm. Korean Math. Soc. 8 (1993), No. 2, pp. 303-313

GENERIC LOCAL BIFURCATION OF HAMILTONIAN
SYSTEMS WITH DOUBLE ZERO EIGENVALUES

YonG IN KiM
1. Preliminaries
Consider a 1-parameter family of Hamiltonian systems on R?2
(1.1) 2 =JVH*z2), z=(z,y) €R%, peR
with standard symplectic form w = dz A dy, where
H* =) H!
i=2

is of class C°(R?,R) and H/(z,y) is a homogeneous polynomial in z
and y of degree j for each p € R and

(0 1
1=(8 3

A* = D2HH(0) = (Z" i"‘)
r Cp

Let

Then (1.1) becomes
(1.2) z=JA*z + O(|z}?),
where JA* € sp(1,R) = sl(2,R). Here sp(1,R) is the space of infinites-

imally symplectic linear maps on R? and sl(2,R) is the special linear
algebra of linear maps on R? with trace zero.
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First, we consider the linearized system of (1.2) at 2 =0 and g = 0:
(1.3) :=JA%, z=(z,y) € R%.
The characteristic polynomial of JA? is given by
A% 4 det(JA®) = A% — (B2 — apco).

Now we have the following 4 cases at p = 0:
(i) hyperbolic case (b3 — agcy > 0)

J A® has normal form ((1) _(_)1) with HY = zy.

(ii) elliptic case (b — agcp < 0)

0 1

JA® has normal form (_1 0

) with HY = -;—(3:2 + %)

(iii) parabolic case (b3 — agco = 0)

0 +1

0
J A" has normal form (0 0

) with HY = :i:%yz.
(iv) double degenerate case (ag = bp = ¢y = 0)

JA°=<3 g) with HS =0.

Note that if we identify sp(1, R) with R? = {(a,b,c)|a,b,c € R} then
the pabolic case b3 = agcy forms the surface of the double cone and the
hyperbolic case lies outside the cone and the elliptic case lies inside the
cone in (a, b, c)-space and the degenerate case ag = by = ¢ falls into the
origin.

Hence it is clear from the stratification above that for || > 0 suf-
ficiently small, the hyperbolic and elliptic cases are structurally stable
and the parabolic case with codim 1 in sp(1,R) and the degenerate case
(iv) with codim 3 in sp(1,R) are structurally unstable.
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Next, we consider the nonlinear equation (1.2) with u # 0.

In the hyperbolic or elliptic case (at g = 0), since z = 0 is a nonde-
generate critical point of H?, by the Morse Lemma (See [4]), H*(z,y)
can be reduced, by a local diffeomorphism depending smoothly on u, to
the form

H*(z,y) = 2% —y* (in the hyperbolic case),

(1.4) . .
H*(z,y) =22 +y?® (in the elliptic case)

independently of ¢ in a small neighborhood of (0,0). Hence, even if the
local diffeomorphisms are not symplectic, the nonlinear level curves of
the original H#(xz,y) are still locally diffeomorphic to the linear level
curves of the new H#(z,y) given in (1.4) near z = 0 except the time
directions of the flows.

However, in the parabolic case (iii), z = 0 is now a degenerate critical
point with H] = +1y? and has corankD?H3(0) = 1 and hence by the
parametrized Splitting Lemma (See {4]), H#(z, y) can be reduced to the
form

1
H*(z,y) = -2-y2 + V(z, 1)

with V#(z) = O(|z|®), by means of a local right-left morphism (¢(z, p),
¥(p)) near z = 0. Moreover, since the codimension of JVHY is 1 in
sp(1,R), by the unfolding theory (See [4]), H#(z,y) is equivalent to the
form

1 1
(1.5) H%(z,y) = §y2 - 5-"?3 — pz.

This represents the fold catastrophe in the degenerate z-direction (i.e.,
the direction transversal to the surface of the double cone) up to the
parabolic increase in the y-direction and the corresponding flows for
each p exhibit the Hamiltonian saddle-node bifurcation (See [7]).

In the double-degenerate case (iv) ap = 8y = ¢o = 0, our Hamiltonian
becomes at u =0

H(z,y) = Hy(z,y) + O((lz] + ly])*).
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Then, since H = 0 has codim 3 in R? and H%(z,y) is 3-determined by
the Mather’s theorem (See [4]), H%(z,y) is equivalent to

1 1
(1.6) H(z,y)=2"y+3y° or z’y— 2y’

Now, by Thom’s theorem [4], H°(z,y) has one of the following universal
unfoldings
(L)

Heb = 22y — %ys +a(z? +y?) + bz +cy (elliptic umbilic),

H = 2%y 4 %y‘" +a(y? —z?) + bz + cy (hyperbolic umbsilic).
Note that the case (iii), i.e., the 1-parameter family (1.5), is just a sub-
family of the above 3-parameter family of umbilic H%%. Thus, the pa-
rameter p is related to the parameters a, b, ¢. The bifurcation set and

the corresponding qualitative type of the Hamiltonian flows in each case
of (1.7) can be seen in [4].

2. Hamiltonian normal forms and stratifications

Consider the Hamiltonian system (R*,w = 37, dz; A dy;, H) with
C°° Hamiltonian

H(z,y) =Y Hiz,y), (z,y) R,

=2

where the lmea.r Ha.miltonian vector field

0 I 1 0
Xay(e) = 3VEe), T=( 9 7). m=(} 9)

has eigenvalies 0,0, +ia and Xy, € sp(2,R). Then, a normal form for
H, is given by

1 se
(2.1) Hy(z,y) = +5(=1 + o)) 2 S,
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for the semisimple case and
1 se
(2.2) Hy(z,y) = :I:E(:t:l +a?yd) £ —zg = S, + N,

for the non-semisimple case (See [1], [2], [3] and [5]). Hence, X, is
semisimple and X, is nilpotent in sp(2, R).

Now we introduce the definition of a normal form for H with respect
to H, (See [1], [2]).

DEFINITION 1. Let P; be the space of homogeneous polynomials in
z1, T2, Y1 and y2 of degree j. Define the linear map

ady, : C*(R* R) — C*(R*,R)

by

2

OH, 8 0H; 0 }
2.3 ady, = {
(2:3) Hy g dy; 0z; Oz; dy;

Let ad(’) be the restriction of ady, to P;. Then we say that H =
E;—z H,, (H; € P;) is in normal form 'unth respect to H, if H; € C; for
j=z3

From the theory of Hamiltonian normal forms (See [1],)2]), we see
that if H, = S5 then we may take

(2.4) Cj =Ker ad(5?2
and if H2 = Sg + N2 then
(2.5) Cj = complement of Imad%: NKer ad(S’;).

In the semisimple case, (2.3) becomes

0 i}
= Y — — Ty —
(2.6) ady, = a“y 5. oy
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Setting z; = z1 +iay1, 22 = z2+1y2, (3.4) becomes in (2, Z) coordinates,

. o _ 0
(2.7) adﬁ = ——za(zl -a—z — 2 52—1

Let P,,, be the space of homogeneous Hermitian polynomials in 2 and Z
of degree m and let P,, € P,,. Then we can write

(2.8) Pn(z,2) = Z cuzt?,
[k|+l|=m
where ¢;; = & and 22! = z"‘z"’i{‘ 2"“ Then, we have
adg (2 b2y = —ia(k; — 1;)(2*Z).
Hence, we see that z*z! € Kerad(ﬂz) if and only if
(2.9) ky=1l and ki+k+lh+l=m,

where ad( ™) is the restriction of adp i1, to Ppn. After a simple calculation,

we see that )
Keradly = (j1[%, |2l 23, 23)

or, in the real space P, we have
(2.10) Kerad(;: = (22 + oy}, 22 + 92,22 — yz,a:zyz)

Now, by the definition of normal form for H = Y52 j=2 Hj with respect to
the semisimple Hy = Sz, we must have

H; e Kerad(}ﬁ for j>3.
But, if H € Keradg,, then {S;, H} = 0 and so
exp{tads,} - H = H.

That is, H(z,y) is invariant under the S?-action of the one-parameter
group of symplectic diffeomorphisms generated by the linear Hamilton-
ian vector field X g, which has the eigenvalues 0,0, +:a. Hence, by the
Hilbert theorem (See [6]), we have

(211) He Kerads, if H= F(SZs‘tZ’ y2)’
where
FeC®R%,R) and S, = —(zl +a’y}).

Therefore, we can state the following lemma.
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LEMMA 1. A normal form for H with respect to H, = Ss can be
written as

(2.12)
H(z,y) = F(S2,22,%2)
= 52 + Pi(22,v2)S2 + P3(22,2)
+ ¢S3 + Py(%2,42)S2 + Pa(z2,92) + -,
where Pj(z3,y2) is a homogeneous polynomial in x3 and y, of degree j
and c is an arbitrary constant.

Next, we consider the non-semisimple case (2.2). In this case, we also
have
adH2 = ads2 + asz,

2
ON, 8 ON, & } )
v, =Y s AN Q.
aGN, {ay,- dz; Oz, Oy, 2 5y,

Again, by setting z; = x5 + ¢y, we have

where

i=1

] 0 _ 0 0 _ 0
(2.13) asz = '—§ {(226—22—2252;)—(225—2_—2-—225;2')}.
Now, to find the codimension of H; = S2 + N3 in P; » R0, we first
compute
Imad(;h)lKer adg )
where Ker adg2 ) is spanned by

€ = lzllza €z = |22|2, €3 = Z%, €4 = Eg'

Then, the action of ad(gz on the basis (ey, e2, €3, 4) of Ker a,dgz) is given
by

ad(l?f;)» : (61, €2,€3, 84) = (Oa 5(63 3’ 64), -3(62 + 63),1(62 + c4))'
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Hence, we see from (2.5) that
(2.14) Cy =e; = |2]* = 2} + a2,

Now, we consider the stratification of S; and S + N; in the space P,
of homogeneous quadratic polynomials in R*. Notice that P;(R*,R) =
sp(2,R) by the isomorphism

Hz — XH.‘. € sp(2, R)

Since Imadg: is the tangent space at H; to the orbit of the action of
the Lie group of symplectic diffeomorphisms, we see that

cod(H;) = cod(Imad%y)) in Py
Hence, from (2.10) and (2.14), we have
Cod(Sz) = 4, COd(Sg + N2) =1.

However, S; = 3(23 + a’y?) contains a parameter a and as « varies the
orbit of Sy, that is, A~'S, A under the action of symplectic matrices A
also varies transversally since the eigenvalues +ia varies with a. Thus,
taking this role of parameter a into account, we see that

cod( | J orbitS5) =3
o€R

in P, if we think of the union of the orbit S§ as a manifold in sp(2,R) »
R!0, Therefore, we have the following conclusion.

LEMMA 2. Let S; and N3 be given as in (2.1) and (2.2). Then the
stratification of Sy and S, + N3 has a double-cone structure in P; » R1°
with

cod(53)=3 and cod(S;+ N;)=1.

Hence, when we unfold S5 = 3(z?+ay}), we need 3 extra parameters
A, 4 and v as in R? case except a and the 1-parameter unfolding of
S2 + N, will be just a subfamily of the 3-parameter unfolding of S§ and
so all the lower order catastrophes such as fold surfaces of line of cusps
will correspond to Sz + N;. Therefore, from now on, we concentrate only
on the catastrophes of S and try to find the lower order catastrophes
from them.
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3. Bifurcation Analysis

Now, we consider again the semisimple quadratic Hamiltonian
1 5 2, 2
Hy,=5,= 5(-"31 + a’yy)-

The Sz-normal form for H = }_._, coHj is given by (2.12). Introducing
the action-angle coordinates (I,¢) with I = S,

(3.1) g1 =V2Icosp, y1 = é 2Isin @,
then the symplectic form becomes
w=dz; ANdy; +dzy Ndyy, =dI Ad¢ + dzy A dy,.

Also, in terms of the action-angle coordinates (I, ¢, z2,y2), the Hamil-
tonian in (2.12) becomes

H(a:,y) = E(I’ ¢’x2ay2) = F_(I,$27y2)

and our Hamiltonian system reduces to the following equations

j=§£=o <],.___?.F_

¢ oI

(3.2) . oF . oF
= o = os

Since I = 0, I = constantgeq0 and hence H(z,y) = F(I,z2,y2) can be
viewed as a 1-parameter family of Hamiltonians on (R?,w = dzr3 A dy,)
with I = 3(2? + o?y?) as a parameter. Thus, our problem to study the
Hamiltonian vector fields on (R*,w = Z?=l dz; A dy;) has been reduced
to examining the Hamiltonian vector fields on the (z2, y2)-plane, for each
value of Igeq0, with the Hamiltonian F!(z,,y5) = F(I, z2,¥2).

Now, we can apply the general theory in Section 1 by identifying
FI(z3,y2) with H”(z,y) there. Near the origin, i.e., near I = 0 and
z2 = yz = 0, the local type of the critical point (z2,y2) = 0 is determined
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by the quadratic term Py(z2,y2) when Ineg0 and by the cubic term
P3($2, yz) when I = 0. Writmg

I- PZ(:L" y) = alxz + 2brzy + CIyz’

we have the same stratification as in Section 1. Since a9 = by =cy =0
when I = 0, this corresponds to the non-generic double-degenerate case
(iv) in Section 1 and so F!(z3,y2) becomes, with setting z = 3 and
Y =UYa,

F(z,y) = Py(z,y) + O((I=| + ly])*).

Hence, F°(z,y) is equivalent to the form either 23 — 3zy® or z3 + 33
by a local diffeomorphism and so F°(z,y) has the standard unfolding
either the elliptic umbilic of the hyperbolic umbilic as in (1.7), where
one of a, b, ¢ may be taken as I. In either case, the bifurcation set and
the corresponding Hamiltonian phase portrait can be obtained which
exhibits a very complicated codimension 3 bifurcation.

On the other hand, in the generic case I > 0, the Hamiltonian vector
fields with Hamiltonian F/(z,y) undergoes a saddle-node bifurcation as
already mentioned in Section 1 and therefore we can state the following
conclusion.

THEOREM 1. Let (R*,w = E;‘;l dz; ANdy;, H) be a Hamiltonian sys-
tem with double zero and purely imaginary eigenvalues.
Then the 4-dimensional Hamiltonian flow undergoes generically an el-
liptic saddle-node bifurcation due to the rotation in (x,,y; )-plane.
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