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L2-Multiple Stochastic Integral and Ito Formula

Tae II Jeon

1. Introduction.
Let T C R be an open set, B(T) be its Borel subsets and 5C(T) 

its relatively compact subsets. Let 乂 be a cofinite measure on T such 

that //(』4) < oo for any A G 5C(T) and Z = (Zi,Z2) be a Rn - 

valued Gaussian noise, that is, a family of random vectors Z(A) = 

(么1(』4), 么2(刀)),』4 6 5C(T) defined on a probability space (Q,^, P) 

such that, for A{ € HC(T), i = 1, … A, A: 之 1, and AiQ Aj = 0, i =4 J,

(z) Z(Ai),... , Z(』4k) are independent

(ii) 么(A) + … + Z(Ak) = Z(ut A).

Let R = (rij(i)) be a 2 x 2 symmetric strictly positive definite 

matrix. We say that Gaussian random measure Z corresponds to /丄 
and have covariance matrix R if

E[Z£(成)Zj( 成)] 

X 사)
r0(i) = 心 = 1,2

Introduce the Hilbert space」L2(T) of functions / : T —> C2 such 

that

ILf 11= g(W)/(C,/(0)X사)]1'2 < =
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Since R is strictly positive definite, L2(T) is complete if we identify 

as usual functions which are equal a.e.-// . It can be shown that n- 

tuple tensor product (®L2(T))n can be identified with the Hilbert 

space L2(Tn) consisting of all functions

y：T" —(®c2)", f = (凡，...，心, ：ii,… ,jn = 1,2

with finite norm

⑵

II f lln

r n
= [ E />)('@而 n r WW)]1/2 < oo, 

JT" j("),j'(")=l,2

where i = 北n)J(")= ji, …, and j,(n) =>!,•••，心. The

summation in (2) is taken over all possible cases with j, = 1 or 2 and 

八 = lor2.

In the following contex the variable t will be used in both of single 

and multidimentional cases if no confusion aries. Symmetric tensor 

product [®£2(T)]n can be identified with the subspace L2(Tn) C 

L2(Tn) consisting of symmetric functions which satisfies / = symj. 

Symmetric function is defined, for fixed j(지,

(sym/)j(n)(i) = 示 y： /jam… ,j<r(n)('<T(ih • • • 北이n))

’ a

and the sum is taken over all permutations a on {1,... ,n}.

2. Multiple Stochastic Integral.
Referring to [8], we state the following theorem.
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THEOREM 2.1. For any n > 1 and any f = (/)(n))j(n)=i,2 仁 

L2(Tn) there exists a random variable In(/) called multiple stochastic 

integral (m.s.i.) of f with respect to Z, denoted also by

丁"Cf) =
[ 丁〕/}(")(')幻1(서}) … 幻nG히 
jT" J(")= l,2

with the following properties :

(i) /"(/) = In(symf) G W)

(ii) E[I"Cf)] = 0

(iii) E[In(f)Ik(ff)] = 6nk스 (symf,g) for any k > 1 and g G 

L2(Tk), where 6* is the Kronecker delta.

PROOF. Let A(JV) = {At : i = 1, … ,7V] be a partition of T. 

f 6 L2(Tn) is said to be adapted to A(7\『) if

(i) f is constant on subsets A C Tnof the form

A = x • x Ajn, Ai入 6 A(7\『), A = 1,… ,n.

(ii) f vanishes on hyper diagonals.

If J is adapted to A(2V), then f스나 ’ ’쇼*" = 0 if A,a = A心, for 

A / 7, A,7 = 1,... ,n,j(n)= 1,2, where 胎：『 ’서" 玄 비*』i(") 

takes on x • • • X A,n. We call /, which is adapted to some partition 

A(7\『) of T, simple and denote the set of all simple functions in L2(Tn) 

by Zg(Tn). For simple function f € Z2(Tn), define 

(3)

/n(/)弓 E E 씨’…’이g◎)••&(=.

’ ，… ,A;n GA(N) j(n)=l,2

The right hand side of (3) is well defined for N sufficiently large and 

does not depend on N. It is easy to show that (3) satisfies (i) — (m) 
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above. For arbitrary f 6 L2(Tn), set In(f) = l.i.m.In(fk), where 

(A)으오！ is a sequence of simple functions convergent to f in £2(Tn). 

By (jii) such a limit exists and satisfies (i) — (iii) as well.

For simplicity in manipulation of the indices appeared in subscripts 

of functions in £2(Tn), we use the following notations:

j k =J1?••‘ 스 jk—l》jk+lj • • • jjny

= '1, • • • , tk—1, tk^-l, • • • , 'n,

jk=i = 5 jfc—1, A Jk+l, • • •

We introduce two functions generated from f(t) = (//(n)(t))y(n)=i j2 

E L2(Tn) and g(t) = (ffi(t),ff2(t)) E L2(T). For each 九 = 1,2 and 

ji, … Jn+i = 1,2, define

(4) (/® fiOji,... ,jn+i('l, … 4+1) = /〕!,... ,jn('l? … 北n)55n+i('n+l),

and

(5) (/ 수j)九(하) fik=(t'히百r。引tk)d人tk).

내” ，日=1,2

LEMMA 2.1. Iff e L2(T") and g e L2(T), then

(i) y®우 gx2(t서‘1)

(ii) / X gr G £2(Tn—거), for fc = 1, … , n,
W

also their norms satisfy || f®g ||서己 = || f ||n • || g ||i and || / x 우 ||n-i< 
(k)

II f lln - || 9 111 •

PROOF. It is enough to show the latter parts on the norm, (i) is 

trivial by definiton. 1£ fp E L2(Tn\gq € 刀2(꼬), then we may show 

the following inequality without any difficulty

(6) \\fpX9q lln-1 < || fp lln - || 9q ||1, 사 all p, 오
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Let f G L2(Tn),g G L2(T), then there are sequences {fp}p G 

2g(T") and {gp}p € LjfT) such that 方, — / in L2(Tn) and gp — g 

in L2(T) as p — oo. We can show that, for each g, {fp x gq}p is a 
W

Cauchy sequence in L2(Tn"1). Therefore it has a limit, lim fp x gq 

in £2(Tn—거). But it is also a Cauchy sequence, with respect to q, in 

£2(j»n—1)This implies that / xoa—>/xaasa—> oo.

W W
Since || fp x gq ||—i—>|| f x g ||—i, || fp ||n—1| f ||n and || 

W W
9q lli — ll 9 ||i, we have,by (6), || / x g \\n^i< || f ||n • || g ||i • 

W

Lemma 2.2. If f e L2(T"),gr e Z2(T), then

n

nlXf)/1 (少 = n(n + l)I"+1(/®少+ 匕1"-1(/ x g). 

k=i 아”

PROOF. We consider first the case when f and g are simple func

tions. Without loss of generality we may assume that f and g are 

adapted to the same partition A(N).

Suppose they have the following form, for fixed j(n)and j,

>(@={F’ TGd(Ai(n))

10, otnrewise,

if f € Aj 

otherwise,

where d(A|(n)) = x • • • x A,n and , A,n E A(7V) are dis

joint. Denote Dn = P(A(7V)) be the set of all possible sets of type

서A("))- 

Let

刀 = g=)I 히1d 5 = 까쓰 bf
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Then A < oo and B < co. We may assume that, for a,0 = 1,2,

(7) |ra^(At)/i(A,)| < e, i = 1,.. .N,

for an arbitray small € > 0, by subdividing each A,, if necessary. In 

(7), 7\少(/丄) denotes r必(하) 一 or r卵(t{ - t—), if Ai =

A and B remain invariant by this subdivision.

Now we define a simple function by

(q(„+l)—,o = {애",分’ 이〜)WX) 

J«+i=/ I u, otherwise.

Then we have

丁"(/) 丁1(g)

= 녀丄.(£ W—Wi)•••=][[ 山@%]

구   n 후
= 기 E E /》()n)IIziA(=)HE [切@=] 

j(n)=l,2 d(A.(n))eDn A=1 >=1,2*"

= &[ £ E f서M'fl空(=wm]

J("),j=l,2 d(A.(n) xAi)€D"+1 A=1

그 n n
+ ^[ £ E E 시"유 f[끗At,wAtfc)].

j("),j=l,2 *=1 d(A.(n))€Dw A=1

Let

石 = E £ n=o幻(M

j(n)j=i>2d(Ai(n)xAf)€Dn+1 A=1

£ E E /訓;…zwaj.

j("),j=i,2 fc=w(Ai(n))eDw
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By definition of 가스, 紅 = (n + 1)! • I서"1(사). We will show that

6 = X2=i(n _ 1)! • 丁"-1(/ x g) + XQ=1 Rk, where 
W

까 = £ £ 시『사‘%ja.j • • • 幻—

/"), d(Ai(n))enn
j=l,2

• • • Zin(Atn)Zi(Atfc) • [空AJZXA心) — rVA.JXA心)]

Therefore it follows that from the argument above, by substituting 

jbyjn+i,

/w1(^)= A [("+i)! r+x(x)+e2 ]•
Tl •

We compute ⑤:

n n

6 = £ E E f써yg：ik n 窓(=wa.j

y(n) j k=l d(A.(n))€Dn A=1
=1,2

= E£{ E 

j(n),j k=l kd(A.(n))€D" 
=1,2

A=l, 
X^k

Ji )r jib )

n x n
= E£{ E /히">g써 f[窓(=)=0(=

y(n),jA=l 으(八@))€> 셰
=1,2 시티

n+ E 까
k=l
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n

(n —1)! I—Hfg g) + 오 Rk. 
k=i w k=i

The last equality holds by the definition (5). Therefore we have

n r(/) I\g) = n(n + l)I"+1(사)

+ IE + 보니• 

fc=l

We can show the following :

(8) || I"+1PQ — 丁나i(f0g) lit — 0 as 0

1 2
(9) II 가마 II£2 — 0 as e — 0.

The norm in (8) and (9) is the one on the space £2(Q). By (8) and

(9) we have

(10) n !"(/) I\g) = n(n + l) I"+1(f ® 切 + V (/ x g).
k=i (fe)

Proof of (8). Let ①s = X€ — f ® g, that is, for fixed j(지, J,

(救),(„),(t("+1)) =(心)，(n),(/("+1)) — (/0^(»)?(^+1))

= / f쌔｝, (i("Mn+i) e d(Ai(n)) x _

< 0, otherwise.
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Then

r+i(히)

i r 서‘1
(%v("+n)Ji 끼아)

V ) JI y(n+i) = 1,2 k = l

가 n
= @巧 E £ £ 命=

V 7 d(A.(n))€Dn €=1 >("十1)=1,2

幻 1( Ail ) … Zh (Az ) • • • Z3n (An )么九 + 1 (乂 )•

Note that

끼Xh (八il ) … 匕jz G스iz ) … 么jn (八in )之》"十1 G소Z )

• Zi[ (스 ) … Z3tl, (Ai；/ ) … 幻; (= )ZJ；+1 (A；, )] =

(11)

'[프7丁@)谷》(=)]

• [r』W (A«z M2스i/)r』n+li： + i Az )X2수i/ )

‘ + rM너느 ( Aiz )/』(Aiz )rjn+i j'f Az )XAiz )] >

if {ii, • • • , in+1} = {K, • • • 5《내4 }

jO； otherwise,

where iQ = i' / and hence A, = A；/ . In other words m is aQ m(a) ，ot lm(a)
permutation on {1,2, … , n +1} such that €' = m(£). By the relation

(11) above

II 丁"+V 乳) 1仏= W"+1(M2 = 7리②
((n 十 1)!)

E £ E /》()n)g：X(fi 空AW=}

L kd(A.(n))eDn '=1 J("+1)=l,2 k=l 』
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{EE E 而W

丁 j/(n) f=l' j/(n + l) = 12

句 1 (스)… Zj'l, (A«> )••-Z3'n (八i； )Z3'n+l ) }

2______ X〕 三 드厂 /4(")才스다 /山("心서:'
((n +1)1)2 Jj(")gj~F『j'(")幻;+1
U 01 ,•••,<} 以'=! /"+1),

= {뉴,… Xi} j'("+1)=l,2

‘ [11=：%)(=)肖(=)] ‘ [=；/(凶)이(세+1己+1(凶)四乂)

+ rW+1 (AV )/x(A«z )rjn+ij'f (Aiz )XAiz )] -

a구乂

Therefore

1
[(n + l)!]2‘

匕 [majc |J}(n)I2] [max \gjn^ |2]

/(거'1)：=1,2

E|r+1( 宴)l2 <

n
E E

01, …,in} 으이 = 1
= {<，••，<»}

[Il lr>= (라 )XAia)l] • [lr«W (乂 )X Ai/ )HrJn W； + l (Ai' )XAiz)l

+ lrJ=+i (AvX2스가 )lh= (AU 比G스iz )1]

— •UF"=2=B2W2 + £2)

< MeA2B2, 

• n

because n! • n2 • 2n/((n +1)!)2 < 1 for all n. M is a finite positive 

number. Since the last term converges to 0 as e approaches 0, it 

completes the proof of (8). Now we present the proof of (9) :

Proof of (9).

11 느어l|2= @슈꾀이2
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= E
’ E E f쌔 w；. n ==)

Lj(n+I)=i,2 d(A.(n))eDn m^k

’ {幻fcG스孔)幻어a( 八Ub) — rJfejn+i (八孔)/』(八江)}

‘ £ e ii ☆(이)
나("+i) = i,2 d(A.(n))eDn

• ｛幻;（스"—G스가） - =:+1（=）以乂）｝

"+1
1 — \厂 ^ik 스，.,(n) 이

= MX2 2L 휴") 幻n+1引") 鄒+!
드 ' 01,…』n} /저*1),

= {<，•••』Uj'("+1)=±l,2

• [IIrX(a)(Ai》(A，a)] ‘ [rM(AiJA<AHJrjn+1j4+1Afc)XAiJ

여貞
十 rJjbZ너a G오fe )//(A：fc )rjn+1 j； G스다 )zz(Atfc)]

, 1 〈 x〜 /A("心A나 /A'(")nA<l
+ M}2 1』 규") 幻어aA'(")鄒+1

v 이 {u, -,in} /" + 1)

= {斗,…』Uj'("+1)=l,2

• G jn + l (= )X = )riU + 1 (Aik M스ik) [II =‘l(a)(Ai》(_)]a 子'

n+1

_ 1 — — rAi(n) A£jk A./(n)

— (nl)2 2-/ 2L Jj(")幻어•!•[/'(")9in+i
V ’』01, …,in} J…丄

= {<，…』Uj'("+1)=l,2

’ III rX(a)(Ai》(Ai«)] • [=1(八孔)#녜 + 1八+1(八孔)#뇨) 
a 구乂

十 rjkjn^.l G스孔 (스ik X/n-H J； (八孔 )卜(스ik )

+ rjkjn+l ( Aik )/』G스孔 )rJU：너•! (A«fc )XAU )] •

Note that we have used the following property in the argument 

above

E[幻, (A江)幻； (Atfc)] = 0.



82 TAE IL JEON

Therefore we have

1 2 1
|| 丁M 으q = .2"」2.B2..(文2) 

<Me-A2-B2.

Since the last term converges to 0 as e approaches, 0, it completes 

the proof of Lemma 2.2 for simple function case. Now assume f is 

an arbitrary function in £2(Tn) and g is an arbitrary function in 

L2(T). Then we can show that Lemma 2.2 holds true by the following 

arguments. Let f G」L2 (Tn). Then, by Theorem 1.1,

||1"(/)||2=끠/"(/)|2

1 

n\ 
1

n!

<^11/ 12 • 

n!

Let {fp}p>i and {gp}p>i be sequences in 2g(Tn) and 2g(T) such that 

fp — f and gp — g, respectively. Since

n

n(n + l)Iw+1(/P ® gP) = nl\fp)l\gp) — £ 꺼坑 x gp), 

k=i 내"

we can make use of the following properties to complete the proof of 

Lemma 2.2

\\f®g\\n+i = \\f\\n-\\g\\u

II /스 g II—引 /1|„. II g Ik, 
w

(12) II I"(f) II < ^! II / lln •
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By the relation (12), we obtain

II r+V/p® 分)一 r+V/osO lb

=11 丁"+1(Cfp® 知 — /이)) lb』

<11 IIl^

< “7= II』； ® 幻一/®功 ||n+l

1

으 스7三 IL에 hp - 9] + [fp - f] g ||n+i 
vn!

1 1

으 -而 II fp 세 9p— 9 111 ILL — / II 시 I 9 111,

II 丁"(4) 丁1(幻)-丁"(/MG II피

=11 知一 g) + /"Cfp - /g1 ⑴) IIli

<11 丁"(方)己(幻 — 9)旧 + || ln(fP — 旧

<11 丁"(4) 11』이| 八(幻 —g) h』十 II •『"(』； — /) II시| 八⑴) ||@

<4^11 fp llnll 9P - 9 111 +41 M ' II시 9 111

ynl ynl 

and

ll/n-1(方 (수) 이—1"-1eg)이h1

<\\ In~\fP xgp - f xg) \\L.
(k) (k)

— —// —... :f示 || fp 乂 9p — f 乂 9 ||n—1
V《n — 1)! "(k) p (k)

= %1,1,111브니 (•方 —『)슨、如 十 어 스、(9P — 9)\\n-l 

y/(n — 1)! (k) (k)

玄 —刀 느〒q II (Jp — /) 슨 9p lln-1 +—?== II f x (gp — g) ||n-l 

V(n — 1)1 (k) V(n -1)! (k)

드 -刀-丄-荷 II』； — / llnll gP 111 +—方=』=〒〒 II f llnll 9p- 9 111 • 

V(n — 1)! y(n — 1)!

By letting p tend to 00 we can complete the proof of Lemma 1.2.



84 TAE IL JEON

3. Ito’s Formula.
The following result is a well-known recursion formula for Hermite 

polynomials. We state it as a lemma.

LEMMA 3.1. Let <Hn(⑦) = (—l)nexp(-y)^r[exp(—-y-)] be a Her- 

mite polynomial of leading coefficitnt 1. Then

Hn(x) = xHn^r(x) - (n - l)Zfn_2(：z：),

for n = 1,2,...

Consider the following problem: For given ni,n2,... ,nm (posi

tive integers), how can we express the product of Hermite polynomials 

of multiple stochastic integrals of orthogonal functions in L2(T) ?

Definition 3.1. f① = (/이,/씨)，… ,/(ra)= (/：쩌,/$m)) e 

L2(T) are said to be orthonormal if, for any i / j, (/(*),/(•기) = 0, 

that is,

f £ 石rx = o

•'끄 a,目 =1,2

and

II/(° II2 = (/(’‘),/(*‘)) = 1.

THEOREM 3.1. Suppose /⑴, • - • ,/(m)€ L2(T) are orthonormal 

in G L2(r). Then

日nJ丁1(/⑴)] •••瓦뉴[己(/=)]

(13)

=(M+-- + nm)! • 丁= + ••+「) [(®/(l))M Q • . .
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PROOF. Let 2V = ni + n2 H---- F nm. We prove (13) by induction

on N. It is true for N = 1. Assume it is true for 2V — 1. Let

功0) = y(s) for 內 十-- F n… < i 으 m d--- ns,

/(<!,••• 1) = S『⑴(h) ® • •• ®^Cn-i),

h(t) = g(N)(t).

Then

N—l

V = (N — l)NdN(J®h) = (川 — :山己—⑴丁乃)— 匕 IN—2(f x 70, 

k=i 아"

by Lemma 2.2. By induction we have

① = 7^三^ • * J丁1 (/⑴)] • • • Hnm^ [八/何-1))]

- (nm - 1) - 7而1%= [八(f(D)] • • • 及매시八/’"))], 
(』V — 으)!

because

(/ X h).(„)(4n)) = / Z J>)(<("))W)r0•(가)仙(하)

W 가 Jt 己느,2 7(=)

( 0) i£ k < N — nm

= 1 솨仏) • • • @) - - • 9 애：비(사-1)，N — nm<k 으 N — l
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and

N-l N—l

☆자2Cfgb)= £ iN-2(f$}h)

k=l W nm+l 이이
N-l ___

= 리 丁川—2(우(1)(<1) ® … ® 우사” ® … ® S—1(히V-l))
化 =JV-nm+l

N-l

= 12 IN-2((W⑴)M ® … ® (⑭/"…))"一1 ® (®/m))n-“2)

fc=N—nm+l
= (nm _ 1) . IN“2[(®/(1))ni ® … ® l))n~i 0 (®y(m))Mn—2j

= 7끄느互引八/⑴)] —JW…刀]*—己引/1"))].
느』V — 이.

Therefore

p = 7느*猛 [八(/0시 - * - 日"… [W(m-1))]

• {Hnm^ [八/"1))] • 丁1(/=) — (nm — 1)日…2 [八/〜]}

1 m—1
= 휴三石!(프 日"'[=“)])- {하4J1Cf(m))]}

= 퓨느 펴"")].

3—1

The second equality holds by Lemma 3.1 and this implies that

m
narn,[I1(fW)] = (^-2)!.P

5=1
= (N — 2)! - (N _ 1)N IN(f ® h)

= Nl IN ((®/(i))ni ® … ® (®/(m))"끼).

This completes the proof of Theorem 3.1.
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