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REMARKS ON VARIATIONAL
INEQUALITIES AND GENERALIZED
QUASI-VARIATIONAL INEQUALITIES

SANGHO KuMm

1. Introduction

The problem of solving quasi-variational inequality (in short, QVT)
was originally introduced by Bensoussan and Lions in 1973 (see {3]) in
connection with some stochastic impulse control problems. Problems
of QVI arise in the applications such as free-boundary problems, com-
plementarity problems, mathematical economics and management. For
a paper in which quasi-variational inequalities are studied, see Mosco
(12].

Inspired by earlier works, some authors, e.g., Ding, Shih and Tan
considered an abstract generalized quasi-variational inequality problem
(in short, GQVI) from a theoretical standpoint. Shih and Tan [14,
Theorems 3 and 4] obtained existence theorems for GQVI and Kim
[9] gave a generalization of Shih and Tan [14, Theorem 4] in a real
Hausdorff locally convex topological vector space.

The aim of this paper is to unify and extend the above results to
non-compact setting. We first give a more general formulation of Shih
and Tan [14, Theorem 3], then we give a theorem which simultaneously
generalizes Shih and Tan (14, Theorem 4] and Kim [9]. In the second
part of this paper, we generalize and combine Bae, Kim and Tan [2,
Theorem 4] and Tan {16, Theorem 3]. Our proofs are based on ‘net
argument’, which gives another refined proofs for the results of the
authors.

Received July 1, 1992. Revised Jan.10, 1993.

1980 Mathematics Subject Classifications (1985 Revision): Primary 49A29,
49A40;Secondary 47TH10, 52A07, 47A05, 49A50, 46A05.

This research was supported in part by The Korea Science and Engineering
Foundation in 1989-1990.



434 Sangho Kum

2. Preliminaries

Let 2X be the set of all nonempty subsets of X for a topological
space X.

Let X and Y be topological spaces and D : X — 2Y a multifunction.
We denote by D(X) the image of D, namely, the set | J {D(z)|z € X}.

Let E be a real Hausdorff topological vector space, and E* its
topological dual. A multifunction D : X — 2F is said to be upper
hemicontinuous if for each f € E* and for any real a, the set {z €
X|supyep(z) f(y) < a} is open in X. It is well known that an upper
‘semicontinuous multifunction is upper hemicontinuous. From now on,
X is always assumed to be a nonempty convex subset of E.

A multifunction T : X — 2F" is said to be monotone on X if for
each z and y in X, each u in T(z), and each w in T(y), (w—u,y—z) > 0,
and semi-monotone on X if for any z,y € X,

inf (u,y—z) < inf (w,y—2z).
uGT(z)( y )_wET(y)( y )

It is clear that a monotone multifunction T is semi-monotone. But the
following example shows that the converse is not true.

o (yeo) i 230
T:R— R, T(z)=
- & T() {(—00,0] if 2 <0.

Let cc(X) [ke(X)] denote the set of all nonempty closed [ compact]
convex subsets of E contained in X.

We denote by co and — the convex hull and closure, respectively,
with respect to E.

The inward setof X atz € E, Ix(z) is defined as follows:

Ix(z)=z+ U r(X —z).
>0

3. A generalization of QVI of Shih and Tan

We begin this section with the following theorem.
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THEOREM 1. (Ding and Tan [5, Theorem 1]) Let X be a convex
subset in a Hausdorff topological vector space E. Let ¢ and % be two
real valued functions on X x X having the following properties:

(1.1) ¥(z,z) <0 forall z € X;

(1.2) for each fixed = € X, ¢(z,y) is a lower semicontinuous function
of y on K' for each nonempty compact subset K' of X;

(1.3) for each fixed y € X, the set {z € X|(z,y) > 0} contains the
convex hull of the set {z € X|¢(z,y) > 0};

(1.4) there is a nonempty compact convex subset L of X and a
nonempty compact subset K of X such that for each y € X\ K, there
exists an r € co(L U {y}) with ¢(z,y) > 0. Then there exists a § € K
such that ¢(z,§) < 0 for all z € X.

From now on, let us denote by E a real Hausdorff locally convex
topological vector space. We present the following theorem which is a
more general formulation of Shih and Tan [14, Theorem 3].

THEOREM 2. Let X be a paracompact convex subset of E, L a
nonempty compact convex subset of X and K a nonempty compact
subset of X. Let E* be the topological dual of E equipped with the
strong topology. Let S : X — cc(X) be upper hemicontinuous and
T : X — kc(E™) upper semicontinuous. Assume that the set

Y= € X| su inf (z,y—=x >0}
{y ‘zesﬁ,) Jof (29— 3)

is open in X. Assume further that for each y € X\K, there exists an
z € S(y)NI (y) withinf,er(y) (z,y—z) > 0. Then thereexistsay € X
such that

(2.1) § € S(§) and

(2.2) there is a 3 € T(§) with (2,5 — z) <0 for all z € S(y).

Proof. We follow the method in [14], so we divide the proof into
two steps:

Step 1. We assert that there exists a § € X such that § € S(§) and

su inf {(z,§—1z)<0.
zes?g) zeT(ﬂ)( Y )<
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Suppose that the assertion is false. Then for all y € X, either y ¢ S(y)
or there exists an ¢ € S(y) such that inf,cr(y) {2,y — =) > 0. By
the separation theorem for a Hausdorff locally convex space, whenever
y ¢ S(y), there exists a p € E* with (p,y) — sup,es(y) (P, z) > 0. For
each y € X, we set

a(y):= sup inf (z,y — ).
( ) z€5(y) zeT(y)( )

Let V5 := {y € X|a(y) > 0}, and for each p € E*, we set

Vip) = {y € X|(p,y) — SI;P)(P,QJ) > 0}-

z€S(y

Since & = V,X = Vo UU,ep- V(p). By hypothesis, V, is open in
X. By the upper hemicontinuity of S, V(p) is open in X for every
p € E*. Since X is paracompact, there exists a continuous partition of
unity {Bo, Bp}pecE+ subordinate to the covering {V4, V(p)}per-- Thus
for each 0 and p € E*, By and B, are nonnegative real continuous
functions on X, with their supports supp Sy C V4 and supp 8, C V(p).
The family {supp o, supp Bp} ek~ is a locally finite covering of X and
Y jeErufoy Bi(z) =1forall z € X. Let us define ¢ : X x X — R by

$(z,y) :=Boy) inf (zy—z)+ Y Bp(y) (py — ).

2€T(y) 55

Clearly,

(2.3) ¢(z,z) =0for all = € X.

(2.4) For each = € X, ¢(z,y) is a lower semicontinuous function of
y on each compact subset K’ of X. Indeed, consider the function

= inf (z,y~z)=— sup (z,z-—y).
fy):= inf {2,y ~2) zeTr(>y)(, y)

Since E* has the strong topology and K' is bounded, W(z,y) = (z,z —
y) is continuous on E* x K'. In addition, T is upper semicontinuous
and has a compact value for each y € X. By Aubin and Cellina [1,
Theorem 5, p.52], for each z € X, f(y) = —sup,erq) (2,2 —y) is a
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lower semicontinuous function of y on K'. Hence, so is the function
y — Bo(y) inf,e1(y) {2,y — z) by Takahashi [15, Lemma 3]. Moreover,
the function y + ZPEE‘ Be(y) {p,y — =) is continuous on X. Thus
y — ¢(z,y) is lower semicontinuous on each compact set K' C X.

(2.5) For each y € X, ¢(z,y) is a concave function of z on X. Indeed,
T+ Bo(y) inf .eT(y) (2,y — ) is concave and

i Y Bey) (pry — 2)

pEE"

is affine, and hence = — ¢(z,y) is concave.

(2.6) For each y € X\K, there is an ¢ € co(LU{y}) with ¢(z,y) > 0.
Indeed, by hypotheses, there exists an o € S(y) N Ir(y) such that
Bo(y) inf .e7(y) (2,y — o) = 0. In case B,(y) = 0, we may assume that

$(z0,9) = Y Bp(v) (p,y —20) = Z Bp:(y) (Piy — Zo)

peEE"

for some positive integer n (B,,(y) # 0, ¢ =1,... ,n). Since y belongs
to ﬂ?:l V(pi) and zo € S(y), Z?:l Bp:(y){Pisy — z0) > 0. Hence,
é(z0,y) > 0. In case By(y) > 0, we can show that ¢(zo,y) > 0 in
a similar way. Note that I'1(y) = I.oLu{y}) (¥) because L is convex.
Moreover, I.o(Lu{y)) (¥) is in fact the set

A:={u € Elu=y+r(v—y)for somev € co(LU {y}), r > 1}.

Thus, we have an z € co(L U {y}) such that z¢o = y + r(z — y) with
r > 1. Hence,

Hz,0) = $(= 20+ (1= 2)y,)
> 2 Hz0,0) + (1= 2)6(u,0)
=~ §(z0,9) > 0
by the concavity of ¢ in its first variable. Therefore, for each y € X\ K,

there exists an z € co(L U {y}) such that ¢(z,y) > 0. By Theorem 1
with ¢ = 1, there exists a § € K such that

#(z,9) <0 forall z € X. (2.7)
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Now we show that there exists an & € S(§) with ¢(&,§) > 0. If
Bo(§) = 0, then §(z,9) = 321, Bp.(§) (pi, § — z) where p;s are given
elements of E* and B,,(§) > 0. Since § € i, V(p:)s

(piag) > sup (Pi;x) > (Piyi)
z€S5(9)

so that (p;,§—2) > Oforall 2 € S(§): Thus ¢(,§) > 0for all £ € S(g).
If Bo(§) > 0, then § € Vg so that a(§) > 0. Hence, inf,c1y) (2,9 - %) =
3 a(§) > 0 for some £ € S(§). Using similar argument as above, we can
also assert that ¢(z,§) > 0 for some & € S(§). In any case, there exists
an £ € S(g) with ¢(£, §) > 0, which contradicts (2.7). This proves Step
1.

Step 2. There exists a 2 € T(§) such that (2,§—z) < 0for z € S(§).
Indeed, define F': S(§) x T(§) — R by

F(z,z):= (2,9 — z).
Note that for each z € 5(§), z — F(z,z) is continuous and affine and

for each z € T(§), z v F(z,z) is affine. Thus by Kneser’s minimax
theorem [10], we have

min sup F(z,2)= su min F{z,z
z€T(9) zeS%) ( ) ::GSI(-:}) z€T(F) ( )

Hence,

min  sup F(z,2)= min su’ z,;—x 50
z€T(H) zESI(.)j) (2,2) zeT(§) zGSﬁ'j)( Y )

by Step 1. Since T'(§) is compact, there exists a 2 € T(g§) such that
(2,9 — x) <0 for all z € S(§). This completes our proof.

In order to generalize results of Kim [9] and Shih and Tan {14,
Theorem 4], we need the following.

LEMMA 1. Let E* be equipped with the strong topology. Let X be
a nonempty bounded subset of E and C' a nonempty compact subset

of E*. Define f : X — R by
flz) = néig(z,:v) for all = € X.

Then f is weakly continuous on X.

Proof. This is immediate since the functions {(u,-)ju € C} are
weakly equicontinuous.
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THEOREM 3. Let X,L,K,E* and T be as in Theorem 2. In ad-
dition, let X be a bounded subset of E,S : X — kc(X) a continu-
ous multifunction, and T(X) C D for some compact subset D of E*.
Assume that for each y € X\K, there is an ¢ € S(y) N I (y) with
inf;e1(y) (2,4 — z) > 0. Then the conclusion of Theorem 2 holds.

Proof. By Theorem 2, it suffices to show that the set
A= € X| su inf (z,y—z) < 0}
{y ‘xés?y) z€T(y)< y=

is closed in X. Let (y4)aer be a net in A and yp € X such that y, — yo-
Since T'(yo) and S(yo) are compact, by Lemma 1, there is an 25 € S(yq)
such that
su inf (z,yo—2z)= inf (z,y0— zo). 31
zes&,) ZGT(!IO)< o ) z€T(yo) (230 J (3:1)
By the lower semicontinuity of S, we obtain a net (zq4)aer in X such
that for each a € T, z, € S(y,) and z, — Tp. Since yo € A,

su inf (z —z) L0,
::ES(EQ) zGT(lla)( > Yo ) -

s0,
inf (2,ya — Ta) <0.
Py (¥ —7)
From the compactness of T(yo), we can choose a 2, € T(y,) satisfying
inf - = (Zay Yo — <0. 2
zelT(ya) (z,Ya Ta) = (2as ¥y ZTo) < (3.2)

By hypothesis, there exists a subnet (24 ) er of (2a)aer and a zg € D
such that z, — z¢. Since E* has the strong topology and X is bounded,
we have (zo/, Yo — Zor) — (20, Y0 — o), and hence,

(20,40 — 20) <0 (3.3)
from (3.2). Note that the graph of T is colsed in X x E*, s0 2z € T(yo)-
Therefore,

su inf (z,yg—2z)= inf (z —x
zGS(I:;o) ZGT(yo)< Yo ) zET(yo)( vo o)

(Zo,yo - $o)
0

IN N
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by (3.1) and (3.3). This shows that yo € A, hence, A is closed in X, as
desired. The proof is complete.

As direct consequences of Theorem 3, we obtain two corollaries as
follows.

COROLLARY 2. Let X be a nonempty compact convex subset of
E. Let S : X — cc(X) be continuous and T : X — kc(E*) upper
semicontinuous. Then there exists a point § € X such that

(1) g € S(9) and
(2) there exists a 2 € T(§) with (2,§ — z) <0 for all z € 5(5).

Proof. Set X = L = K in Theorem 3. Since T(X) is compact, all
the conditions of Theorem 3 are obviously satisfied. This completes
our proof.

COROLLARY 3. Let E be a normed vector space and E* its dual
space with the usual norm topology. Let X be a convex subset of
E,L a nonempty compact convex subset of X, and K a nonempty
compact subset of X. Let S : X — k¢(X) be a continuous map and
T : X — kc(E*) an upper semicontinuous map. Assume that for each
y € X\K, there is an = € S(y) N I (y) with inf cp(y) (z,y — z) > 0.
Then there exists a point § € X such that

(1) 9 € S(9) and \
(2) there exists a 2 € T(§) with (2,§ — z) <0 for all z € 5(3).

Proof. In fact, the boundedness of X is needed to assure that of
the set {yo} U {yo} in Theorem 3. Moreover, we need the assumption
T(X) C D so as to guarantee that | J,cp T(ya) is contained in a com-
pact set. Since E is a normed vector space, we have only to consider a
sequence {y,} converging to yo. Clearly, the set {y,}U{yo} is compact.
Also 2, T(y:) is compact. In addition, X is a metric space, so X
is paracompact. Repeating the same argument as in Theorerm 3, we
have the desired conclusion.

REMARK. Corollary 2 is due to Kim [9] and Corollary 3 is a gen-
eralization of Shih and Tan [14, Theorem 4] to noncompact setting.
Observe that our proof is a simple one for Kim’s result [9].
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4. A generalization of two results for variational inequali-
ties

In this section, by combining two results of Tan [16, Theorem 3] and
Bae, Kim and Tan [2, Theorem 4], we generalize them at the time.

THEOREM 4. Let E* be equipped with the strong topology. Let
X be a nonempty convex subset of E and T : X — 2F" be semi-
monotone such that for each ¢ € X, T(z) is (strongly) compact and
for each one-dimensional flat N C E, T|nnx is upper semicontinuous
from the relative topology of X to the strong topology of E*. Let
M : X — 28 be monotone such that for each one-dimensional flat
N C E, M|nnx is lower semicontinuous from the relative topology of
X to the weak star topology of E*. Suppose that there exist a nonempty
weakly compact convex subset L of X and a nonempty weakly compact
subset K of X such that for each y € X\K, there exist a point = €
co(L U {y}) and an f € M(z) such that inf,er(s) (w + f,y — z) > 0.
Then there exists a § € K such that

sup inf (w+ f,§—z) <0 forall z € Ix(j).
feM(y) weT()

Proof. We divide the proof into three steps.

Step 1. There exist a § € K such that

sup inf (w+ f,§—z)<0 forall z € X.
feM(x) w€T(x)

Indeed, we define ¢,9 : X x X — R by

&(z,y):= sup inf (w+ f,y—=z),
(z,y) e weT(z)( y— )

z,y):= inf inf (w+ f,y—=z
¥(=v) FEM(y) weT(y)( fy )

for all z,y € X. Then we have the following.
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(4.1) We have ¢(z,y) < ¢¥(z,y) for all z,y € X, and o(z,z) =0 for
all z € X. Indeed,

#(z,y) = f:f}()z) wél,_},f(z) (w,y —z) + (f,y — )]

= sup [(fy—a)+ jnf (w,y-2)]

feM(z)
= su ,y—zY+ iof {w,y—=z
oo (fry —z) weT(z)( y— )
< inf ,y—z)+ inf (w,y—=z
FeEM(y) (v ) wGT(y)( Y )

by the monotonicity of M and the semi-monotonicity of T. On the
other hand,

"/’(E: y) = feil?lf(y) w(iEIIl’i;y) [(u.),y - (t) + (fvy - x)]

— inf _ inf _
5 (fy—o)+ inf (w,y—2)
= inof ,y—ez)+ inf (w,y —z).
IEIM(y) (fry ) weT(y)< y )

Hence ¢(z,y) < ¥(z,y) for all z,y € X.

(4.2) For each fixed z € X, ¢(z,y) is a weakly lower semicontin-
uous function of y on each nonempty weakly compact subset A of
X. Indeed, since A — z is weakly bounded, and hence bounded in F
and T(z) is (strongly) compact, Lemma 1 shows that the function
9(y) = infyer(s) (w,y — z) is weakly continuous on A. Clearly, the
function h(y) := supsepr(s) (f, ¥ — z) is weakly lower semicontinuous
on A. Therefore, ¢(z,y) = g(y)+h(y) is a weakly lower semicontinuous
function of y on A.

(4.3) For each fixed y € X, ¢(z,y) is a concave function of z on X.
Indeed, since

3 = inf Yy — inf WY — &)
Y(z,y) felM(y)(fy x)+wéT(y)(wy z)

obviously, ¥(z,y) is a concave function of z on X.
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(4.4) For each y € X\ K, by hypothesis, there exist an z € co( LU{y})
and an f € M(z) such that inf,er(;) (w + f,y — z) > 0. Thus

sup inf (w+ f,y—=z)>0,
feM(z) wET(z)( )

namely, ¢(z,y) > 0. Now we equip E with the weak topology. Then all
the conditions of Theorem 1 are satisfied so that there exists a § € K
such that ¢(z,§) < 0 for all z € X, namely,

sup inf (w+f,7—z)<0
FeEM(x) weT(z) ( )

for all x € X. This proves Step 1.

Step 2. We assert that sup ;¢ (5 infwer) (w + £, — z) <0 for
all z € X.

Fix ¢ € X arbitrarily. For each t € [0,1],let z; =tz + (1 — t)j =
§ — t(§ — ). Since X is convex, z; € X for all t € [0,1]. By Step 1,

sup inf (w+ f,§—2z) <0 forall te0,1],
feEM(zn) w€T(z)

so that

t sup inf (w+ f,§—z) <0 forall te0,1],
feM(z,) wET(z)

and hence,

sup inf (w+ f,§—z) <0 forall te€(0,1], (4.5)
feEM(z) weT(z)

Let [g,z] be the line segment {z € X|z = (1 -#t)j+tx 0 <t < 1}
Observe that by giving the reverse order to the set (0, 1}, we may regard
{zt}o<i<1 as a net converging to § in the line segment [§,z]. Fix an
feMm (§). Since M is lower semicontinuous on [§,z] and z; — ¥, for
each t € (0, 1] there exists an f; € M(z,) satisfying f; — f in the weak
star sense. Let w, € T(z,) be a point such that

(woi—2)= inf (w,5-2) (4:6)
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By (4.5) and (4.6), we have

(ft,g]—a:)+(wt,g—a:)<fsu;(> )(f, —:z:)+ mf (w,g’]—-:c)
eM(z

= su inf (w+ f,§—=z
feMI()Zc) wGT(z‘ ( f )

<o. (4.7)

Since T is upper semicontinuous on the compact set [§,z], the image
of T, namely, U,¢po y T(2:) is a (strongly) compact subset of E*, and
hence, there exists a subnet {wy}rer of {wiloci<i and @ € Usgpp g

. T(z) satisfying wy — . Since fy + wpy — f + % in the weak star
sense,
(fo +we,§—z) > (f+B,§ —z).
Hence, by (4.7) we have
(fo +wo,§—2) = (f+d,§—2) <0. (4.8)

Recall that the graph of T on [§, ] is closed and z¢ — §. Then, clearly,
W € T(§). Thus, by (4.8), we have

(F,i—z)+ inf (w,§—z)<(f,§—2)+(,§—72)
weT(§)

=(f+wag—$)

<0.
Since f is arbitrary, we have
su , U — )+ w,§—z)] <0.
o ((F9-2)+ jnf (9= )] <

Therefore, we have

sup [(f,§—z)+ inf (w,§— z)]
FeM(3) weT(§)
= su inf (w+ f,7—2)<0
feMI;y) "’GT(!')( R
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for all z € X, as desired.

Step 3. We have sup;cpr(z) infwer(y) (w + f,§ —z) < 0 for all
z € Ix(9)-

Let z € Ix(§); then z = § + r(u — §) for some u € X and r > 0.
Thus § — z = r(§ — u) so that by Step 2,

sup Inf (w+ f,g—z)=r sup inf {(w+ f,g—u
FeM(y) wGT(ﬁ)< ) feM(@) wGT(i;)< f )

<0.

This completes the proof.

REMARK. 1. For M = 0, Theorem 4 is due to Bae, Kim and Tan
[2, Theorem 4].

2. For T = 0, Theorem 4 is a generalization of Tan {16, Theorem
3).

ACKNOWLEDGEMENT. The author wishes to thank referee for help-
ful comments and suggestions.

References

1. J.P.Aubin and A.Cellina, Differential Inclusions, Spring-Verlag, Berlin Heidel-
berg New York Tokyo, 1984.

2. J.S.Bae, W.K.Kim and K.K.Tan, Another generalization of Ky Fan’s minimaz
inequality and its applications, to appear.

3. A.Bensoussan and J.L.Lions, Nouvelle formulation des problémes de contréle
tmpulsionnel et applications, C. R. Acad. Sci. Paris. 276 (1973), 1189-1192.

4. F.E.Browder, The fized point theory of mullivalued mappings in topological
vecior space, Math. Ann. 177 (1968), 283-301.

5. X.P.Ding and K.K.Tan, Generalized variational inequalities and generalized
quasi-variational inequalities, J. Math. Anal. Appl. 148 (1990), 497-508.

6. K.Fan, Fized-points and minimaz theorems in locally convez topological linear
spaces, Proc. Nat. Acad. Sci. U.S.A. 38 (1952), 121-126.

7. ILL.Glicksberg, A furiher generalization of the Kakutani fized point theorem,
with applications to Nash equilibrium points, Proc. Amer. Math. Soc. 3 (1952),
170-174.

8. C.J . Himmelberg, Fized points of compact multifunctions, J. Math. Anal. Appl.
38 (1972), 205-207.



446 Sangho Kum

10.

11.

12.

13.

14.

15.

16.

. W.K.Kim, Remark on a generalized quasi-variational inequality, Proc. Amer.

Math. Soc. 103 (1988), 667-668.

H Kneser, Sur un théoréme fondamental de la théorie des jeuz, C. R. Acad.
Sci. Paris. 234 (1952), 2418-2420.

M. Lassonde, On the use of KKM maultifunctions in fized point theory and
related topics, J. Math. Anal. Appl. 97 (1983), 151-201.

U.Mosco, Implicit variational problems and quasi variational inequalities, Lec-
ture Notes in Mathematics 543 (Springer-Verlag, New York/ Berlin,1976),
83-156.

S.Park, Generalizations of Ky Fan’s matching theorems and their applications,
J. Math. Anal. Appl. 141 (1989), 164-176.

M.H.Shih and K.K. Tan, Generalized quasi-variational inequalities in locally
convez topological vector spaces, J. Math. Anal. Appl. 108 (1985), 333-343.
W.Takahashi, Nonlinear variational inequalities and fized point theorems, J.
Math. Soc. Japan 28 (1976), 168-181.

K.K.Tan, Comparison theorems on minimaz inequalities, variational tnequali-
ties, and fized point theorems, J. London Math. Soc. 28 (2) (1983), 555-562.

Department of Applied Mathematics
Korea Maritime University
Pusan 606-791, Korea





