J. Korean Math. Soc. 30 (1993), No. 2, pp. 337-344

UNIQUENESS THEOREMS IN THE AMBROSETTI
TYPE SEMILINEAR WAVE EQUATION

Q-HEuUNG CHor*, SANG-KYU BAHK,
TACKSUN JUNG AND JoONGSIK KiM**

1. Introduction

The uniqueness theorem is important in the study of differential
equations. In this paper we deal the uniqueness theorem in the Am-
brosetti type semilinear wave equation,

Uy — uzz +aut —bu” = f(z,t)in (¢,d) xR
u(c,t) = u(u,t) =0 (1.1)

u(z,t +T) = u(z,t),

where the period T is given.
For simplicity, we consider only the case T' = . By obvious changes
of variavles, Problem (1.1) can be reduced to

Uy — Ugz + aut —bu" = f(z,t) in (—Zr- E) x R

2’2
T
—.t) = 1.2
u (:!: 5 t) 0 (1.2)
u(z,t +7) = u(z, )
Here u™ is a upward restoring force and u~ a downward restoring force.

We shall assume that f is even in z and periodic in t with period T,
and we shall look for w-periodic solutions of (1.2).
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2. The Banach space spanned by eigenfunctions and uniqu-
eness theorems

In this section we investigate the properties of the Banach space
spanned by the eigenfunctions of the wave operator and we prove the
uniqueness theorems in a semilinear wave equation.

Let L be the wave operator, in R?,

Lu=uy—tg,.

When u is even in & and periodic in t with period =, the eigenvalue
problem for u(z,t)

Lu=Xu in (—er-, —125) x R, (2.1)
u (i-’zf,t) =0

has infinitely many eigenvalues
Apn=(2n+1)? —4m?  (m,n=0,1,2,---)
and cdrreépoﬁdiﬁg ﬁbrﬁléiized éigehﬂxncfioné Pmn, z,b,,m (m,n S 0)‘
given by
bon = \/?5 cos(2n + 1)z for n > 0,

Pmn = -12-r-cos 2mt-cos(2n+ 1)z  form>0,n2>0,

Ymn = %siant -cos(2n + 1)z form > 0,n 2 0.
Let n be fixed and we define

AF = inf{Amn : Amn > 0} =4n + 1, (2:2)

A, =sup{Amn : A <0} = —4n — 3. (2.3)
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Letting n — oo, A} — 400 and A — —oo. Hence we can know
that the only eigenvalues in the interval (-15, 9) are given by

Az = =11 <Ay = =T< A =-3< Ao =1 < A1 = 5.

T T )
Let @ be the square [-—-é-,—z-] X [—-5,-2—] and Hy the Hilbert space
defined by

Hy = {u€ L*Q): uis even in z}.

The set of functions {¢mn,¥mn} is an orthonormal base in Hy. Let us
denote an element u, in Hg, as

u = Z(hmn¢mn + kmn"/’mn)a

and we define a subspace H of Hy as follows
H={u€H:» [Amnl(h, +k%,) < co}.

Then this is a complete normed space with a norm

Hulll = 13 A mal(hZ,, + k20))%.

Since |Amn| 2 1 for all m,n, we have that
(1) llu]ll = Jull, where |ju|| denotes the L? norm of u,
(ii) |lu|| = 0 if and only if |||u||| = 0,
(iii) Lu € H implies u € H.
We note that 1 belongs to Hg, but does not to H. Hence we can see

that the space H is a proper subspace of Hy. The following lemma is
very important in this paper.

LEMMA 2.1. Let ¢ be not an eigenvalue of L. Let u € Hy. Then
we have (L+c)"'u € H.

Proof.  Suppose that c is not an eigenvalue of L and finite. When
n is fixed, A} and A\ were defined in (2.2) and (2.3)

At =4n+1,
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An

= —4n — 3.

We see that A} — +o0o and A; — —oo0 as n —> oo. Hence we
know that the number of {\, : [Amn| < |c|} is finite, where A, is an
eigenvalue of L. Let

u= Z(hmn¢mn + kmn"/)m'n)-

Then

1 1
-1, _ z —_ S,
(L + C) u= ()\mn T chmn"/)mn + /\mn T Ckmn"/)mn> .

Hence we have the inequality

L+ ufl=Y Amn A2+ k2
L +e)  ull = | I(/\ — )2( mn Tt Ema)
<CY (hhn+kha)

for some C, which means that

WL+l < Chllull, Ci=VC. - O

With the above Lemma 2.1, we can obtain the folloing lemma.
LEMMA 2.2. Let f(z,t) € Hy. Let a and b be not eigenvalues of
L. Then all the solutions in Hy of
Lu+aut —bu~ = f(z,t) in H,

belong to H.

Let p1 and ps be eigenvalues of L such that there is no eigenvalue
in between g; and p,. Then we have the uniqueness theorem.

THEOREM 2.1. Let f(z,t) € Hy and —p3 < a,b < —p;. Then the
equation
Lu +aut —bu™ = f(z,t) (2.4)
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has a unique solution in Hy. Furthermore this equation (2.4) has a
unique solution in H.

Proof. Let f(x,t) € Hpand —pp < a,b < —p,. Let 6 = "‘;'(“1 +
p2). The equation (2.4) is equivalent to
u=(L+87 - a)u™ — (6§ - bu~ + f(z,t)],
where (L +6)™ is a compact, self-adjoint, linear map from Hy into Hy
. We note that

with norm
B2 — 4

(6 — a)(ug —uf) — (6 — b)(uy — u7)|| < max{|6 — al,|6 — bl}|luz — ua|
1
< §(ﬂ2 — p1)||uz — uq-

It follows that the right hand side of (2.4) defines a Lipschitz mapping
of Hy into Hy with Lipschitz constant v < 1. Therefore, by the con-
traction mapping principle, there exists a unique solution u € Hg of
(2.4).

On the other hand, by Lemma 2.2, if f(z,t) € Ho then we know
that the solution of (2.4) belongs to H. 0O

We now state a symmetry theorem which was proved in [4].

THEOREM A. Assume that L : D(L) C L?(Q) — L2%(Q) is a linear
self-adjoint operator which posseses two closed invariant subspace H,
and H, = Hi*. Let o denote the spectrum of L and o; the spectrum of
LIH; (i=1,2; 6 = 0y Uo03). Let -g—f(u,z) = fu. be piecewise smooth

u
and assume that f, € [a,b] for all u € R and z € .

If [a,b]N oy = ¢ and if the Nemytzki operator u — Fu = f(u(z),z)

maps H, into itself, then every solution of
Lu=f(u,z) in L*Q)
isin H 1.

With the Theorem A, we have the follwing theorem, which is im-

portant in the study of nonlinear oscillations in the wave of a string

Lu+aut —bu~ = f(z,t) in H (2.5)
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THEOREM 2.2. Let —1 < a,b < 7. We assume that

1
Va+1 \/b+17é1 (26)

Then the equation
Lut+aut —bu"=0 in H, (2.7
has only the trivial solution u = 0.

Proof.  The space H; = span{cosz cos2mt : m > 0} is invariant
under L and under the map u — au —bu~. The spectrum o of L re-
stricted to H; contains A9 = —3 and does not contain any other point
in the interval (—7,1). The sectrum o2 of L restricted to H, = Hi-
does not intersect the interval (—7,1). From Theorem A, we conclude
that any solution of (2.7) belongs to H,, i.e., it is of the form y(t) cos z,
where y satisfies

y'+y+ayT -y =0, (2.8)
g, %) . Any nontrivial periodic
solution of this equation is periodic with period

since cos z is positive in the interval (—

T

T
ari® —\/m A

In fact, if y; is a solution (with period ofy"+(a+1)y=0

and y; is a solution (with period of y" +(b+1)y = 0, then the
Y2 ( p \/b—-}—_].) Y +( )y

only nonzero candidate y = y; 7 — yo~ is a nonzero solution of (2.8)

when y and ¢’ has no discontinuity. This candidate y must be periodic
7

\/a + VEF1
solution of (2.7). EI

The condition (2.6) is essential. When

1 1
va+1 Jr\/b+1

we can construct a nontrvial solution ug of (2.7) and any kuo(k > 0)
becomes a nontrivial solution of (2.7).

This shows that there is no nontrivial

with period’

=1,
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THEOREM 2.3. Let p; and py be the nearest eigenvalues to the left

and right of Apo(m > 2), respectively. Let —py < a < Ao < b < —piy.
Then the equation (2.7) has only the trivial solution.

Proof. We can know that

1 1
+ <
va+1l b+1

1,

since m > 2. Hence, if we follow the proof of Theorem 2.2, we can
obtain Theorem 2.3. O

(1]
2]

(3]

(4]

(6]
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