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THE DIRICHLET EIGENVALUE ESTIMATE

ON A COMPACT RlEMANNIAN MANIFOLD

BANG OK KIM AND DONG PYO CHI

§1. Introduction

Let M be an n-dimensional compact Riemannian manifold with
boundary aM. We consider the following Dirichlet eigenvalue problem
on M of the equation

(1.1) ~U = -AU in M

U =0 on aM.

It is well known that the set of eigenvalues {Al:} of (1.1) can be arranged
in a nondecreasing order as follows:

o
and Al Ju2 ~ J IVuI2 for all U E HUM). For application, it is impor-
tant to estimate the lower bound of Al' In case that M is a submanifold
of some manifold N, the Ricd curvature cl. N has the positive lower
bound in M and the average curvature cl. aM is nonnegative, Sperb
showed a lower bound of Al in [2]. For compact Riemannian manifold
with nonconvex boundary, the first Neumann eigenvalue is estimated
by R.Chen[l]. Our purpose in this paper is to estimate the lower bound
of Al on compact Riemannian manifold with nonconvex boundary.

DEFINITION. Let aM be the boundary of a compact Riemannian
manifold M. Then aM satisfies the"interior rolling c:-ball" condition
if for each point p E aM, there is a geodesic ball Bq(j), centered at
q E M with radius f, such that p = Bq(f) n aM and Bq(f) C M.
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(1.2)

THEOREM 1.1. Let M be an n-dimensional compact Riemannian
manifold with boundary aM. Let aM satisfy"the interior rolling f

ball" condition. Let R, K and H be nonnegative constants such that
the Ricci curvature ofM is bounded below by -R, the mean curvature
of aM is bounded below by -K and the second fundamental form
elements of aM is bounded below by -H. If u is a solution of the
equation

~U+AIU= in M

U =0 on aM,
where Al is the first Dirichlet eigenvalue. Then

1 (1- ( 2 )

Al ~ ";1 + 2(n _ 1)c:K (n -1)p2 (1 + B)exp(-(1 + B)),

where

B ={1 (n _1)p2 C}~
+ 1 2 '-a

C (2n - 3? + a
2
(lOn -11) (n _1)K2 + 2{1 +2(n -l)c:K}~R

a 2

1 . 1
+(n-1)K{g+2(n-1)(1+3H)}, 0<a~2.

and p is the radius of the largest geodesic ball contained in M and the
upper bound of c: is given by (2.11) and (2.12).

In §2, we shall give a gradient estimate which is essential in proof
of Theorem 1.1. In §3, we shall give a proof of Theorem I.!.

§2 A gradient estimate

LEMMA 2.1.[2]. Let sn-l be a hypersurface of the Riemanman
manifold M and Lls the Laplacian in the induced metric of sn-l. At
any point ofsn-l, the following relation holds:

au a2u
~u = ~su + (n -l)Ko av + av2 '

where Ko is the mean curvature, v is the outward normal vector.
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THEOREM 2.2.. Let M and aM satisfy the hypothesis of Theorem
1.1. If u is a solution of the equation (1.2), then

IVul
2 (x) < (n -1) [(2n - 3)2 + a

2
(lOn - 11) (n -1)K2

«(3 - u)2 - (1 - ( 2) a 2

+ 2{1 + 2(n -l)c:K} lR

+ (3 2(3 {I + 2(n - l)c:K}1Al + Cl]
-supu

where Cl = (n -1) K {~ + 2(n - 1)(1 + 3H)}, and (3 > supu.

Proof. Let t/J(r) be a nonnegative C2-fundion defined on [0,00) such
that,

{
< 2(n - l)c:K if rE [o,~)

t/J(r) = - 2(n _ l)c:K if rE [c:,oo)

with t/J(O) = 0, t/J'(O) = 4(n -1) K, 0 $ t/J'(r) $ 4(n - 1) K and .,p" ~
_2(n:l)K. Define c/>(x) = t/J(r(x», where r(x) denotes the distance
function from boundary aM to x E M. For f3 > 1 = supu, we define
the function

_ ! IVul2
G(x)-(l+c/» «(3-u)2 on M.

By the compactness of M, there is a point Xo E M such that G achives
its maximum. Suppose that Xo is a boundary point of aM. At Xo, we
may choose an orthonormal frame field ell e2,'" ,en such that en =
:11' where :11 is the unit outward normal vector. Then we have

(2.1)

From (1.2), it is clear that

~u(xo) = -AlU(XO) = 0,

~8M u(xo) = 0.
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Let Ko be the mean curvature at xo. By Lemma 2.1, at Xo,

8u 82u
~u = ~aM u + (n - 1) Ko 8v + 8v2·

Hence, we have

(2.2)
B2u 8u
8v2 = -en -1)Ko8v = (n -1)Ko IVul, at Xo E 8M.

Using (2.2), we obtain that

8G 1 84> IVul2 IVul2 IVul3

8v (xo) = 2 8v ({1 _ u)2 - 2(n -1)Ko ({1 _ u)2 - 2({1 - up

IVul2 1 84> IVul
::; ({1 - u)2 (2 8v + 2(n - 1) K - 2({1 - u)

IVul2 IVul= ({1 _ u)2(-2(n -1)K +2(n -1)K - 2({1 _ u» < o.

This contradicts (2.1). Therefore Xo is an interior point of M and hence,
VG(xo) = 0 and ~G(xo) ::; O. At Xo, we may choose an orlhonormal
frame field {ei} such that Ul(XO) = IVu(xo)l. Since, for each i, Gi(xo) =
0, we obtain that

(2.3) ifi # 1,

ifi = 1,

It is clear that

(2.4)
n n

L (Uji)2 ~L U~i ~ U~1 + _1_ (~u - un)2
.. . n-1
',J=1 .=1

> 2 uil (~u)2
_un + 2(n -1) - n -1

2n - 1 IVul4 1 -1 IVul3

=2(n - 1) (({1 - U )2 + 2(1 + 4» 4>1 ({1 - u)

+ -!. (1 + 4»-2 4>2IVuI2) __1_ ..x2u 2
16 1 n -1 1 •
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By using (2.3) and Uijk - Uikj = L:~=1 U/Rlijk, we have
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(2.5)
1 _3 2 IVuI2 1 _1. IVuI2

6G(xo) = - 4(1 + 4» "2IV4>1 (,8 _ u)2 + 2(1 + 4» 264> (,8 _ u)2

.! Ul IVuI 2 1 -1
+2(1+4»-24>1 (,8-u)2(-(,8-U) -4(1+4» 4>IIVul)

n

" 1 Ul 1 1+ ~ 2(1 + 4»-2 4>i (,8 _ u)2 (-4(1 + 4»- 4>ilVu l)

+ 2(1 + 4»-t 4> IVul
3

+ t 2(1 + 4»t (Uji)2
1 (,8 - u)3 i,j=1 (f3 - u)2

n (1+4»! n (l+4»t
+~ 2 (f3 _ u)2 (uj(6u)j) + .2: 2 (,8 _ u)2 UjUiRij

)=1 1,)=1

8(1 + 4»! 2 IVuI 2 1 -1
+ (,8 - up IVul ( (,8 _ u) - 4(1 + 4» 4>IIVu!)

1. -AIUIVuI2 1. IVuI4

+2(1+4»2( (,8-U)3 )+6(1+4»2 (,8-u)4·

Multiplying (2.5) by (1 + 4» t {(;ujt and substituting (2.4), we have

0> (1 + 4» IVuI 2 + -(2n - 3) 4>1 IVul
(2.6) (n _ 1) (f3 - u)2 2(n - 1) (,8 - u)

_ 2(1 + 4» A~u2 + (2n - 1) (1 + 4»-14>2
(n - 1) IVul 2 16(n - 1) 1

- 2AIU(1 + 4» _ 2R(1 + 4» - 2Al(1 + 4»
(,8 - u)

- ~(1 + 4»-1 IV4>1 2 + ~64>.

It is clear that

(2.7) a 2(1 + 4» IVul2 _ (2n - 3) 4>1 IVul
(n - 1) (,8 - u) 2 2(n - 1) (f3 - u)

> _2.. (2n - 3)2 (1 '/")-1 ,/..2
- 16 a 2(n -1) + 'I' '1'1·
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Substituting (2.7) into (2.6), we have, for 0 < a < 1,

(2.8) 0 > (1 - (
2 )(1 + </J) IVul2

(n-1) (f3-u)2

__1_ (2n - 3? (1 + </J)-1</J2
16a2 (n - 1) 1

_ 2(1 + </J)A~u2 (2n - 1) (1 ,,-)-1,,-2
(n - 1)IVu12 + 16(n - 1) + 'I' '1'1

2A1U
- ({3 _ u) (1 + </J) - 2(1 + </J)(R + AI)

- ~ (1 + </J)-1 IV</J1 2+ ~~</J.

Multiplying (2.8) by (~:,UJ)2' we obtain

(2.9)
(1 - ( 2

) 2 (2n - 3)2 _.! 2
O? (n -1) G(xo) - G(xo) {16a2(n _ 1) (1 + </J) 2 </J1

2A1U t (2n - 1) _.! 2
+ ({3 - u) (1 + </J) - 16(n -1) (1 + </J) 2</J1

1 3 3 2+ 2(1 + </J)"2(R + AI) + 4(1 + </J)-"2IV</J1

_! ~</J(1 + </J)-!} _ 2(1 + </J)A~u2 .
2 ({3-u)2(n-1)

From (2.9), we obtain that

(2.10)

0> (1 - (
2
) G(x )2

- (n -1) 0

_ {(2n - 3? + a
2
(10n -11) (1 + </J)-~ IV</J12

16a2(n -1)
1 2A1U 1+ 2(1 + </J)"2 (R + AI) + {3 _ u (1 + </J) 2"

1 1

- '2~</J(1 + </J)-"2} G(xo)

2(1 + </J)A~u2 1
({3 - U )2(n _ 1)' for 0 < a ~ '2.
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To compute ~<P, let oM(e) be the set {x E M Ir(x) ~ e}, and k£ be
the upper bound of the sectional curvature in oM(e). We may choose
e to be small so that

(2.11) Jk:tan(eyk;) ~ ~ + ~
H fL 1

(2.12) .;lC';tan(evk£)~2.

By using an indezx comparison theorem in Riemannian geomerty [3],
one can show that if x E oM(e), we have

D.r> -(n - 1) H + Jk£tan(eJk£) > -(n - 1)(3H + 1).
- 1- tan(eJk,;)H/Jk£ -

Then we have

(2.13) ~<P = .p"IVrI2 + .p'D.r

2:: - 2(n - l)K _ 4(n _ 1)2K(3H + 1).
e

Let Cl = (n - l)K( ~ + 2(n - 1)(1 + 3H)).
Substituting (2.13) into (2.12), (2.12) becomes

02::( 1 - 0:
2

) G(xo)2 _ {(2n - 3)2 +0:2(lOn - 11) (n -1)K2
n - 1 0:2

+ 2(1 + 2(n - l)eK)t R

2P 1+ P (1 + 2(n -l)eK)2" Al +Cd G(xo)
-supu

2(1 + 2(n -l)eK) A~ (sUpu)2
(n - l)(P - supu)2

Hence

IVul2

(P _ u)2 (x) ~ G(xo)

< (n - 1) [(2n - 3)2 + 0:2(lOn - 11) (n _ 1)K2

- 1 - 0:2 0:2

+ 2(1 + 2(n -l)eK)tR

2P 1]+ P (1 + 2(n -l)eK)2" Al + Cl .
-supu
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REMARK. By the "interior rolling c:-ball" condition, we can choose
a geodesic from boundary to Xo which has no focal point. Hence we
can use the index comparison theorem.

§3. Proof of Theorem 1.1

Proof. We may assume that 0 ~ u ~ 1. From Theorem 2.2, we know
that

Let x M be a point in M where u assumes its maximum, and let x be a
point on aM nearest to x M as geodesic distance. Let p be the radius
of the largest geodesic ball contained in M. Integrating (1), we have

1 -f!- « n -l)t [(2n - 3)Z + 02(10n -11) ( _ 1)K2
oga 1- 1 2 P 2 n

fJ- -0 0

+ 2{1 + 2(n -l)c:K}tR

2(3 1]t
+ (3_1{1+2(n-1)c:K}2 A1 + C1 •

Hence we obtain the first Dirichlet eigenvalue

A > 1 fJ - 1 {( 1 - (
2

) 1 (1 fJ)2 c}
1 - J1 + 2(n _ 1) c:K ?:i3 n - 1 p2 og fJ - 1 - ,

where
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Let
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'" I+VI+~ 2CThen f(f3) has a maximum at R = e 1- .. P • Hence

1 (1-a 2
)

>'1 ~ vi () 2(1 + B) exp(-(l + B)),
1 + 2(n - 1)cK n - 1 p

where
1

B = {I + (n-1)p
2 c}"2

1-0'2 ,

c = (2n - 3)2 +a
2
(10n - 11) (n -1)K2 +2{1 +2(n -l)cK} ~ R +Cl

a 2

and
Cl = (n - l)K{ ~ + 2(n - 1)(1 + 3H)}.
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