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Experimental Study of Deep-Water Wave Instability :
Part 1. Evolution of The Uniform Wave Train
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Abstract

Experimental investigation of nonlinear instability of deep-water wave train is performed. Two-
dimensional Benjamin-Feir type wave instability and breaking are observed at wave steepness bet-
ween (.19 and 0.25 and three-dimensional instability and breaking at wave steepness greater than
or equal to 0.31. At the same wave steepness, shorter waves with smaller amplitude are more
unstable, with earlier occurrence of breaking, than long waves with large amplitude.
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1. Introduction perturbations of steep deep-water gravity waves
with arbitrary wave steepnesses. He found that
as the wave steepness was increased, the pertur-
bation became unstable and followed the Benja-

min-Feir instability until the wave steepness rea-

During the past two decades, many studies have
been carried out to understand the evolution of
nonlinear deep-water wave train. In 1967, Benja-

min and Feir discovered that a steep uniform
deep-water wave train with constant wave freque-
ncy becomes highly irregular and unstable and
finally breaks far from its origin due to infinitesi-
mal perturbations in a pair of side-band frequency
components. Longuet-Higgins (1978) investigated
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ched 0.346 (called subharmonic instability, in
which perturbation of the horizontal scale is grea-
ter than the basic wavelength). The maximum
growth rate was observed at wave steepness, ka=
0.32 (k i1s wavenumber and a is wave amplitude).
However, beyond that region the stability was es-
tablished again and at about ka=0.406, a new and
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very strong instability appeared with a much hig-
her rate of growth, similar to the superharmonic
instability (which has a perturbation of the hori-
zontal scale equal to or less than the basic wave-
length). McLean (1982) carried out a numerical
investigation on the stability of a finite amplitude
wave train in deep water to infinitesimal three-
dimensional disturbances. He demonstrated that
there were two types of instabilities, Class 1 and
Class II ; Class I was a two-dimensional instability
that occurred in the range of wave steepness less
than 0.31, which corresponds to the Benjamin-Feir
instability. Class Il was the fully three-dimensio-
nal instability, which developed fast and became
much stronger than the Class I instability, in the
range between ka=0.31 and ka=041

Melville (1982) studied uniform deep-water
wave instability and breaking, and confirmed two-
dimensional Benjamin-Feir instability as well as
three-dimensional instability. It was also found
that at the initial stage of the wave evolution, the
upper and the lower side-hand frequencies were
developed asymmetrically about the fundamental
frequency and its higher harmonics (the upper
side-band frequency being larger than the lower
side-band frequency). However, at the onset of
hreaking, the lower side-band frequency grew ra-
pidly and became dominant in the wave field after
breaking. Su et. al. (1982) performed an experi-
mental work and also observed two-dimensional
and three-dimensional instabilities and large gro-
wth of the lower side-band frequency after brea-
king, showing frequency downshift as much as 25
% of the fundamental wave frequency.

Most laboratory studies on the nonlinear insta-
bility of deep-water wave train have been based
on Benjamin and Feir's wave instability. In the
present study, uniform deep-water wave instability
and breaking are investigated not only by constant
wave frequency with various wave amplitudes but
also by constant wave amplitude with various
wave frequencies.

2. Theory

A theoretical analysis of wave instability was
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presented by Benjamin and Feir (1967), who sho-
wed that a periodic progressive wave train with
fundamental frequency, w, and finite amplitude
in deep water is unstable to small perturbations
in the form of a pair of side-band frequency com-
ponents, (1t §), where d is a small perturbation
in the wave frequency of the order (ka). They
studied the stability of a Stokes wave train on
a two-dimensional irrotational, inviscid and incom-
pressible fluid in infinitely deep water by means
of a linearlized perturbation analysis. They found
in their analysis that a uniform continuous wave
train is unstable to infinitesimal perturbations in
side-band frequencies when is in the range bet-
ween 0 and /2 ka. They derived Eqn(2.1.2) for
the perturbed free-surface elevation, n(x,t)+e(x.t},
which is corresponding to a nearly uniform wave
train with a weak amplitude modulation, from the
surface elevation, Eqn(2.1.1), which includes the
first two harmonics.

nixt=a cos(kx—wt)-+ 1/2ka’cos2(kx — wt)

(2.1.1)
Mxti=a cos(kx —wt)+ e, cos[ k(1+x)x
--- {1+ 8]+ cos[k(1—x)x
- (18t ] (2.1.2)

where x and & are small perturbations in the wa-
venumber and frequency respectively. g. . =exp
[1/28 (2k*a®—8,)" wt] represents the amplitude
of the side-band disturbances. n,(x.t) displays a
gradual modulation of the fundamental waveform,
a cos(tkx—wt). For a given value of the wave stee-
pness, ka, of the initial wave, the unstable side-
band amplitude grow exponentially with time if
0<55/2ka, with the growth rate having a maxi-
mum value at d=Kka.

When these results are applied to an experi-
mental work, in which a nearly uniform and wea-
kly nonlinear wave is generated from a wavema-
ker at one end of a wave tank(at x=0) and deveo-
Ips with distance, we need only to replace t by
Cy==2kx/m. Therefore, the spatial growth of side-
band mades generated with fixed frequencies w(l
L&) at x=0 are

e T expld(2kia’ - 8 kx ] (2.1.3)

K AR R



The condition of instability is still the same as
before, 0<6<+/2ka.

3. Experiment

3.1 Experimental Apparatus

Experiments were performed at Davidson La-
boratory of Stevens Institute of Technology in Ho-
boken, New Jersey, U.S.A., where the wave chan-
nel is 313 feet long, 12 feet wide, and the water
depth is 5.4 feet. The fresh water is filled in the
wave channel and continuously filtered. The side
walls of the wave channel are concrete, with no
opening to observe the water column outside the
tank.

The wave channel is equipped with dual-flap
hydraulic wavemaker at one end and a wave ab-
sorbing beach at the other. The dual flap is com-
posed of lower flap and upper flap in which the
lower flap is hinged on the channel floor and the
upper flap is hinged on the top of the lower flap.
The wavemaker is controlled by PDP-11 micro-
computer which calculates the digital signal form
of the flap motion as a function of time from a
given wave frequency and height. These digital
time series are converted to control voltage corre-
sponding to the stored digital sequence at a pre-
determined time interval through the digital-to-
analog converter. Then, the hydraulic servo sys-
tem produces a sepecific wave form proportional
to the applied sinusoidal flap angles. Since, the
wavemaker control is accomplished by program-
ming the microcomputer, appropriate computer
programming allows one to generate regular wa-
ves, random waves, and virtually any type of wave
form.

The wooden sloping beach at one end dissipates
propagating wave and absorbes incident wave
energy to minimize wave reflection during tests.
Owing to the relatively long wave channel, the
waves were not disturbed by wave reflection from
the beach, which may yield slow modulations to
the incident waves. To avoid any possible effect
of wave energy reflection, measurements were
completed within 4 minutes before wave energy
was reflected to the measuring station. Data colle-
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ction was begun after the first wave arrived at
the beach and a proper steady state of wave evo-
lution was achieved. All tests were started after
calm water was obtained, with the time to calm
water between runs taken about 30 minutes.

Evolution of the surface wave train was measu-
red as waves propagated down the channel, using
5 wave gauges located at 20, 70, 120, 170, and
220 feet downstream from the wavemaker. Three
wave gauges were also installed cross the wave
channel, spaced 1 foot apart from one side wall
and 70 feet downstream from the wavemaker, to
measure the transverse perturbations along the
wave crest which cause the wave train to evolve
to a three-dimensional wave instability at large
wave steepness. Wave gauges were calibrated be-
fore every daily measurement using vertical tra-
verse mechanism mounted aboved the water sur-
face in the wave channel. There was only negligi-
ble differences in each calibration.

The data acquisition/processing system is degi-
ned for various types of tests at Davidson Labora-
tory. The data acqusition program digitizes analog
signals from the instruments by a analog-to-digi-
tal converter at a selected scan rate, and records
them on the disk in digital form as the test pro-
gresses, After a test the spectral analysis program,
which contains Fast-Fourier-Transform processing,
calculates the energy density spectrum of the
input signal.

3.2 Experimental parameters

All laboratory tests in the present study for the
instability of the uniform wave train were conduc-
ted with various wave steepnesses between ka=
0.12 and ka=049 by keeping the wave frequency
constant at 1.1 Hz and varying wave amplitudes
from 1.0 inch to 4.0 inches. Several additional
tests with wave steepnesses between ka=0.16 and
ka=0.37 were also performed in a different way,
by keeping wave amplitude constant at 2.5 inches
and varying wave frequencies from 0.8 Hz to 1.2
Hz, to investigate whether similar wave evolution
and the frequency modulations are obtained at
the same wave steepness but at different wave
amplitude and frequency. Additional tests to obse-
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rve the transverse perturbations in three-dimen-
sional instability were also carried out and com-
pared with that found two-dimensional instability.

4. Results

4.1 General observations

Frequently and irregularly occurring two-di-
mensional and three-dimensional breaking waves
were observed in the evolution of the nonlinear
wave train, and the initial wave steepness was
crucial in deciding the type of instability and
breaking.

4.1.1 Horizontal instability along the wave chan-
nel

Breaking did not occur at small wave steepness
less than ka=0.19 (wave frequency, f=1.1 Hz and
wave amplitude, a=1.5 inches), but small wave
amplitude modulations were observed at downst-
ream at the end of the wave evolution. At the
wave steepnesses of ka=0.19 (Fig. 1) and ka=0.25
(f=1.1 Hz and a=20 inches), two-dimensional
Benjamin-Feir instability and breaking occurred
at downstream with slowly developing wave amp-
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Fig. 1. Wave profiles of ka=0.19. Measuring sta-
tions at 20, 70, 120, 170, and 220 fi
form the wavemaker.

litude modulations before breaking location. The
breaking profile was nearly uniform cross the cha-
nnel and breaking process last about 10 funda-
mental wavelengths with reducing breaking inten-
sity.

As the wave steepness was increased to ka=0.
31 (f=11 Hz and a=2.5 inches), three-dimensio-
nal wave instability and breaking began to appear
in the middle of evolution. At the wave steepness,
ka=0.37 (f=11 Hz and a=3.0 inches), fully-deve-
loped three-dimensional instability was observed
from the initial stage as the result of transverse
perturbations cross the wave channel, which were
mainly caused by the nonlinear wave interaction
and the converging of the outwardly-dissipating
wave energy and inwardly-reflecting wave energy
by the effect of side walls of the wave channel
(Fig. 2). And then, frequent, short, and small th-
ree-dimensional top-crest breaking was developed
from upstream, transferring energy to the upper
and the lower frequency components. This top-
crest breaking results from the superharmonic in-
stability, which has the same or less horizontal
perturbation scale as the fundamental wavelength.
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Fig. 2. Wave profiles of ka=0.37. Measuring sta-
tions at 20, 70, 120, 170, and 220
from the wavemaker.
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As the wave train evolved to midstream, top-crest
breaking transformed in its shape and became ve-
rtically asymmetric with increasing slope of the
front face and deeping of the trough, so that rela-
tively longer three-dimensional breaking due to
subharmonic perturbation, which has the greater
horizontal perturbation scale than the fundamen-
tal wavelength, occurred with a couple of localized
breaking waves in a row. This three-dimensional
instability and breaking were also observed by
Melville (1982) and Su (1982) in their laboratory
experiment. After that new two-dimensional se-
cond breaking occurred at downstream with weak
breaking intensity. This two-dimensional second
yreaking, occurring in the center and at the sides
of the wave channel due to slowly decaying three-
dimensional instability effect, was different than
the two-dimensional breaking at small wave stee-
pness of 0.19 and 0.25, which had uniform brea-
king along the wave crest. After the second brea-
king, a series of two-dimensional wave groups was
observed with significantly decreasing wave stee-
pness.

At the wave steepness, ka=0.49 (f= 1.1 Hz and
a=4.0 inches), due to the initially large wave
steepness, which is greater than the breaking cri-
teria of H/L=1/7, spilling-type breaking waves
occurred just after waves were generated from
the wave paddle. After breaking at the wave pad-
dle, the wave evolution was similar to that obser-
ved at the wave steepness of 0.37.

Two-dimensional and three-dimensional wave
instabilities and breakings were observed at the
previous tests performed by various wave steep-
nesses by keeping wave frequency constant and
varying wave amplitude. Since the nonlinear evo-
lution of the deep-water wave train is essentially
dependent on the initial wave steepness, the simi-
lar results in the wave amplitude and frequency
modulations were predicted at the same wave
steepness. However, discrepancies appeared in the
wave evolution, which are produced by keeping
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wave amplitude constant and varying wave fre-
quency.

No breaking occurred through the wave channel
in the tests of the relatively longer wave train
at the wave steepnesses, ka=0.16 (f=0.8 Hz and
a=2.5 inches) and ka=0.21 (f=0.9 Hz and a=25
inches), although second one had larger wave
steepness than ka=0.19 (f=11 Hz and a=1.5 in-
ches). At slightly larger wave steepness, ka=0.26
(f==1.0 Hz and a=2.5 inches), two-dimensional in-
stability and breaking were developed in the mid-
die of evolution. At the wave steepness, ka=0.37
(f=1.2 Hz and a=25 inches), the wave evolution
was similar to that of the wave steepness of (.37
(f=1.1 Hz and a=3.0 inches), but waves propaga-
ted more unstably. Short top-crest breaking was
developed from the initial stage and transformed
to three-dimensional breaking as approaching mi-
dstream. Two-dimensional second breaking was
also observed at downstream.
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Fig. 3. Transverse wave profiles of the wave stee-
pnesses of 0.19 (a) and 0.37 (b). Measu-
ring stations at 1, 2, and 3 ft from one
side wall,
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4.1.2 Transverse instability cross the wave cha-
nnel

Transverse wave profiles in two-dimensional
and three-dimensional instabilities were measured
at the wave steepnesses, ka=0.19 (f=1.1 Hz and
a=1.5 inches) and ka=0.37 (f=1.1 Hz and a=3.0
inches). As shown in Figure 3, almost uniform
transverse wave profile is observed in two-dimen-
sional wave train, while small crestwise perturba-
tions in wave amplitude are observed in three-di-
mensional instability. However, these perturba-
tions are much smaller than those observed in
the horizontal wave profile. It seems that the cre-
stwise wave amplitude variations resulted from
the effects of not only highly nonlinear wave inte-
raction but also side walls of the wave channel,
leading three-dimensional instability and finally
three-dimensional breaking.

4.2 Evolution of energy density spectrum

Evolution of energy density spectrum for two-
dimensional instability at the wave steepness of
019 (f=11 Hz and a=15 inches) is shown in

Figure 4. Small magnitude of the upper and the
lower side-band frequency components, apart the
same value of the initial wave steepness from the
fundamental wave frequéncy, begins to grow rela-
tively in symmetric form in the middle of evolu-
tion around f,,,=1.29 Hz and f,,»=0.91 Hz respe-
ctively. At the final stage after two-dimensional
breaking, however, the lower side-band frequency
is developed rapidly and becomes larger than the
upper side-band frequency, showing asymmetric
form. There is also shown the development of the
second harmonic component from the initial stage
due to small disturbances in the motion of the
wave paddle. The fundamental wave frequency is
dominant in the wave field through the wave evo-
lution although its magnitude is decreased by 1/2
of the original at the final stage of the wave evo-
lution. It is shown that at small wave steepness,
the upper and the lower side-band frequencies
are developed symmetrically in the non-breaking
wave field, but once breaking occurs the lower
side-band frequency is developed rapidly due to

subharmonic perturbations and the symmetric
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Fig. 4. Evolution of energy density spectrum at ka=0.19.
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growth of the upper and the lower side-band fre-
quencies is destroyed.

Figure 5 shows the evolution of energy density
spectrum of three-dimensional instability at the
wave steepness of 0.37 (f=1.1 Hz and a=3.0 in-
ches). The fundamental wave frequency dominates
in the wave field at the early stage in spite of
frequent top-crest breaking with strong three-
dimensional instability. It reveals that the three-
dimensional top-crest breaking waves propagate
primarily with the fundamental wave frequency
and the superharmonic perturbation does not af-
fect the wave frequency modulations shifting to
the upper and the lower carrier wave frequencies.

The magnitude of the fundamental wave freque-

ncy diminishes as the wave train propagates th-
rough the superharmonic perturbation, and the
lower side-band frequency becomes dominant in
the wave frequency range at the final stage after
second breaking at f,, =091 Hz.

The occurrence of the lower side-band freque-
ncy and the frequency downshift for the uniform
wave evolution are shown in Table 1. At wave
steepness between 0.19 and 0.31, the upper and
the lower side-band frequencies are developed at
a point spaced the same value of the initial wave
steepness apart from the fundamental wave fre-
quency, but once the superharmonic perturbation
is developed at large wave steepness, this consis-
tency is destroyed and the lower side-band fre-
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Fig. 5. Evolution of energy density spectrum at ka=0.37.

Table 1. The occurrence of the lower side-band frequency and frequency downshift

Wave Wave Wave Lower side-band Frequency

steepness amplitude frequency frequency down-shift
(ka) (@ 6 (fiow) ()
0.19 15 1.1 0.91 0.19
0.25 2.0 11 0.85 0.25
0.31 2.5 11 0.79 0.31
0.37 30 11 091 0.19
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quency grows closer to the fundamental wave fre-
quency with smaller frequency downshift.

5. Conclusion

We have performed tests for uniform deep-
water wave instability, and have watched two-
dimensional and three-dimensional wave instabili-
ties and breakings from nonlinear wave evolution.

The experimental results show that for wave
steepness in the range between 0.19 and 0.25, a
uniform deep-water wave train undergoes two-
dimensional Benjamin-Feir instability and ultima-
tely leads to breaking as the wave train evolves
downstream. At the wave steepness of (.31, three-
dimensional instability and breaking begin to
appear, and at large wave steepness greater than
or equal to 037, top-crest breaking with fully-
developed three-dimensional instabilty, showing
superharmonic structure, is developed from the
early stage as transverse perturbations grow rapi-
dly cross the wave channel. This top-crest brea-
king is transformed to the relatively longer focali-
zed three-dimensional breaking with subharmonic
structure as the wave train propagates midstream.
Two-dimensional second breaking is observed at
the end of evolution with significantly decreased
wave steepness.

During the initial stage, the fundamental wave
frequency is dominant in the wave evolution
without significant growth of the side-band fre-
quencies. As the wave train propagates, the
lower side-band frequency begins to develope with
wave energy spreading to many frequency compo-
nents. At large wave steepriess, the lower side-
band frequency grows rapidly and becomes the
dominant carrier frequency after second breaking
at the final stage. At small wave steepness, the
major lower sied-band frequency is developed at
a point on the frequency range, apart the same
value of the initial wave steepness from the fun-

damental wave frequency. However, once supe-

200

rharmonic perturbation with top-crest breaking
arise at the early stage at large wave steepness,
the major lower side-band frequency is developed
near the fundamental wave frequency with smal-
ler frequency downshift.

The similar results of wave evolution and fre-
quency modulations are expected at the nearly
same initial wave steepness, either varying wave
amplitude with constant wave frequency or vary-
ing wave frequency with constant wave amplitude.
However, discrepancies exhibits in both wave
evolution and frequency modulations due to diffe-
rence in propagating wave energy. The shorter
waves with smaller wave amplitude are modulated
more severely from the initial stage with faster
growing lower side-band frequency, and breaking
is developed earlier than the longer waves with
large wave amplitude. It can be inferred that the
evolution of a nonlinear deep-water wave train
is dependent not only on the initial wave steep-
ness but also on wave amplitude and frequency.
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