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CRITERIA FOR DICHOTOMY OF LINEAR
IMPULSIVE DIFFERENTIAL EQUATIONS

P. S. SiMEONOV AND D.D. BAINOV

1. Introduction

Let Z be the set of all integers. Let S be the set of real or complex
numbers, and let T = (w_,wy) C R be a real interval which can
be bounded or unbounded. Consider the linear impulsive differential
equations

' = A(t)z, t# 7k,
et = Agz, t=ry, (1)

where z € S™",t € T,k € Z and Ay € S™*" which is an n X n -matrix
with entries of S and the moments 7, of impulse effect satisfy the
conditions A
m 7 =w4, Tk < Tk41 (k (S Z).
k—+o0

Denote by PC(7T,S™*™) the space of functions f : 7 — S™*™ which
are continuous for ¢ # 73 and for ¢t = 7; they have discontinuities of the
first kind and are continuous from the left. We shall recall {1] that by a
solution of (1) we mean any function z : 7 — S™ which is differentiable
for t # 7; and satisfies the equation z' = A(t)z and for t = 7 satisfies
the conditions

z(r]) £ t_lifr:l_o z(t) = z(rx), z(r]) = tliTrP+0 z(t) = Agz(Tg).

Assume the following conditions fulfilled.
(A1) A(t) € PC(T,S™*").
(A2) detAy #0 (k€ Z).
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Under this assumption, all solutions z(t) of (1) are defined in J and
form an n-dimensional space of solutions which we denote be X.

Let 1.1 denote some norm in S™ and also the corresponding matrix
norm. Let X(¢) be a fundamental matrix of solutions of equation (1)
and let the functions gy, u2 € PC(7,R).

DEFINETION 1. Equation (1) is said to have a (u1, uz) — dichotomy
if there exist supplementary projectors Py, P, on S™ such that

IX()P:X ()| < K exp ( / m(T)dT), @)
(-1)i(s—t)>0,i=1,2,

where Ky, K, > 1 are constants.

In the case when p1,u, are constants equation (1) is said to have
an exponential dichtomy if 4; < 0 < po and ordinary dichotomy if
p1 = pg = 0. Condition (2) is equivalent to the conditions

IX(O)P:€| < L; exp ( / u.'(T)dT) X ()P, 3)
if (-1)(s—t)>0,i=1,2,
XOPX(0)] < M, | @)

for any vector ¢ € S™ where L;, M; > 1 are constants. If the projector
P; has rank k; ¢ =1,2, k; + k; = n, then condition (3) means that
the space of solutions X has two supplementary subspaces X7, X2 of
dimensions &y, k2 such that

|z(¢)] < Ly exp (/stﬂl(T)éT)lz(s)l’ t=>s, z€)
oI < Laesp ’ ()i )le@l, (621 =€)

Condition (4) means that the supplementary projectors X (¢)P; X ~}(¢t)
from S™ onto the subspaces S;(t) = {z(t) € S" :z € &}, i =1,2
are bounded uniformly on t € T, or equivalently that the “angle”
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between the subspaces S;(t), ¢ = 1,2 is bounded away from zero for
t €T (cf.[2],p.156). Some criteria for exponential dichotomy are well
known {3]. However, the sufficient conditions usually require equation
(1) to have a bounded growth (cf.[3].Lectures 1,6,7). In the present
paper, three necessary and sufficient conditions for (1, 3 )-dichotomy
without such constraints on the growth are given.

The proofs of the theorems are close to those by J.S. Muldowney of [4].
As an apparatus piecewise continuous comparison functions are used,
which were introduced in [5] for investigation of the stability of the
solutions of the impulsive differential equations by Lyapunov’s direct
method.

2. Preliminary notes.

We shall give some definitions and notation to be used henceforth.
DEFINITION 2 [5]. The function U : 7 x S* - R (t,z) — U(t,2)
is said to belong to the class Vg if :

1 U is continuous and locally Lipschitz continuous with respect
to z in the domains Gy = (1, Tk41) X S® (k € Z).
2 For any k € Z and z € S™ there exist the finite limits

Ulrg,z)= lim  U(t,y),

(t,9) (e ,7)

(t)y)ech"l
U(rf,z) = lim U(t,
(ese) =, yim, Uy
(t,9)€G,
and U(rg ,z) = U(rk,2).

For the function U € Vg and t # 74,z € S™ define
U(t,z) = limsup %[U(t + h,z + hA(t)z) — U(t,z)]
h-—%0+

:upper right derivative of the function U with respect to equation (1).

We shall recall [6] that if z(2) is a solution of (1). U € V, and u(t) =
U(t,z(¢t)), then

Dtu(t) = U(t,2(t)) (t#m),

where D%y is the upper right Dini dervative of the function u.
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DEFINITION 3. The couple of functions Vi(t,z) € Vg ¢ = 1,2 is said
to be admissible if for any t € 7, there exist supplementary projectors
Q1(t), Q2(t) of rank k;, k; independent of t such that

QDI <N: (:=1,2), (3)
Qi)™ < Vit 2) < bilQu(t)2]” (i=1,2) (6)

for any (¢t,z) € T x S*, where N;, b;,r > 0 are constants.

When the admissible couple is given i.e., the couple of projectors
Qi (: = 1,2) and the number r are determined uniquely, we shall
always choose for N;,b; the least possible values for which (5) and
(6) are satisfied. If V4(¢,z) and V3(¢,z) is an admissible couple and
A = (A1, A2) where A; > 0, then we define

V(At,z) = MVA(L ) — AVa(t, ).

'3. Main results

THEOREM 1. Let conditions (A) hold and let there exist an ad-
missible couple Vi(t, z), Va(t, ¢) and real numbers £y, 4, such that 0 <
£b;<1,1=1,2 and

Vst,2) < oAVt 2) (VL) 20, t4m),  (7)
V(htz) < H(OV(Ntz) (fV(Xt,2) <0, t#m),  (8)
V(N7d,Arz) S V(X7i,2) (k€ Z) 9)
for A = (1,£;) and A = (£4,1), where py, 65 € PC(T,R) and p) = ryy
if A= (1,£2),6x = rpq if A = (£3,1).
Then equation (1) has a (g1, 2)-dichotomy.

THEOREM 2. Let conditions (A) hold and let a function p € PC(T,
R) exist such that py < p < g, as well as an admissible couple
Vi(t, ), Va(t,z) and real numbers £y,£2, 0 < £;b; < 1, i = 1,2 such
that
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Vi(t,2) S rp(tViltz) (f Va(t,2) 2 &Va(t,2), t# ),

(10)
Va(t,z) 2 rpa(t)Va(t,z) (f Va(t,2) S &Va(tz), t# ), )
Vl(t’ .‘E) S Tﬂ](t)vl(t,$) (lf Zlvl(ta 33) Z ‘/’.’(t7 z), t # Tk)a

(12)
Vz(t,z) 2 rp(t)Va(t,z) (f 6Vi(t,z) > Va(t,z), t#7i), 13)
Vi(rf, Axz) < Vi(mh,2) (k€ Z), (14)
Va(rif, Akz) 2 Va(ma, z) (K € Z). (15)

Then equation (1) has a (u,, p2)-dichotomy.

THEOREM 3. Let conditions (A) hols and let equation (1) have a
(¢1, p2)-dichotomy. Then there exists an admissible couple V1(t,z),V,
(t,z) such that

Vi(t,z) S rp(DVa(t,z)  (t# ), (16)
Va(t,z) > rua()Valt,2) (8 # ), (17)
Vl(rf,Akx) < Vi(rx, 2) (k € Z), (18)
Va(rd, Axz) < Vo(ri,z) (K € Z), (19)

COROLLARY 1. Let conditions (A) hold. Then:

(a) The conditions given as sufficient for a (uy, p2)- dxcbotomy in
Theorem 1, are also necessary.

(b) When pu; < pa the conditions given as sufficient for a (p1, p2)-
dichotomy in Theorem 2, are also necessary.

(c) The conditions given as necessary for a (puy, pt2)-dichotomy in
Theorem 3, are also sufficient.

Proof of Corollary 1. Assertion () is obvious since if the asmissible
couple Vi(t,z), Va(t, z) satisfies conditions (16) — (21), then it satisfies
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also the conditions of Theorem 2. Assertions (a) and (c) follow from the
fact that the conditions of Theorem 3 imply the conditions of Theorem
1 with £; = £, = 0. We shall just note that if Uy(t,z) = —Va(t,z),
then condition (17) implies that Us(t,z) < ru(8)Us(t, z) for (t,z) €
T x 8™, t # 7. The proof of this assertion is carried out as in [4], that
is why we omit it. In the proof of Theorem 1 and Theorem 2 we shall
use the following lemma.

LEMMA 1 [4]. Suppose that P;, i = 1,2 and Q;, i = 1,2 are two
couples of supplementary projectors in S™ such that

Ifr < 1 is a number such that

TIQ1P1| 2 |Q: P,  7T|Q:P| 2 |Q1 P,
then

(i=1,2),

Proof of Thearem 1. Let tg € T and
t .
exp(— {, pa(r)dr)V(\t,z if V(\t,z)>0
wost,z) = | 2 L:PA( )ar)V (Xt ) (Xit,2)
exp(— [, 0r ()dr)V(Xit,z)  if V(Nt,2) <0.

From (7) — (9) it follows that if € X, then
DYW(\;t,2) <0 (t # 1),
Wt o(r)) S WA, 2(ri) (k€ 2).

Therefore, the function W(A; ¢, z(t)) is nonincreasing in 7 if z(t) is
a solution of (1) and A = (1,£;) or A = (¢1,1). In particular, if 7 € T
and 0 # z(7) € @1(7)S™, then from (6) Vi(r, :1:(1')) > 0,Va(r,z(7)) =
since Q2(7)z(7) = 0. Then

WAt z()) =2 W(A;r,z(7))
e (- [ awdu ) Va(ra(r) > 0 (¢ <)

to
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Choose a sequence 7., € 7,7, — w4. Then for each m there exists
a k;-dimensional subspace of solutions of (1) for which W(A;t, z(t)) is
nonnegative and nonincreasing in (w—_,7,,]. Let Y;,(¢) be an n x k;-
matrix of solutions of (1) whose columns span this subspace and let
the columns of Y,,(7o) be orthonormal. From the compactness of the
unit sphere in S™ it follows that a subsequence of Y,,(79) (without loss
of generality, the sequence itself) converges to a matrix Y (7o) whose k;
columns are orthonormal. Thus bmy oo Yin(t) = Y(t) forany t € 7,
where Y'(t) is an n X k;-matrix of solutions of (1) which has rank k;.
If € € S*, 2,(t) = Yoo (#)€ and z(t) = Y (¢)€, then W(\;t, zm(t)) <
0, w- <t £ 71, implies W(A;t,2(t)) < 0, wo < t < wy. These
conclusions are also valid for A = (1,4;) and for A = (¢;,1). Thus, if =
belongs to the k;-dimensional space

X={zeX:z(t) =Y (), €e Sk}
of solutions of (1), then

Vit 2(t)) — LaVa(t,z(t) 20 (t€T), (21)
6 Vi(t,z(t)) — Va(t,z(#)) >0  (teT).

Therefore, if z € A} and A = (1,42) or A = (¢;,1), then

W(A;t,z(t)) = exp (— /t‘tp,\(u)du) V(A t,z(t))
and this function is nonincreasing in 7. In particular, for A = (1,42)
Va(t,z(t)) — £2Va(t, 2(1))
< oxp ([ rua(u)d ) Vi(s,2(6) ~ aValo, 2] (¢ 2 ),
which together with (21) implies
(1 - £1£2)V1(1, z(2))

<o ‘rul(u)du) Vils,a(s)(t2s) (2 5)
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Since b; > 1, then 0 < £; < 1. Thus 1 — £;¢2 > 0 and from (6)

1@:(D2(®)] < b (1 — £12) exp ( / ul(u)du) Qu()z(s)] (2 5)
(22)
From (6) and (21) it follows that

(L16:1)71Q1(B)z()] = 1Q2(1)z(t)] (t € T,z € X1) (23)

thus

lz(2)] = 1Q1(2)z(t) + Qa2(t)=(t)|
<1Q:1()=(t) + Q2(t)=(2)]
< 14 (€1b1)711Qu (D)2(2))-

This, together with |Q1(s)z(s)| £ Ni|z(s)| (from (5) and (22)) yields

|2()] < Ly exp ( / tul(u)du) lo(s)] (t>s,z€X), (24)

where T 1 iy
Ly = ] (1 - £:1£2) "7 [1 + (€261) ] N1,

Similar arguments show that there exists a k;-dimensional subspace
&> of solutions of (1) such that

(€282)71Q2(H)2(®)] = 1@ (t)2(8)] (¢ € T,z € §2) (25)
la(®)] < L» exp ( / uz(u)du) o) (s2toed), (26)

Since 0 < £;b; < 1, then from inequalities (23) and (24) it follows that
the spaces X, X> are supplementary. That is why from (24) and (26)
it follows that there exist supplementary projectors Py, P2 in S™ such
that (4) is valid. Finally, (5),(23) and (25) show that the conditions of
Lemma 1 are satisfied for any ¢ € T for the projectors Q;(t), Pi(t) =
X(£)P;X ~(t) with 7 = max{(£161)7, (€2b2)7 } and N = max{Ny, N,}.
That is why (20) implies that (4) holds.
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Proof of Theorem 2. First we suppose that p = 0. Let z(t) be
an arbitrary solution of (1). Then from (10) and (14) it follows that
Vi(#, z(2)) is nonincreasing in the interval I C 7T if Vy(, 2(t)) > £;V2(4,
z(t)) for any ¢ € I. Similary, from (13) and (15) it follows that V2(¢, z(¢))
is nondecreasing in I if £;Vi(2, z(t)) < Va(t, z(t)) for all t € I. First we
shall show that if £,V;(t,2(t)) < Va(t,z(t)) for some t = 7 € T, then
there exists u € (7,w4) such that

aVi(t,z()) < Va(t,2(t))  (t€[rp]). (27)

In fact, if 7 = 7, then (27) follows by continuity. If 7 = 7, then from
6 Vi(Tr, 2(7k)) < Va(Te, 2(71)) by (14) and (15) it follows that
Vit z(ri)) < Vi, (7))
< Va(s, 2(1)) < Va(rit, 2(75)),

which, also by continuity, implies (27) for some g > 7. Now we claim
that if £,Vi(7,z(7)) < Va(r,2(7)) for 7 € T, then £;Vi(t,z(t)) <
Va(t, z(t)) for t € [r,w). Suppose that this is not true, i.e., that there
exists s > pu such that £;Vi(s,z(s)) > Va(s,z(s)). Let s¢ be the in-
fimum of the numbers s enjoying this property. Then s > p > 7
and

0Vi(sg,2(s5)) 2 Va(sg, 2(sg)), (28)

LVt 2(t)) < Va(t, z(t)) (t € [7,30)), (29)

whence by continuity from the left
£1V1(s0,2(s0)) < V2(s0,2(s0))- (30)

we have that

V';[(So, IL'(So)) < 82V2(30, .'I:(So)). (31)
otherwise, V1(sg,z(30)) = £2V>(s0,2(30)) and by (30)

Va(s0,2(s0)) 2 £€:1Vi(80,z(30)) > €1€2V2(50,2(50)),

whence it follows that V3(se,z(s¢)) = 0 and z(3¢) = 0 (by (30) and
(6)) which is impossible.
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From (31) and the continuity from the left of z(¢) it follows that
there exists 7 < sq such that

Vit 2(t)) > LVa(t,2(8) (¢ € n, sol),

Then in the interval T; = [, s0] N [, so] the function V;(¢,z(%)) is
nonincreasing and the function V5(t, z(t)) is nondecreasing and for ¢ €
T, by (14),(28) and (15) we have

£Vi(¢,z(t)) = €1Vi(s0,2(s0)) 2 &aVA(sg, z(s3))
> Va(sg, z(sd)) > Va(se,z(s0)) = Va(t, z(2)),

which contradicts (29). Thus the assertion is proved. It implies that if
&L Vit 2(8)) 2 Valt, 2(2)) (32)

is valid for t = 7, then it is also valid for ¢ € (w—,7]. If the as-
sumption p = 0 is not valid, then the assertion in relation to (32)
can be proved in the same way if in the proof we replace Vi(t,z)
by exp( f:o rp(u)du)Vi(t,z), i = 1,2. As in the proof of Theorem
1, considering a sequence T, — w4 Wwe prove that there exists a kj-
d1mens1ona.l subspace A; of solutions of (1) such that (32) is valid for
allt € 7 and z € X;. From (6) and (32) we conclude that (23) is valid
for each z € &) and from (6),(10)—(15),(32) that (24) is valid for each

z € Xy with L = b% [1 + (£151)7]Ny. Analogous arguments show the
existence of a ky-dimensional subspace X of solutions of (1) satisfying
(25) and (26), which completes the proof.

Proof of Theorem 3. Suppose that (1) has a (u, 2)-dechotomy and
let

itt,) = mp X@PX 0] e (- [ i),
Vatt, ) =supl)PX ) exp (= [ patu)in),

for each (¢,z) € T x S*, where X(¢) and P; are as in (3) and (4).
First we shall show that the relations (5),(6) hold with » = 1 and
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Qi(t) = X()PX™1(t), i = 1,2. In fact, (4) implies immediately
that |Q;(t)| < M;,t € T. From the definitions of Vi(t,z), ¢ =1,2 and
the continuity from the left of X () it follows that

|Qi(t)z] = | X ()P, X~} (t)z] < Vil(t,z), i=1,2,
and from (4) with £ = X ~}(t)z we have

| X($)P;. X1 (t)x| < L; exp (/try,-(u)du) | X ()P X' (t)z]

L exp ( / Tﬂe(ﬂ)du) Qi ((=1)(t—7) > 0).
That is why
V','(t,:r) S L,‘lQi(t)l‘l, Z = 1,2,

with which (5),(6) are proved.
Fort € T and z,y € S™ we have

IVI(t3 1:) - ‘/l(t, y)'
—|sup [X(r)PLX X (&)zle™ K # — sup [X(r)PLX M (t)yle™ K 41|
2>t >t
<sup |X(N)PLX TN (t) (e —y)le™ I #
>t
=Vi(t,z —y) < L1|@1(t)(z — y)| < LiMi|z -y,

i.e., Vi(t,z) is Lipschitz continuous in z. Analogously it is proved that
Va(t, z) is also Lipschitz continuous in z. Let ¢ € (7k, Tk+1),2 € S™ and
0 < § < min(7g41 — t,t — 7%). Then
Vit +6,y) — Vit z)] < Vit + 8,y) — Va(t + 6, 7)) (33)
+ Vit +6,2) = Vi(t + 6, X (t + 6) X '(t)z)])
+ Vit + 6, X(t + )X ' (t)z) — Vi(t, ).
The first two addends in (33) are small when é and |z — y| are small

since V}(t,z) is Lipschitz continuous in z. If for § > 0 we set

a(6) = sup |X(r)P, X (t)zle~ I m
T2>t+6
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then a straightforward verification shows that
Vi(t + 6, X(t + )X\ ()z) — Va(t,z)| = |a()eh ™ M —a(0)] (34)

Since the function a(é) is nonincreasing for § > 0 and a(6) — a(0)
as § — 0,4, then (33) and (34) imply the continuity of Vi(¢,z) in the
set Gk, k € Z. Analogously the continuity of Va(t,z) in G,k € Z is
proved. Let z(t) be a solution of (1) and h > 0. Then for ¢ # ¢

Vi(t + h,z(t + k) = sup, |X(7)PLX 7Y (t + h)a(t + h)|e™ Jian 1
T>t+
= sup |X(r)PX '(t)z(t)]e” I
r>t+h
<sup | X(7)P, X 1(t)z(t)]e” Fmfitm
>t

=Vi(t, z(t))ef:“ m

Therefore,
IVt + hya(t + b)) = Vit 2()] < 71k ™1~ 11Vi(t,2(2),

e DYit,2(t)) < Vit a(t)) which implies Vi(t,2) < (Vi
(t,z) since V4(t,z) is Lipschitz continuous in z. Analogously we find

D_Va(t,2(t)) 2 pa(t)Va(?, 2(2)),
with implies D¥V,(¢t, z(t)) > p2(8)Va(t, z(t)) since Va(t, z(¢)) and p2(t)
are continuous for ¢ # 7. Thus
I‘/'2(t1 :27) > #Z(t)%(t: :t)

with which (16) and (17) are proved.
Now we shall prove the existence of the limits V;(r¢f, z) and Vi(r7, ),
i =1,2. Let t; € (&, Tk+1),%i € S™,u; = X(t,-)X"l(T,j')z,i = 1,2.
Then
[Vi(ts, z1) — Va(ta, 22)| <Va(ts, 1) — Vi(t, w1
+ [Va(tz, x2) — Va(ta, u2)| (35)
+ [Vi(t1, u1) = Va(tz, u2)l.
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By the Lipschitz continuity of Vj(t,z) in =

[Vi(ti, z;) — Vi(ti, ui)| € Lylzi — uy
< Ly(|z;i — z| + |u; — =)

But |u; — z| = |X(t;)X }(7§)z — z| — 0 as t; — 7. Therefore, the
first two addends in (35) tend to zero as (¢;,z;) — (17,z), i=1,2.
Moreover, if for § > 0 we define

a(6) = sup IX(T)PIX'I(Tk)x|e— Jm
r2n+d

then

Va(ts, u1) — Vi(ta, uz)|
= sup |X(7)PLX (1) X (1) X "} (v)z|e” fy

1'!1

— sup IX(T)P]X_I(tz)X(tz)X_l(T:-)Ile_ Joywe
thz

fim _ a(ty; — Tk)ef:: #,

=la(t; — Tx)e
i.e., the third addend in (35) tends to zero as t; — 7;,i = 1,2. All this
shows that the limit Vl('r,"+ ,z) exists. The existence of the other limits
is proved analogously. Now we can calculate

Vi(rt, Axz) = hm Vi(y, X(v)X 71 (1) Arz)

V'—’fk

= hm supIX(T)PI l(V)X(V)X_l(T:')Akzle‘f:I‘l

”_'Th T v

= lim suplX(T)PI Yrp)zle= b

= sup |X(r)P, X "(rp)zle” frm < Vi(rx, 2),
TOT
Vl(‘rk ,x) = hm Vi, X(N)X ~Y(m)z)

A—s ‘rk

= sup | X(r)P X~ 1(‘r;,)az:le Jopm = = Vi(7x, z),

TTg
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Vz(r,:',:z:) = lim+ Va(v, X(V)X—I(T,;")Akm)

ll—>1'k

= sup | X(D) P2 X " (mi)z]e” Fore > Va(7s, 7),
T>Te

Va(ri,e) = lm Ve, X)X (re)a)

= sup ,X(T)P2X~1(Tk)$,€_f’; ¥ > Va(rx, ).
T>Tk

Hence Vi(t,z) € V5, ¢ = 1,2 and (18),(19) are valid. thus we com-
pleted the proof of Theorem 3.

THEOREM 4. Let the matrix-valued functions H;(t) € PC(T,S"),
i = 1,2 be Hermitian for each t € T and have derivatives H{(t) €
PC(T,S™), i =1,2. Let there exist constants £; > 0,b; > 0,7 = 1,2
such that 0 < ¢;b; <1 and foranyte T :
(i) Hi(t)H2(t) =0,

(i) Hy(t) + Ha(t) 2 I,

(iii) H,‘(t) <bI, 1=1,2,

(iv) H(X;t) = A\ Hy(t) — Ao Hy(t) satisfles
H'+A*H+HA32[£1H if A=(1,22),H1—-£2H2 ZO,t #Tk,
HI+A*H+HAS2/12H ifAZ(el,l),ElHl—-Hz SO,t#T};,

(v) AjH(r$)Ar=Hy(re), i=1,2, kel

Then equation (1) has a (u,, y2)-dichotomy.

Proof. This theorem follows from Theorem 1. If rank H;(t) = k:(¢)
then (¢) implies nullity Hy(t) > ko(t) so that k;(t) + k2(t) < n and
(#2) imply k1(t) + k2(t) = n, Hence, ki1(t) + k2(¢) = n, which implies
that %y, %, are constants on each interval (7g,Tz41] since these func-
tions are lower semicontinuous on (7, 7T¢41],k € Z. But from (v) we
conclude that rank H ,'(T;: )} =rank H;(7%) and therefore ki, k2 are con-
stants in 7. By (i) the matrix H;(t) commutes with Hy(t) + H(¢)
thus Qi(t) = H;(t)[H:(t) + Ha(t)] ™!, i=1,2 are supplementary Her-
mitian projectors of rank k;, ¢ = 1,2 for each ¢ € 7. The functions
Vi(t,z) = z*Hi(t)z, i = 1,2 satisfy conditions (5),(6) and the con-
ditions of Theorem 1. We omit the proof of this assertion since it is
carried out as in [4]. Proposition 2.6. We shall only note that from
(v) immediately follows that Vi(¢,z), ¢ = 1,2 satisfy condition (9) of
Theorem 1.
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