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GENERIC THETA-SERIES OF
HALF INTEGRAL WEIGHT

MyuNGg-HwaN KIM AND YounGgso Ko

0. Introduction and Notations

In this article, we prove that the generic theta-series of half integral
weight is simultaneous eigen-functions with respect to a certain Hecke
ring. An analogous result was given by A. N. Andrianov [A1] for integral
weight theta-series in 1979.

For ¢ € M3.(R), let A,, B,,C,y, and D, denote the n x n block
matrices in the upper left, upper right, lower left, and lower right corners
of g, respectively.

Let G, = GSp}(R) = {9 € M2,(R); Ju[g] = rJn, r > 0} where
Jp = (_(_); g" , Jnlg] = t9Jng, and r = r(g) is a real number de-
termined by g. Let I'™ = Spo(Z) = {M € M,(Z); J.[M] = J,} and
H, ={Z =*'Z € M,(C); Im(Z) is positive definite }. For g € G, and
Z € H,, we set

9(Z) = (442 + B,)CyZ + D;) ™" € Ha.

For Z € M,(C), let e(Z) = exp(2wio(Z)) where o(Z) is the trace of
Z.

For other standard terminologies and basic facts, we refer the readers

[A2], [M], [O].
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1. Lifted Hecke Rings

Let n,q be positive integers and p be a prime with ged(p,q) = 1.
Let L™ = L} = {g € My,(Z[p7']) ; Jalgl = p°Jn, 6 € Z}where
6 = 6(g) is an integer determ.ined by g.Let Tg(¢) ={M eI'™;C,, =0
(mod ¢)} and Lg(q) = L§,(9) = {9 € L*;C, = 0(modq)} Let

= {M e I'*; C,, —O}a.ndLo-Lop-{geL" = 0}.
Then (I'g(q), Lg(q)) and (I'y, Lj) are Hecke pairs. We denote thelr cor-
responding Hecke rings by E:,‘(q) = L5 ,(q) and L§ = L3 ,, respectively.
Welet B" = E2 = {g € L"; 8(g) € 22}, E3(q) = Eg,,(a) = E*NLE(q),
and E§ = Eg, = E™ N Lg. Then (I'3(q), Eg(g)) and (I'g, Eg) are also
Hecke pairs, whose corresponding Hecke rings are denoted by &5'(¢) =
&5 ,(q) and &5 = £, respectively. They are the even subrings of £3(g),
and L, respectively.

Let Gn = {(9,0(2)); g € Gpn,a(Z)? = t(det g)~1/2 det(CyZ + D,)
for some t € C,|t| = 1,Z € H,}. Gy is a multiplicative group under the
multiplication defined by (g,a(Z))(k, 8(Z)) = (gh,a(h(Z})B(Z)) and is
called the universal covering group of G,.

Let v : G — G be the projection (g, a(z)) g. We define an action
of G, on H,, by ((Z) = v(¢){Z) for ¢ € Gn, Z € H,,.

For a moment, we assume 4lg. Let

(11) 6%(2) = ) e('MMZ) = > e(Z[N]), Z€H,.

MeM,, . (2Z) NeM,,1(Z)
0™(Z) is called the standard theta-function. For M € I'§(q), we define

g(M(Z))

(1'2) ](M,Z) = on(Z)

s Z € Ha.

The map j : I'?(q) — Gy defined by j(M) = (M, j(M, Z)) is a well
defined injective homomorphism [S] such that y0j = 1 on I'§{g). Accord-
ing to Zhuravlev’s argument [Zh1] we may conclude that (I'3(q), L2(q)),
(T#, Ly) are Hecke pairs, where I'5(g) = j(Ta(g)), 5 = j(T8), La(g) =

‘I(L(’,‘(q)), and Lo = ‘y"l(Lo) We denote their corresponding Hecke
rings by £3q) = LP (9), Lr = Lp p» Tespectively. Similary, (]f‘0 (9),
Er(q)),(I'2,E?) are Hecke pairs where EP(q) = v Y(E}(q)),Ep =
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“I(E{,‘), and we denote their corresponding Hecke rings by £2(q) =
£ p(q) & = 80 , which are the even subrings of £3(q), £2, respectively.
It is well known [A1] that there exists an injective homomorphism

B . £3(q) — L defined by

(1.3) B (z a.-(l‘*s(q)c.-)) = Y a5

for any X = ¥ a;(T'2(g)¢:) € £2(g) where (; are chosen to be in L?.
We also have a well defined surjective ring homomorphism #; : ﬁ{,‘ —
Ly satisfying

(14) TR (L3CTT) = (O™ (T3 9Te)
where k is a positive half integer, i.e., £ = m/2 for some odd integer

? o(Z)
m>1,(=(g,a(Z)) € L, and 7(() = .

Let g7 = diag(In- s,pI‘,,p I._s,pI,) € Ef, s = 0,1,...,n. Let
Tr = (I‘(',‘(q)gf,‘f‘(’,'(q)) € £2(q), where gy = (g p(""’)ﬂ) € Eg, and
let £2(T) = L3 ' o(T) be the subring C[Tr,. ' (T?)EY of £2(q).
We define

L3(T) = L§ ,(T) = (x} 0 B*)(L3(T)) C &

Let S, be the permutation group on {z;,z2,...,2,}. Let W, be the
group of automorphisms of C,[z] = Clz3!,z}!,--- ,zE!], generated by
S, and 0,1 = 0,...,n, where o; are automorphisms of C,[z] defined

by
. oy Yot
O0:Zg > —To; Tj — Tj, ' J F
ai:xol—va:om,-;x;»—)zi_l;zji—)mj,vj#ﬂ,i,fori=1,...,n

Let W,[z] be the subring of C,[z] consisting of all W, -invariant ele-
ments. Then we have an isomorphism

(1.5) ¥n : LY(T) = Walz].

For the precise definition of this map, see {Al], [Zh2]. Note that this
implies L} (T) is a commutative ring.
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2. Siegel Modular Forms of Half Integral Weight

Let n, ¢ be a positive integers with 4|g. Let x be a Dirichlet character
modulo ¢. Let p be a prime with gcd(p,¢) = 1. Let k be a positive half
integer. For a complex valued function F on H,, and ¢ = (g,a(Z)) € G,
we set

(2.1) (F|$)(2) = r(g)™*/* <" a(Z)"** F(g(2)), Z € Hn.

where < n >=n(n + 1)/2.

A function F : H, — C is called a Siegel modular form of degree
n, weight k, level ¢, with character yx if the following conditions hold :
(i) F is holomorphic on H,, (ii) FIkM = x(det D, )F for every M =
(M, j(M, Z)) € ['3(q), and (iii) F| (M, a(z)) is bounded as Im z — oo,
z € H,, for every (M, a(z)) € G, with M € SLy(Z) when n = 1. We
denote the set of all such Siegel modular forms by Mz(q,x). Thisis a
finite dimensional vector space over C [Si2].

A function F : H, — C is called an even or odd modular form of
degree n if F satisfies (i), (ii)’ (det D,, )’ F(M{Z)) = F(Z), Z € H, for
every M € I'y, where s = 0 for even and s = 1 for odd modular forms,
and (iii)' F(z) is bounded as Im z — oo, z € H; when n = 1. We denote
the set of all even modular forms by My and odd modular forms by
M?T. They are also vector spaces over C.

Let F € M}(g,x) and x(—1) = (-1)® for s =0 or 1. For M € I'y,
we have M = (M, j(M, Z)) = (M, 1) and det D,, = +1. So, F satisfies

(i)' (iii)’ and hence

Mi(g, x) C M3 if x(-1) =(-1)".
For F € Mi(g,x) and X = ¥ ai(F3(a)¢:) € £5(q), we set
(2.2) Fl, X =) aix(det A)F|, ¢,

where A; = Ay (¢,)-
As for F € M? and X =3 ai(T§gi) € L], we set

(2.3) Fl, X = ) aix(det A)F|, G
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where
(2.4) gi = (9i, (det g:)'/*| det D;|'/?) € L,

A; = Ay, and x(—1) = (-1)°.

X and X in (2.2) and (2.3) are well defined operators acting on
M3%(g,x) and M7, respectively, which are called Hecke operators.

Let x(—1) = (-1)%, with s =0 or 1, F € M}(¢,x) C M?%, and
X = 3ai(I3(0)6) € &3(9), where G = (95,04(2)) € B with g; =

P 'OD" gf). Since (M, Z) = 1 for any M € T, from (1.3) and (1.4)
follows that

(mp 0 B™)X) =D _aities) > (Tga) € &

where €; = 1 or v/—1 according to det D; > 0 or det D; < 0, respectively.
So from (2.1)—(2.4) follows
Fl, (nf 0 BMYR) = 3 as(tics) 4x(det 5 D) Fy
= 3 i) x(det p DY )(p5 R
(p7"%/%| det D7)~ F(g:(Z))
= 3 ax(det P D7)(p%) <> (1 (det Di)1/7)Fi(gi(2)

so that

(2.5) F|

e X = Fl (o8 0 A1),

3. Zharkovskaya Operator

Let n,q,x,p and k be as above. Let F € M}. We define & : M} —
M?1 by

N Z' 0 ,
(3.1) (®F)(2") ‘AETOOF(( o u)) Z' € Hyn_y and A > 0.
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® is well defined and is called the Siegel operator (M? = C, Hy = {0}).
It is well known [Sil] that

(3-2) ®F € My (¢,x) if F € Mi(q,x)-
5 y* .
Let X = 3 ai(l§g:) € L§ where g; = <p OD' g‘) € Lp. By

multiplying (% ((} ) € I'g for a suitable U; € GL,(Z) from the left

’
of g;, we may assume that all the D; are of the form D; = (lz' p:" ),
d; € Z, where D! € V™! is upper triangular. We set

(3.3) U(X,u) =) au % (up )% (T5"g}) € L5 [u*]

6. AL !
where ¢} = ( (D) 1';') € Ly~! and £ '[u?!] is the polynomial
ring in u,u”! over £3'. Here B! and D) denote the blocks of size
(n—1)x(rn-1)in the upper left corner of B; and D;, respectively. If
n =1, we set ¥(X,u) =¥ a;u"%(up~?)%. Note that §;, d; are uniquely
determined by the left coset (I'§g;) for each i. ¥(—,u) is a well defined
ring homomorphism : £§ — L5 Hu!] (see [Z]).
We define a ring homomorphism 5(—,u) : Cp[z] = Cp-[z, u?!] by

{xowxou_l;mnn—ru;:c,-H:c.-,i#O,n when n > 1,

To—ul; - u when n =1 (Cy[z] = C).
Then the following diagram commutes :
¥n
— C.,lz]
(3.4) ¥(~,u) 1 ln(-—.u)
Pn-1X

il Ve [y N |

where ¥,—i X 1, is the ring homomorphism that coincides with %,_; on
£3~! and fixes u.

We state the following theorem concerning a commuting relation be-
tween Hecke operators and the Siegel operator acting on Siegel modular
forms of half integral weight.
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THEOREM 3.1. Let F € M}(q,x) and X € £}(q), where k is a half
integer. Then

&(F|, X) = (8F)], WY,s"*x()™")

where Y = (xf o f")(X) € £p. (If n = 1, then the action on the right
hand side is nothing but a multiplication of complex numbers.)

Proof. See [KKO].

For the integral weight Siegel modular forms, the anology was given
by Andrianov [Al]. The following result is also given by Andrianov.

THEOREM 3.2. ¥(—,u) : L*(T) — L*Y(T) is a surjective ring ho-
momorphism for any u € C, u # 0.

Proof. See [Al].

4. Theta-Series of Half Integral Weight

Let Q € N}, where N is the set of all positive definite (eigenvalues
> 0) semi-integral (diagonal entries and twice of non-diagonal entries
are integers) m x m symmetric matrices. The level ¢ of @ is defined to
be the smallest positive integer such that ¢(2Q)™! is integral with even
diagonal entries. It is well known {Og] that ¢ is divisible by 4 when m is
odd. We define the theta-series of degree n associated to @ by

(41 ™(Z,Q) = ) eQIX]2)= ), r(N,Q)e(NZ), Z€H,

XEMm,n(Z) NeN,

where 7(N,Q) = {X € Mpnn(Z); Q[X] = N}| < co.
We have the following theorem :

THEOREM 4.1. Let Q € N}, m odd. Then
0™(2,Q) € Mi(q,x) C Mg

where k = m/2 is a half integer, q is the level of Q, and x = x,, is the
Dirichlet character modulo q defined by

w@= (55)...
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Proof. See [K].

Let m,n be positive integers. Let O} be the vector space over C
spanned by §"(Z, Q),Q € N}, and let ©7 (g, d) be its subspace spanned
by *(Z,Q), Q € N} with d = det2Q and ¢ = the level of Q for given
positive integers d and ¢. if m is odd, then from Theorem 4.1 follows

Op C Mg and ©[,(¢,d) C Mi(q,x)

2d
where x(det D,,) = (m)a for any M € I'g(q).
M ac

Let Q € N;}. We denote the class and the genus of @ by (@) and [Q],
respectively. Obviously (@) C [@]. It is well known that [Q] contains a
finite number of classes (see, for instance, [O]). Note that *(Z,Q,) =
0"(Z, Q) for any @, € (Q). Also note that det 2Q) and the level of Q are

invariants of [@] and hence
O.[Q Cc O7.(¢,d) C 67,

if ¢ = the level of @ and d = det 2Q), where OF%[Q)] is the subspace of

O:z Spa'n-ned by an(z’ Qi)7 Qi € [Q]’
It is well known [Sil] that

(6"(2,Q) =0"""(2',Q)
. . 7' x ,
where ® is the Siegel operator (3.1) and Z = « +) € Ha, Z' €

Hn—1. In particular, @ : O7,[Q] — O771[Q], @ : ©7,(¢,d) — 677'(g,d)
are epimorphisms for all n > 1 and isomorphisms [F] if n > m.

We now introduce theta operators. Let m,n > 1 and let p be a
prime with ged(p,q) = 1. Let a : L* — C* be a character such that

§ y*
a(I'f) = 1. For X = (T§tgol'y') € LG with g = (pé)" IB;?)) €Ly
and 6"(Z,Q) € OF, with Q@ € N}, we set
(42) 6Z,Q)0uX = olge) D, 1(Q,D)¥"(2,p°QID")

DEADoA/A
P’QID* et
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where A = A™ = SL,,(Z) and

(4.3) 1,(Q,D) = Y «Q@BD™).

B€B, (D)/mod D

s =
Here B, (D) = {B € M,(Z[p™)); (Pg IB;) € I''gI'} and By,
B; € B, (D) are said to be congruent modulo D on the right if (B; —
B2)D™! € M,,(Z). This congruence is obviously an equivalent relation
and the summation in (4.3) is over equivalent classes in B, (D) modulo
D on the right. We extend (4.2) by linearity to the whole space O, and
the whole ring L7".
We set

Lo = {Z ai(TgTe) € L5 6im — 2b; = 0,b; = log,, | det D,-l}

5i > .
P OD' g: €Ll and let £8 =EF N LE.
We have the following theorem :

where g; =

THEOREM 4.2.

(1) The action (4.2) is a well defined action of LT* on ©F,.

2) O (q,d) is invariant under the theta operators of L3 if p is

( m 00 p
relatively prime to q, the level of Q.

3) On[Q) is invariant under the theta operators of £Jg if p is rela-

( ) m 00
tively prime to 2q.

Proof. See [Al] for m even. Here we assume that m is odd. Let

(449) €(2,Q) = ) e(QU12), Z € Hnm,
veq
where Q = Q™ = GL,,(Z). ¢(Z,Q) is called the epsilon-series of . For

every M = (DO g) € I'f* with D € 2, we have

45)  &(M(2),Q)=)_ e(QIUD*12)e(QIUIBD™") =¢(Z,Q)

Uen
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Note that e(Q[U]BD~!) = 1 because Q[U] € N} and BD™! is integral
symmetric [M]. From (4.5) and the definition of even modular forms
follows that €(Z,Q) € Mg'. Let

A = {3 (2,00 Qs € N} < M.

Let £ = m/2 and x be a character satisfying x(—1) = 1. Let X =

5 )*
(T3 90T5") € LT with go = PD; Bo € LY. Then
0 D
X = ) (%9
DeR\QDeR
BeB, (D)/mod D

5 n*
where g = (p OD g) From (2.1) and (2.4) one can deduce

(46)  &(Z,Q), X = @ (0) Y L(QD)(2r°QD")).
DEADoAJA
»’QD*JeN;}

where o, . : Lj* — C* is a character defined by
(4.7) a, (g) = x(p*™P)p°(mk-<m>)-bk
We now define a linear map
I : Am — O], by 91.(e(2,Q)) =67(2,Q), Q € N

Obviously 97, is a well-defined epimorphism. From (4.2) and (4.6) fol-
lows

(4.8) I%(e(2,Q) |, X) = 6"(2,Q) 0a X, X € LT,

where a = a, | is the character (4.7). Oviously 6™(Z,Q) 04 X; 04 X3 =
0"(Z,Q) 0q X1 X;. From the surjectivity of 9}, (4.6) and the above
follows (1).

For (2) and (3), exactly the same arguments for the case m even [A1]
apply here.
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5. Main Theorem
Let Q € N} with m odd. We set ¥ = ¥, : £3(T) — L3~ X(T) by
requiring the following diagram commutes :

LYy —— L¥D)

t:oB"
(5.1) ¥=v, l l‘l'(-,p“"‘xgl(p))
£57HT) ——— Ly™(T)
xy~ lofn-1

where k = m/2 and x,, is the character in Theorem 4.1. Since the right
vertical arrow is surjective by Theorem 3.2, ¥ is also surjective. We let
wr be Athe r-th iteration of ¥ for r > 0 and U0 = the identity map. For
X € Lg7(T), 0 £ r < n, let ¥77(X) denote any element in L3(T)
whose image under ¥" is X.
m,m »’D* B
Let X = (Tg'gT'g’) € LT for g = o D)€ Ly*. We define
the signature s(X) of X by s(X) = 2b — mé where b = log, | det D|.
A linear combination of double cosets with the same signature s € Z
in L§* is said to be s-homogeneous of signature s. For general X =
5 p* .
2.:0i(l5g:) € LT with g; = (p OD' g’) and b; = log,, | det D;|, we
denote the s-homogeneous part of signature s in X by X(,), i.e.,
X(,) = Z ai(I‘(',"g,-).
#,2b;—-mé;=3s
Let X € £(T) and Y = (a* o f™)(X) € LP(T). We define a
homomorphism {™ = {7} : LF*(T') — &5 by

(5-2) E™(X) = Y (xo @P™?) Y20 X%
220
where
8 —8m m ‘D* 0 m m
X:z =P Z (PO(O D)ro)egO'
DEA™\ M, (Z)/A™

det D=p*
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From Theorems 3.1, 4.2, and the above, one can deduce the following
by the same argument for even m as in [A1] : Let m,n > 1 be integers,
m odd, m > n. Let Q € N} with level ¢, 4|q. Let p be a prime with
gcd(p,q) = 1. Then for X € L3(T), we have

(5.3) 6"(2,Q)|, , X = 0"(Z,Q) 0a £™(¥""™(X))

where k = m/2, x = x4, and a = a, , (see Theorem 4.1 and (4.7)).
Theorem 4.2 and (5.3) say that §°(Z,Q); Q@ € N}, applied by a
Hecke operator X € LF(T'), can be written as a linear combination of

en(za Qi)’ Qi € [Q]
Let Q@ € N;}. Let Qy,--- , @ be the full set of representatives of the
classes in the genus [@)] of Q. We define the generic theta-series of degree

n associated to [@] by
h h -1
0"(Z,Q; 1
6o ea@=(LH2)(3>1) zen,
=1 t i=1 !
where e; is the order of the orthogonal group O(Q;).

THEOREM 5.1. Let m > n > 1 be integers with m odd. Let Q@ € N}.
Let q and x = x,, be the level and the character of Q, respectively. Let

p be a prime relatively prime to q. Then for any X € £2(T),

(5.5) 6"(Z,[QD)], . X = MX,x)6"(Z,(Q))

where k = m/2 and the eigenvalue A(X,x) is determined by :

(56)  MX,x) = F™ <" x(0)" P " x®) 7P T (D)),

where f(:to,l?l," : 71"'1) = ("l’n OW: OB")(X) € Wﬂ[ﬂ]

Proof. According to (5.3), it suffices to show that 8%(Z,[Q]) is an
eigenform of any theta operator X € £§3. Then by (4.8), this is equiva-
lent to show that e(Z, [@]) is an eigenform of any Hecke operator X € £Jg,

where h h -1
(2,[Q) = (Z e(LeQ_)) (E 'el_) '

i=1 i=1
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From definition of (Z, Q) in (4.4) follows
€Z,Q)=p"" ), N2

NelQ)

where p = Z!' 1_, the mass of [Q]. Let X = (Tgol'™) € £, go =

i=1 -6—

& y*
(p Dy Bo) € EJ*. Then

0 D,
_(p°D* B
x= > (w("7 5))
DeQ\Q D2
BEBX(D)/modD

and hence from (2.3) and (2.4) follows

&(Z, (], , X = D _ x(det p’ D*)e(Z, [Q))|,
D,B
5 1y
where § = (g,p™*"/4|det D[¥%), g = (P " 7

is over D € Q\QDeQY, B € B, (D)/mod D. So from (2.1), (4.4), (4.5),
(4.6), and (4.7) follows

&(Z,1QD], X
= 3 x(det p’ D*)(p°)™4/2=<m> (p=4m/4| det DIV/2)2*e(g(2), [Q))

, and the summation

D,B
= p x> Y e(Qu(pZID7!] + BDTY))
Qo €[Q]
D,B
=u x> Y 1,(Qo, D)e(p°Qo[D*)2).
QO)D
P’ Qo[D"]eN

According to Theorem 4.2, p’Qy[D*] € [@]. So we have

«(Z, QD] , X = # x(p**)p7 <> 3 (E'x(p‘Qll‘D],D)) e(Q12).
1€{Q] \ D
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But it is easy to check that 3, I, (p°Q:1[* D), D) is independent on Q; €
[Q]- This proves that 8"(Z,[Q]) is an eigenform of any Hecke operator
X € L§(T). To prove (5.6), we apply ®” to (5.5) so that

&"(6™(Z, [QD)],,, ¥"(X) = MX, )2"(67(Z, [Q))

But ®"(0"(Z,[Q])) =1 since Q is positive definite. Therefore, we have
MX, x) = ¥*(X) and (5.6) follows immediately from the diagram (5.1).
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