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LAWS OF LARGE NUMBERS FOR PRODUCTS
OF SOME MEASURES AND PARTIAL
SUM PROCESSES INDEXED BY SETS

Duc HuN HONG AND JOONG SUNG KwoON

1. Introduction

Let N and R denote the set of positive integers and real numbers
respectively. Fix dy,d; € N with d = d; + d2. Let X be a real random
variable and let {X;: i € N%} be a family of independent identically
distributed random variables with £(X) = £(X;) and 0 < E|X| <
oo. The partial sum processes Sin formed from {X;} and indexed by
subsets of I%', where I#* denotes the d)-dimentional unit cube, are

Sin(X,4) = Y Xibi/a(4), ACIh,
lil<n

where, i = (i1,%2,--,iq,), i/n = (i1/n,iz/n, - ,i4,/n),
lif = maxi<k<d, i and 8;/n(4) = 1 or 0 depending on i/n € A or
not. For Sy, many authors have studied laws of large numbers, central
limit theorems and laws of iterated logarithms undér various conditions
on a sub-family of B(I). See Alexander and Pyke [1], Bass and Pyke
(2, 3], Giné and Zinn [5] and references therein. Denote

Caij = {(z1,22,--- ,24) € R :
Ge-1)/n<zix <ix/n, k=1,2,--- ,d;
Gi—-1)/n<za1<5i/n, 1=1,2,--- ,d2}.

Assume that {\,} is a sequence of positive Borel measures on 1¢ sat-
isfying
—d -d
(1.1) can”? < An(Chryz) < c2n™9,
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for some ¢; > 0, ¢ < oo and for all n € N, and that A is a sub-
family of B(I?). Now define the product of measures and partial sum
processes corresponding to {X;} and {)\,}, indexed by subsets of I¢,
which is defined as

Sa(A) := Sna(X,1,4):= Y Xida(ANCry), AcCT
fil<n, il<n

where, j =§J'1,J'2," - yJd,) and [j| = maxi<i<d, j&-
If An = 17% 3 ii<n,li1<n 8G/n.i/n), then

Sa(X,1,4)=n"% Y Xibgmjm(4), ACT
fil<n,lil<n

This product process can be viewed as not only a special case of depen-
dent partial sum processes but also a generalization of usual partial sum
processes by taking a special class of sets (i.e.A = {AxI% : A C I%}).
If A\p = A, the Lebesgue measure, then

Sa(X,1,4)= ) XiMANCn5) AcCT
il<n,lil<n

which is the smoothed product of Lebesgue measure and partial sum
processes.

For strong law results in terms of metric entropy the following no-
tations and developments will be used, and we follow the work of Giné
and Zinn [5], in which they studied the same problems for partial sum
processes. Let i = (ix) € N%, j = (ji1) € N% and n € N. Assume that
[i| £ n and [j] < n.

Now define (pseudo)metrics on A associated with A, as follows: For
A, B € A, define

p) 1/p

dx, , (4, B) =n®0-1/p (Z ) [An(AN Crg) — An(B N Crgg)]
lij<n {lii<n

ifl<p<oo,

dy, (A4, B) =max nit

max D" (AN Cuig) = Aa(B N Cr)]

bl<n
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Setforl<p<oo,and §>0

N, p(6, A) :=inf{m : there exist A;, A3, - ,Am € A such that

sup minda, (4, 4) < 8}
AGA rSm

the covering number of (A4,d), ). Then we have the following: For
any 1 < p < oo,

(1.2) di,1 <da,p <di, -

In particular, for § > 0, Nj, 1(6, 4) < Na, 5(6,4) < Ni, oo(6, A).

Finally, let {&; : 1 € N%} denote, always in what follows, a family of
independent symmetric Bernoulli (or Rademacher) random variables,
that is, Ple = 1) = Ple = —1] = 1/2, independent of any other set
of random variables that appear in the argument where they are used.
We will write

Sa(e,1,A)= Y &Xa(ANCn), A€ A neN.
lil<n,lil<n

Let {X{} denote always an independent copy of {X;} so that {X; —X{}
is a set of independent symmetric random variables that symmetrizes
{X:}.

In section 2 it will be proved a law of large numbers for a sequence
of products of some measures and partial sum processes. This result
includes that of Giné and Zinn [5] as a corollary by taking a special
class of subsets of I4(i.e.A = {4 x 1% : A C I**}).

2. Main results

Throughout this section we assume that 0 < E|X| < oco. Before
proceeding to the strong law results, we first make an observation about
measurability whose proof is similiar to that of the corresponding result
of Giné and Zinn [5]. Let ||-||.4 denote the sup-norm defined by [j}ja =

sup se 4 [¥(4)]-

LEMMA 2.1. Let A be any collection of measurable subsets of 1%, let
{Arn} be a family of finite positive Borel measures on I? satisfying (1.1),
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and let {X; : i € N%} be independent identically distributed random
variables with the law of X. Then for all n € N, [|S),(X,1)}la is a
Borel measurable function of the R™* -valued random vectors (X,1)n =
{Xi: il <=, | <n}.

We now prove that, independently of the law of X as long as X is
integrable, the sequences ||Sx, (X, 1)l4 and ||Sx,(g,1)|l4 both either
converge to 0 or do not converge to 0, where the convergence is either
a.s. or in probability. We begin with the case when EX = 0.

THEOREM 2.2. Let {X; :i € N%} be independent identically dis-
tributed random variables with the same law of X such that 0 <
E|X| < oo and EX = 0. Let {\;} be a sequence of positive Borel
measures on 1¢ satisfying condition (1.1) and let A be a class of Borel
subsets of I¢. Then the following are equivalent;

(1) limpoo |SA(X,1)]l4 =0 as. (respectively, in probability)

(i) limp—eo||Sra(e,1)]la =0 a.s.. (respectively, in probability)

Proof. Since {X,} converges in probability to X if and only if every
subsequence {Xy, } contains a further subsequence that converges a.s.
to X, we need only to check the a.s. statements. For 0 < M < oo and
ie N4, Let XM= Xilixipm) and Xy = X; — X,M Then, by the
classical law of large numbers,

as.— lim limsup ||Sy, (XM — EX™,1)]|4

-0 n—oo

<ec hm limsupn~% Z XM _ ExM|

M—00 n—oo [iI<n

=¢ lim E|XM - EXM|=0.
M—oco0

Hence, by considering (X,,M EXim)/2M instead of Xj, 1 € N,
we may assume that the random variables X; in (i) are centered a.nd
bounded by one.

Suppose (i) holds. Then, a.s.-

. _ '] . . 4 p—
Tim |55, (X=X, Dlla < lim [1S3,(X, Dllat lim 1S3, (X", Dla = 0.
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Hence, limn—.coSuppyn |[S2.(X —X',1)l 4 = O in probability. By
Lemma 2.1, for all N € N,

c (sup 1Sa. (X — X', 1)|u) - (sup 153, (elX - X', 1)uA) .
n>N n>N

So that limp—.o0 SUP,> N [|Sa. (€] X — X'|,1)]| 4 = 0 in probability. Put

Yin= {6;|X1 - Xil (Z A,.(AﬁCnu)) :n>iVN,A€ A}

ll<n

Then, using this notation, we rewrite

Nlim E { sup ||Sx, (e]X — X'}, 1)||A}
— 00 nZN

= lim E i—X{1- ) (AN Cuys
dm, {0:‘33&.2“"‘ fl- 2, Ml u’}
2 iI<n lil<n
.—..-Nli_inwE{ > Yin }
i £ (Nx.A)

By applying Hoffmann-Jgrgensen’s inequality (Hoffmann and Jgrgensen(7,
p.164-165]) to Yi v,
E { sup }

n>N,A€A

<6E {ma.x sup |Xi — X{| (E /\n(AﬂC.,ii)) } + 24t,

Y alXi—X{|- Y Aa(ANCay)

fi[<n lil<n

where

Z &lXi — X'5| - Z An(AN Chy)

to =inf{t>0:P( sup
lil<n fl<n

n>N,AcA

)

< 1/24}.
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Now

E X; - X! An(ANCy

{ﬁ“‘“‘ B, P~ %l (l§ . w>) }
< 2¢on?? /n'l""'l2 — 0,

as N — oo or n — o0o. Also we have

to =inf{t>0:P( sup
n>N,A€A

)

3 eilXi— X'l 3 Aa(4N Cug)

lil<n ll<=

< 1/24} — 0,

as n — oo because imy .o sup, >N |1, (6]X — X'|)|l4 = 0 in prob-
ability. But by Fubini’s theorem and Jensen’s inequality ,
which shows that E (supuyy [|S, (6, 1)]j4) — 0 83 n — co.

E ( sup )
n>N,AcA
> E|X: - X{|E ( sup E & Z An(A N Chry)
For the converse, assume now that (ii) holds. Since A, satisfies (1.1)
and _

n2N.A€4 li<a  fii<n
2
sup E ZX; zkn(AnCnii) < sup n"HE(X:) =0.
n2NA {msﬂ (msn n2iA

By a symmetrization lemma (for example, Giné and Zinn [4, Lemma
2.5]), we have

Y alXi—X{l- Y Aa(40 Cug)

lil<n bl<n

= BIX; - X{1E (sup [Ss. (& Dl )

E( sup (S (X, 1)1) < ZE( sup [Sa(X — X', 1)|)
n>N,A N,A

n—
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But, applying Hoffmann-Jgrgensen’s inequality,

£{ sw 15 -x, 11}
n>N,A

<2E( |X1 X;’I)E{ sup
>N, A4

—4E {sup ISa. (e, 1)||A} .
n>N

}

e (Z An(AN Cnu))

lil€n ji<n

Hence ||Sx,(X,1)|l.4 — 0 as., as n — oo.

The next result gives a necessary and sufficient condition for laws of
large numbers for products of some measures and partial sum processes
in terms of the metric entropy defined in section 1. Notice that our
metric, which will be used in the next Theorem, is da, .

THEOREM 2.3. Let X, {X;:i€ N%}, {)\.}, and A be as in Theo-
rem 2.2. Then the following are equivalent:

(i) limp—oo "S,\,.(X, 1)".4 =0 a.s..

(i) limp—oo [|Sa, (X, 1)lla =0  in probability.

(iii) imp—oon™® [In Na, ,(7,A)) =0 for some p € [1,00] and
all 7>0.

(iv) impon™ [In Ny, ,(,4)] =0 forevery pe€[l,00] and
all 7>0.

Proof. Due to (1.2) it suffices to prove the following two statements:
(D) Emamon™® [InNy,,(7,A)] =0for all 7 >0,
=3 lily oo ||San (X, 1)).4 = 0 as..
and
(I1) ISa.(s,1)]l4 = 0 in probability,
= limp—oon ™ [In Ny, . (7,4)] = 0 for
all 7 > 0.

Proof of. (I) Given 7 > 0, let A,/; C Abe the family of centers of a
minimal covering of A by d,,, ,-balls of radius not larger than 7/2 and
with center in A. Then ﬁA,./g = Ny, ,(7/2,A), and by hypothesis, for
all 7 > 0, there exists N, such that if n > N,, then, for some suitable
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constant K,

2nd1
(2.1) N, (7/2,A) < exp (732 = ) i

Then, since, for each A € A, there is B € A,/; such that
ISA,,(E, 1,4) - SA,‘(E,l, B)l < dln,l(A7B) <7/2,

we have
{1Sxa (e, Dlla > 7} C {I1San (e, D, 12}

and

(2:2)
P([lSxa (e Dlla > 7) <P([[Sxa (e, Dll4ryn > 7/2)

<N, ,(7/2, A) sup P(|Sx, (e, A)| > 7/2).
' AcA

Since ¢ is sub-Gaussian, by the standard sub-Gaussian estimate ([4],
inequality (2.17)), (2.2) may be bounded as follow;

(2.3) P(|Sa. (¢, Q)| > 7/2) < exp(—12n? [/16K).

Hence, combining (2.1), (2.2) and (2.3), we obtain

12
P([Ss. (6 L4 > 7) < Naw 1 (r/2, A)exp (—-ﬁnﬁ)
2
T d
< S
= &P ( 32K )
Therefore, for all 7 > 0,

3 P(ISan(e, Dlla > 7) < 0.

Applying the Borel-Cantelli lemma for outer measure version gives the
statement (I).
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Proof of. (II). First notice that if ||Sx,(g,1)}|4 — 0 in probability,
then, since Sy, (€,1) is bounded,

(24) JLim E||Sx, (s, 1)lla = 0.

By adjusting by ¢, if necessary, we may assume that n® stn An(Cry)
< 1. Let Ly 4 be the convex hull of {x € " x = (z3), il £
n, ;= "dl(zljlgn An(ANChri;)) A € A} Then (2.4) becomes

}_—.o.

Let Np,oo(7,Lin,4) be the covering number of L, 4 for the distance

p(X,y) = maxjj<a lzi — vi}, X,y € I"“. Then, for p, by Vapnik and
Cervonenkis [7, Lemma 4], there is ¢(7) < oo, independent of n, such
that, if

(2.5) im E

n—

Y &da(ANCry)

lil<n,lj|<n

A

Z Ei T4

= lim E{ sup n™%
lil<n

n—oo €L 4

(2.6) N(37/2,La,4) > exp (2" In(1 + 7)) ,
then,
s n~%h iTi T /3 7) — n=9)/2.
E{zeg& > } 27 [+ -1 (#(r) - n ) 2

Since,

p— d[
p(x,Y) faxn

> A(ANCag) = Y An(B N Cuy)|,

bl<n lil<n

for some A and B in A, we can embed A into L, 4. [The correspon-
dence A — n® Y o An(ANChryj) is one-to-one and isometric]. Hence
we have, for all 7 > 0,

Nn,oo('r, Ln,A) > N/\n,OO(Ts A)
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Suppose that (iii) does not hold with p = co. Then for some 7 > 0
there is a natural number N] such that (2.6) is true for n > N]. Then
for these values of n, (2.4) is true and it contradicts to (2.5).

Now consider the special case when A, =n~¢ Y lil<n, l<n OG/ni/m)-
In this case, Theorem 2.2 gives: T

COROLLARY 2.4. Under the same assumptions as in Theorem 2.2,
the following are equivalent:

@) lr~2Sn(X,1)|l4a — 0 a.s., as n — oo.

(i) ||n~%Sa(X,1)|l4 — O in probability, as n —s co.

(iii) for all > 0 and for some (all) p € [1,00),
n~{lnN(r,A,d,p)] — 0, as n — co.

From this we obtain the following result which covers the case when
EX #0.

COROLLARY 2.5. Let X, X;,i € N%, be independent identically
distributed random variables such that 0 < E|X| < oo. Let A be a
family of Borel subsets of I? (d = d; + dz). Then

(2.7) nlLIXOIO "n—dSn(X) 1) - (EX)A"A =0

a.s. (or in probability) if and only if both

(1) any of the conditions (i)-(iii) in Corollary 2.4 holds for X — EX
and

(ii) limn—.co "A - n_d EliIS“,UlS" S(i/n‘j/n) "A = 0. where A denotes
the Lebesque measure on I%.

Proof. Notice that,for A€ A
n"%5.(X,1, 4) - (EX)A\(A) = n7%S,(X — EX, 1, A)

+(EX) (n" > s(i/n.i/n)(A)"'\(A))

lil<n,lil<n

Sufficiency is obvious. Let us assume that (2.7) holds with the con-
vergence in probability. Then (2.7) also holds with Xj replaced by its
symmetrization X; — Xj. i.e.

lim |[n795,(X = X",1)la=0  in probability.

n—oo
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Now since E|X — X'| # 0 we can use Corollary 2.4, in particular,
Corollary 2.4 is true for X; — EX;. So ||n7%Sa(X — EX)||la — O in
probability and almost surely, as n — oco. The triangle inequality and
this observation imply (ii).

We will show in what follows that the smooth boundary condition,
which is invented to show the strong law of large numbers for partial
sum processes by Bass and Pyke, is also a sufficient condition for our
product processes. Given a set A4, let A(6) = {p(z,04) < 6} be the
é-annulus of A, where p(-,-) is the Euclidean distance and 0A is the
Euclidean boundary of A. We say that A satisfies the smooth boundary
condition, Assumption SBC, if r(6) = sup,c 4 |A(6)] — 0 as 6§ — 0.
Now define (pseudo)metrics on A associated with A, as follows:

1/p
hop (4, B) =n®0=P [ N (AN Crg) — Aa(B N Cr)P
ign,lil<n
fl<p<oo,
' _ d Y — .
\n oo (4, B) = | 12X 1|Aa(4 N Cais) = An(B N Cui)l

A, =n—¢ 2lil<n,il<n 8G/n /), and if we write dj, , for dy , then

1/p
d,,(4,B)=| Y b@/njm(AAB)/n? 1< p < oo,
Hi<m,bl<n

d7, (4, B) 8(i/nj/m)(AAB),

= max

[iI<n,li<n
where AAB = (A\ B)U(B\ A). 1t is easy to see that d,; < d;, ;. De-
note Ny, ; (7, A) the covering number of (4, d;, ,). The following lemma
shows that Assumption SBC on A implies (i) and (ii) of Corollary 2.5.

LEMMA 2.6 (GINE AND ZINN [4, PROPOSITION 1]). Let A be a
class of Borel subsets of I? satisfying Assumption SBC. Then

(i) for all .> 0, sup, Ny, 1(7, A) < o0, and

(ii) ].imn-ooo IIA—n—d EliISn,lle“ ’s(i/n,j/n)”A = 0, where X denotes
the Lebesgue measure on I¢.
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COROLLARY 2.7. It A satisfies Assumption SBC, then, with

probability 1,

as

n— oo,

Jim In~4Sn(X,1) — (EX)A|l4 = 0.
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