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HEREDITARY PROPERTIES OF
MINIMAL ISOMETRIC DILATIONS AND
MINIMAL COISOMETRIC EXTENSIONS*

IL BonGg JuNG

The notation and terminology employed herein agree with those in [1},
[3], and [9]. Let H be a separable, infinite dimensional, complex Hilbert
space and let £(7) be the algebra of all bounded linear operators on H.
Throughout this paper, we write N for the set of natural numbers. For
a Hilbert space K and operators T; € £L(K), : = 1,2, we write T} = T,
if T} is unitarily equivalent to T2. For T in £(H) we let Lat(T") denocte
the lattice of subspaces invariant for T'. If M € Lat(T') we write T|M
for the restriction of T to M. A subspace K is semi-invariant for T if
there exist M and N in Lat(T) with M D N such that K = MON. If

K is semi-invariant for T', we write
(1) Tx = PxTIK

for the compression of T to K, where Px is the orthogonal projection
whose range is K. Note that by (1) we have

* % &
(2) T=Z10 T =
0 0 =

relative to the decomposition N’ ® K & ML, where T' = Tx.. We say that
an operator B is an eztension of T if there exists M in Lat(B) such that
T = B|M;B is a dilation of T if there is a semi-invariant subspace K
for B such that T = By.

Received July 2, 1992.
*This work was partially supported by a research grant from Korean Research
Foundation, Ministry of Education, 1990-1991.



240 Il Bong Jung

Let T be a contraction operator in £(H). Then it follows from [9,
Theorem 1.4.2] that there exist a Hilbert space K and an isometry Br
in £(K) such that X D H and

(3) Br= (; ;,)

relative to the decomposition (KOH)@®H. Furthermore, we may suppose
Br to be minimal, which means that for subspaces M of K,

{(Hc M CK)A(BrM C M)A (Br|M is an isometry)} = M = K.

By (3) and the above statements, it is easy to show that B} is a minimal
coisometric extension of T. Of course, this minimality means that for
subspaces M’ of K,

{(Hc M' C K)A(BFM' C M'YA(BF|M!' is a coisometry)} = M'= K.

A contraction operator T € L(H) is absolutely continuous if in the
canonical decomposition T' = T} @ T3, where T; is a unitary operator
and T, is a completely nonunitary contraction, T is either absolutely
continuous or acts on the space (0) (cf. [2]). We write D for the open
unit disc in the complex space C and T for the boundary of D. Let
Ci1(H) be the Banach space of trace-class operators on H equipped with
the trace norm. Then the dual algebra A can be identified with the dual
space of Q4 = Ci1(H)/1A, where + A is the preannihilator in C,(H) of
A, under the pairing

(4) (T’ [L]A) = tr(TL)v Te As [L]A € QA'

We write [L] for [L]4 when there is no possibility of confusion. The
space LP, 1 < p < 00, is the usual Lebesgue function space relative to
normalized Lebesgue measure m on T. The space H?, 1 < p < o0, is
the usual Hardy space on T. It is well-known (cf. [6]) that the space
H® is the dual space of L!/H}, where

2= .
(5) Hy={feL':[| f(e*)e™dt=0, for n=0,1,2,...}
0
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and the duality is given by the pa.iﬁng
© (sl = [ fodm, feH" o€ 2/H.

Recall that a dual algebra is a subalgebra of L(H) that contains the
identity operator and is closed in the ultraweak operator topology on
L(H). Note that the ultraweak operator topology on L£L(H) coincides
with the weak*—topology on £L(H) (cf. [5]). For T € L(H) we denote by
A7 the dual algebra generated by T.

The following theorem gives a good relationship between Hardy space
H<® and a dual algebra generated by an absolutely continuous contrac-
tion.

THEOREM 1 [2, THEOREM 4.1]. Let T be an absolutely continuous
contraction in L(H). Then there is an algebra homomorphism ®r :
H> — Ar defined by ®1(f) = f(T) such that

(a) @r(1) =1, &r(£) =T,

(®) |@r( < Ifllo, f € H,

(c) @7 is continuous if both H* and Ar are given their weak™ topolo-
gies,

(d) the range of ®r is weak* dense in Ar,

(e) there exists a bounded, linear, one-to-one map ¢r: Qr — L' /H}
such that ¢ = ®r, and

(f) if @7 is an isometry, then ®7 is a weak® homeomorphism of H*
onto At and ¢r is an isometry of QT onto L* [H}.

Recall that T € C. if |T*"z|| — O for any z € H. We say T € C,. if
T* € C.o. And we denote that Coo = C.o N Cy.. And recall (cf. [1]) that
a completely nonunitary contraction T € L(H) is said to be of class Cp if
there exists u € H*®, u # 0, such that the functional calculus u(T) = 0
in Theorem 2.1. It follows from [1, Corollary I1.4.2] that Cy C Cyo.

Let T be a contraction operator in £L(H) and let By € L(K) be a
minimal isometric dilation of T'. Then it follows from the Wold decom-
position theorem (cf. [9, Theorem 1.1.1]) that

(M Br =Ur & Rr,
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where Ur € L(Ur) is a (forward) unilateral shift operator of some mul-
tiplicity and R € L(Rr) is a unitary operator. Note that by (3)

(8) By (: 19)

relative to the decomposition (K © H) @ H. Moreover, by (7) and (8) it
is obvious that

(9) Br =Ur ® Ry

is a minimal coisometric extension of T™.

Suppose T € L(H) has a non-zero semi-invariant subspace M (i.e.,
M # (0)). Then by (2) a minimal isometric dilation By € £(K) is an
isometric dilation of Ta¢. Hence Tx¢ has a minimal isometric dilation
Br,, € L(K) such that M C K C K with K in Lat(Br) and Br,, =
BriK.

Now we are ready to define hereditary properties of minimal isometric
dilations and minimal coisometric extensions.

DEFINITION 2. Let T be a contraction operator in L(H).

(a) T has property (H;) if, for any non-zero semi-invariant subspace
M for T, the minimal isometric dilation By,, € £(K) of Ty which is
obtained as a restriction Br|K of the minimal isometric dilation By of
T with K € Lat(Br) satisfies Ur,, C Ur.

(a*) T has property (Hy) if, for any non-zero invariant subspace M
for T, the minimal coisometric extension By, € L(K) of Tas which is
obtained as a restriction BJ|K of the minimal coisometric extension By
of T with K € Lat(BY,) satisfies Ur,, C Ur.

(b) T has property (Hz) if, for any non-zero semi-invariant subspace
M for T, the minimal isometric dilation Br,, € £(K) of Tp¢ which is
obtained as a restriction BTIIC with K € Lat(B/) satisfies Rr,, C Rr.

(b*) T has property (H;) if, for any non-zero invariant subspace M
for T, the minimal coisometric extension Bf,, € L(K) of Ty which is
obtained as a restriction By.|K with K € Lat(B7) satisfies R,, C Rr.
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REMARK 3. According to the notation of Definition 2(a*) and (b*)
it is not difficult to show that if M is a semi-invariant subspace for T
and the minimal coisometric extension of Ty is obtained as a restriction
B%|K for some K € Lat(B7), then M € Lat(T).

Note from Definition 2 that (a) and (b) are related with (a*) and (b*)
as dual properties, respectively. But it is interesting to see that by some
examples and Theorem 7 there are some gaps between (a) and (a*).

LEMMA 4. HT € C.y, then T has property (Hy).

Proof. Let M be a non-zero semi-invariant subspace for T. Then it is
not difficult to show that Thy € C.¢. Hence by [1, Corollary 1.2.11], Br
is a unilateral shift operator of some multiplicity and Br,, is a unilateral
shift operator of some multiplicity. Therefore T has property (Hy).

EXAMPLE 5. If U € L(H) is a unilateral shift operator of multiplicity
one, then by Lemma 4 U has property (H;). Furthermore, the fact that
U has property (H}) will be proved in Theorem 7. But its adjoint
operator U* doesn’t have property (H;). (Indeed, there is a nontrivial
invariant subspace M for U* (i.e., (0) # M # H). I we denote U =
U*|M, then T € Cy C C4 (cf. [1] or [8, Theorem 1]). Hence by [1,
Corollary 1.2.11] By is a unilateral shift operator of multiplicity one.
But By is a bilateral shift operator of multiplicity one. Therefore U*
doesn’t have property (H).)

By the above example, in general, the fact that an operator T has
property (H;) doesn’t always mean that T™ has property (H;). The
following proposition should be compared with Example 5.

PROPOSITION 6. If U € L(H) is a unilateral shift of multiplicity
one and K is a nontrivial semi-invariant subspace for U*, then Ug has

property (H,).

Proof. Let K be a nontrivial semi-invariant subspace for U*. Then
there exist M, N € Lat(U*) with M D N such that

* 9 0
(10) U211+« U* 0
* % %
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relative to the decomposition N @ K & ML, where U = U. Since
K # (0) # H, by [4, Proposition 1.7.13] we have

(11) U= (f]* 0)

* *

relative to the decomposition X @ M*. Hence U* € Cy C Cyp and
U* € C.o. By Lemma 4, we have this proposition.

THEOREM 7. Every contraction operator in L(H) has
(2) property (H}),
(b) property (H) and

(c) property (H3).

Proof. (a) Let T be a contraction operator in £(#) and let M be a
non-zero invariant subspace for T. Let By € £(K) and let BZ. € L(K)
be minimal coisometric extensions of T and T, respectively, such that
ByIK = B.,, where K € Lat(B). Then we have

By =Ur ® Ry € LUr @ Rr)
(12) T +
“\0 =

relative to the decomposition M & (K © M), and
B; =U;® R} € L(Ur ® Ry)

0 =(7 1)

relative to the decomposition M @ (K © M). Now we shall claim that
Uz CUr. To do so, let  =3s®r € Ur ® Ry. Since

(14) B} = ByIK,
we have that
(15) KUzrz|f? = |BF<|? = | BF =

= |(U" @ Ry )(s @ r)|*
= U7 + |RFrif®
= lUF"si? + lIrll*.
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Letting n — 0o on the equation (15), we have that ||r]] = 0. So = € Ur.
This proves that Uz C Ur.

(c) Using notation in the proof of (a), we shall show that R+ C Rr.
Let ¢ € R4 and let £ = s ® r € Ur @ Rr. Then we have

(16)  lsl* +lirl* = l=I* = IRF z|l* = | Bz <* = |Br"z|
= [UF"s|® + | RF*r || = |UF"s]® + |irli®
for any n € N. Since ||U7"s|| — 0, s = 0. This proves that R C Rr.
(b) Let M be a non-zero semi-invariant subspace for T. Then there

exist My, My € Lat(T) with M; DO M; such that M = M; © M,
Furthermore, we have

£ ok *
(17) T={0 T =
0 0 =

relative to the decomposition M; & M & Mji, where T = Taq. Let
Br € £(K) and B4 € L(K) be minimal isometric dilations of T and T,
respectively, such that Br|K = B4 and K € Lat(BT). By (7), we have
that

Br=Ur®Rr € L(UTr ®RT)

1 * ok
(8) 210 T =
0 0 =*

relative to the decomposition (K © H) & M;) & M & M, and
By =Ur ® Ry € LU ® Ry)

< )

relative to the decomposition (K © M) ® M. Now we shall claim that
R C Rr. Let z € Ry and let z = s ®r € Ur @ Rr. Since By = Br|K,
we have

' B™ 0
L B
(20) B (An )

*
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relative to the decomposition K& (Ke f), where A,, is some bounded

operator from K to Kok, for any n € N. Furthermore, by (19) we have
that

llzll* <zl + | 4nz|? = | RF < + || Anz|f?
= ||Bf"z ® Anz||” = | BF"z||* < ||zI*.
Hence A,z = 0 for any n € N. This proves that
(22)
Isl? + lirli? = ll=l|* = |RF«||* = | BF ="
= [IBFz||* + || An|l? = || Bf'z © Anz||®
= IBF*=||® = U s|® + | RFrII? = \UFs|® + lir)>.

Letting n — oo on the right side of (22), we have that s = 0. So z € R7.
Hence the proof is complete.

(21)
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