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Cartan Subalgebras of a Semi-restricted Lie Algebra

Byung-Mun Choi

Abstract. In this paper we show that if a semi-restricted Lie al
gebra L has an one dimensional toral Cartan subalgebra, then L is 
simple and L 으 sl(2) or W(1 : X). And we study that if L is semi
simple but not simple and H is 2-dimensional, then H is a torus.

1. Preliminaries.
Let F be a field of prime characteristic. If a Lie algebra L has a 

map 호 — ⑦刀 of L to X satisfying

1) (ax)p = apxp for any ct E 】F\x e L

2) (ad x)p = ad (:rp)

3) (x 十 y)p = where isi(x,y) is the co

efficient of A1-4 in (ad (Ax + y)p“x)x,

then we say that L is restricted and the map is called p-mapping.

If IT is any subalgebra ofwe define K = (xpn \x € 2三 n G 

N). Clearly K is contained in any restricted subalgebra of L which 

contains K. On the other hand, if x丁y E K then for m, n G N,

\xpn,ypm] = (ad xynyPm = —(ad :辨"—(ad y/mx e [K.K]

Thus we have;
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LEMMA 1.1. K is the smallest restricted subalgebra of L contain

ing K. Furthermore [A\ K] 으 [K^ K}.

Following [3, p 119] we define a; € £ to be nilpotent if xpn = 0 for 

some n 6 N, and define a; 6 L to be semisimple if x satisfies some 

separable p-polynomial

사’" + an_i아’" 1 d---- F a^xp + aQx,n e N,a—i,..., a0 € F, a0 / 0.

Jfxp=x (and hence is semisimple) we say x is total. We say a subset 

K o£ Lis nil if every x E K is nilpotent. A subalgebra T of L is called 

a torus (or a toral subalgebra) if every x ET is semisimple. A torus 

is necessarily abelian. By [3] (Theorem 5.13) a finite dimensional 

torus has a basis consisting of toral elements.

THEOREM 1.2 [4]. Suppose that L is a restricted Lie algegra and 

x E L. Then there exist unique elements s, z in L such that;

(1) s^z are p-polynomials in x.

(2) s is semisimple and z is nilpotent.

Moreover s is a linear combination of p-polynomials yi•，•••丁yn in 

x with yf = yi for each i.

For any Lie algebra X, the derivation algebra DerL is restricted 

where Dp is the p-th power of D € DerL. If L is semi-simple, we can 

identify L with ad L in the restricted algebra DerL. We will say H 

a Caxtan subalgebra if H is nilpotent and self-normalized.

THEOREM 1.3 (Kaplansky, [2]). Let L be a finite dimensional sim

ple Lie algebra over F containing a one dimensional Cartan subalgebra

H. Suppose that the additive subgroup of Zf* generated by the roots 

has rank one (this always holds if L is restricted). Then L = sl(2) or 

形 (1 : 1).
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A Lie algebra L is called rank one provided that L has a one dimen

sional Cartan aubalgebra. In 1984, G.M. Benkart and J.M. Osborn 

proved a generalization of Kaplansky’s Theorem;

THEOREM 1.4 [1]. Let L be a finite-dimensional simple Lie albegra 

of rank one. Then L is sl(2) or an Albert-Zassenhaus algebra.

Let H C L be a Cartan subalgebra and H be the restricted subal

gebra of DerL generated by H. Let T denote the (unique) maximal 

torus of H. We call dim T the torol rank of L with respect to H.

. THEOREM 1.5 [2]. L is a simple Lie algebra over F and has toral 

rank one if and only if

L 으 sl(2), TT(1: 으), or 2f(2 : 끄 : 히⑵.

2. The semi-restricted Lie algebra.
As a generalization of restrictedness, Schue[4] introduced the notion 

of a semi-restricted Lie algebra.

DEFINITION 2.1. Suppose that £ is a Lie algebra, H a Cartan 

subalgebra of」L, and Z =』H「+ 乞 is the Cartan decomposition of 

L.

L is semi-restricted with respect to if ;

(a) H is restricted

(b) (ad h)px = [hp^x] for h E H,x E L

(c) for each a with x G Laj the semi-simple component of ad x is 

equal to ad s for some semi-simple element s E H.

For a semi-simple Lie algebra L, embedding L into DerL via adjoint 

mapping, we take a modification of the definition (c); for each root 

a with x G Laj the semi-simple component of x is equal to s for 

some semi-simple element s e H. Furthermore the decomposition 

x = s + n is unique.
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PROPOSITION 2.2. If L is restricted and H is a Cartan subalgebra, 

then L is semi-restricted with respect to H.

PROOF. H is restricted since if is a nilpotent subalgebra contain

ing H. Let S be the subspace of semi-simple elements of H. Suppose 

a is a non-zero root and x CLa. Then [s, xp] = 0 for s E S. Thus if 

x = t + w is the decomposition of x with t semi-simple, then tp is the 

semi-simple component for xp so that = 0 and hence [S', t] = 0. 

Thus t E H.

The converse of the proposition is not true. For example, : 2) 

is not restricted. But H =< xD^ ..., > is a

Cart an subalgebra and W(1 : 2) is semi-restricted with respect to H. 

Any subalgebra of L containing H is also semi-restricted with respect 

to H and K is an ideal of L with Kq = K (1 H restricted, then L/K 

is semi-restricted with respect to H/Kq.

DEFINITION 2.3. Suppose £ is a Lie algebra and If is a Cartan 

subalgebra. The maximal number of linearly independent roots in 

the Caxtan decomposition of L relative to H, will called the type of L 

with respect to H.

PPRPOSITION 2.4 ([ 4 ] p 29). Suppose L is semi-restricted with 

respect to H and the center of L is nil. Let S be the subspace of 

semi-simple elements of H. If L is of type d with respect to then 

d = dimS.

Using the proposition we restate the Kaplansky’s Theorem as fol

low; If L is semi-restricted and type 1, then L is either sl(2) or 

形(1：1).

For a semi-restricted Lie algebra L, let x = 昌 + n (a: 6 a root 

vector) be the decomposition of x. Then for sufficiently large integer 
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k we have

xp = (3 + z)pk = spk + zpk = spk G H.

LEMMA 2.5. Let L be as above. If x E LQ then a(xpk) = 0 for 

some xpk in H.

PROOF. For x 6 La,xpk G H for sufficiently large integer k. Since 

0 = [xpk, x] = we have a(xpk) = 0.

Let £ be a semi-simple Lie algebra over F with a Cartan subalgebra 

H and semi-restricted with respect to H.

LEMMA 2.6. Let I be an H-invariant ideal of L. If IQ H = (0), 

then I is nil.

PROOF. Since I is 月「-invariant, we have I = 乞 where Ia = 

k — . .
I fl Lq. If x €」La then xp € / A = (0) for some A, i.e., x is

nilpotent. Then by EngebJacobson Theorem, I is nil.

THEOREM 2.7. If H is one-dimensional total, then L is simple and 

L 으 sl(2) or TV(1:1).

PROOF. Let Z be a nonzero ideal of L. I is not nil since L is 

semi-simple. Lemma 2.6 shows that (0) 거느 I C\ H Q H. As dim2f = 

1,7 Cl JT = H. So 으 7, but then La = [H, LQ] C [7,La] 으 I. 

Since H is one dimensional tor al, L = H 노名 for some nonzero 

root a. If I =〉제: LiQ then for x G Lia,ict(xpk ) = 0 for sufficiently 

large integer k. So for j in Z^ja(xpk) = 0. Hence x is nilpotent 

and by Engel-Jacobson Theorem, I is nil. This contradict to the 

semi-simplicity of L. Hence Z = L, so L is simple. The Kaplansky’s 

Theorem proves the remaining conclusion.

Now we indroduce a property of nonsolvable semi-restricted Lie 

algebra. This has been proved by Schue [4].
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LEMMA 2.8. Suppose L is semirestricted, H a Cartan subalgebra, 

and」L = 乞 La is the Cartan decomposition with H = Lq. Let

= 乞[1<,£_«] + 乞a 于0

If L is not solvable and all root vectors are nilpotent, then 0(乞[刀a, 

Z_a]) 羊 0 for some root 0 尹0.

THEOREM 2.9. Let L be a non-simple semi-simple Lie algebra with 

a two-dimensional Cartan subalgebra H and L is semi-restricted with 

respect to H. Then H is a torus.

PROOF. . Assume H is not a torus. Since L is semi-restricted, 

H must have a maximal torus of dimension 1. Then Z = + 乞

where a is a non-zero root of L, Let x € Lia, i € Z*, then [xpk，:r] = 0 

implies a(xp ) = 0 for some k. So x is nilpotent.

Let K be an ideal of X, then we have K = Kq + 乞2三« with 

K〔iot --“ Lio( 0 J"•

If Kq is nil, by the Engel-Jacobson Theorem, K is nilpotent. This 

contradict to the semisimplicity of L. Thus Kq is not nil and so 

Kia = Lia since IT is an ideal of L.

Now let I be the ideal of Ly generated by 乞 Lia. Then I = 

Io + 리 Lia. (and Io is not nil). Since any ideal of I is also an ideal 

of X, I is simple and we have I 羊 L.

From the non-solvability of £, Lemma 2.8 shows Zo = 乞 [•心i«, 

iez； 
丁'-ia] 7으 (0), Hence the dimension of the Cartan subalgebra Io of 

I is one. Thus the Kaplansky theorem shows that I 스 sl(2) or 

W(1 : X). But the derivations of I are all inner. This contradict to 

I 羊 L 으 DerL.
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