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of Fibrewise Convergence Spaces
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ABSTRACT. In this paper, we obtain the internal function space 
structure in the category of the fibrewise convergence spaces by means 
of the final structure. Moreover, we investigate cartesian closedness 
of the category of fibrewise convergence spaces which contains the 
category of fibrewise topological spaces as a full subcategory.

1. Introduction
The category Top of topological spaces and continuous maps fails 

to have some desirable properties, e.g. the product of two quotient 
maps need not be a quotient map and there is in general no natural 
function space topology i.e. the category is not cartesian closed.

Because of this fact, which is inconvenient for investigations in al
gebraic topology (homotopy theory), functional analysis (duality the
ory) or topological algebra (quotients), the category Top has been 
substituted either by well-behaved subcategories or by more conve
nient supercategories such as the category Conv of convergence spaces 
and continuous maps [9].

In this paper, we obtain the internal function space structure in 
Convs, by means of the final structure. Moreover we investigate 
cartesian closedness of the category Conv^ which contains the cate
gory Topb as a full subcategory.
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For general categorical background we refer to J. Adamek, H. Her- 
rlich and G. E. Strecker [1], for the fibrewise theory to I. M, James 
[4,5,6] and for the convergence space to E. Binz [2].

2. Preliminaries
For any set X, we denote by F(X) the set of all filters on X, and 

by P(」F(X)) 난le power set of F(X).

Definition ([2]). Let X be a set. A function「： X t P(F(X)) 
is said to be a convergence structure if the following properties hold 
for any point x E X :

1) for any z C X, (x) G「(:以 where (x) is the ultrafilter on X 
generated by {z};

2) if 戶 C r(x), Q e F(X) and 戶 U G, then Q e r(x);
3) if 戸，。E「(z), then E「(可.

The pair (X, P) is named a convergence space. The filters in r(x) 
are said to be convergent to x. For convergence spaces (X,「) and 
(匕 I지), the map f : (XJ、) 一> (匕1지) is said to be continuous at 
:c € X if for any :F € r(rr), € I지(f (z)). And f is said to be 
continuous if / is continuous at each point x of X.

The class of all convergence spaces and continuous maps forms a 
category, which will be denoted by Conv. The category of all sets 
and functions between them will be denoted by Set.

Given an object B of a category C, the category Cb of objects over 
B is defined as follows. An object over B is a pair (X,p) consisting 
of an object X of C and a morphism p : X t B of C, called the 
projection. J£ X^Y are objects over B with projections p,g then a 
morphism / : X —> K of C is a morphism over B if q o f = p. 
Composition in Cb is defined according to the composition in C. 
The object X W Topp is called the fibrewise topological space over 
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a base B. The object X E Conv^ is called a fibrewise convergence 
space over a base B.

In the category Set^, let X, Y be sets over B with projections p, q、 

respectively. A fibre product X x b Y is the subset of X x Y consisting 
of pairs (⑦，y) such that p(z) = g(j/), with the projection r given by 
厂(％g) = p(x) = q(g). In fact, X x^Y is product of X and Y in 
the category Set^.

The category Cohvb has an initial and final structures over Set^ 
[8]. If B is a topological space then the category Top^ is a bireflective 
full sub category of Conv^ [8].

DEFINITION ([9]). A category C is called cartesian closed if

1) for each pair (A, B) of C-objects, there exists a product AxB 
in C, and

2) for each C-object X, the functor X x — : C —> C has a 
right adjoint functor. That is, for each K e C there exist 
some C-object Yx and some C-morphism e : X x Yx t 
Y satisfying following property : for each C-object Z and 
each C-morphism f : X x Z Yy there exist a unique C- 
morphism 了 ： Z —> Yx such that e o (lx x 7) = /•

3. Function Space Structures in Conv^
Now, we obtain a function space structure of the fibrewise conver

gence space by means of the final structure.
Let X,Y e ConvB and maps(X, Y) = J J map(Xq4) as sets, 

beB
where map(Xb「&) = {/| / ： X —> K is a function such that C 
Yj, for b € B}. Let {£}心 be the family of all functions such that

: X x p X, —> y is a function over B. Since the category Conv^ 
has a final convergence structure over Set]?, we can define a final 
convergence structure on mapp(X, Y). Let r be the final convergence 
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structure on mapB(X, Y) with respect to the family (/, | 方：一> 

maps(X, K) is a function over B such that £(z)(z) = £(a")}yr. 
Then we have the following result.

THEOREM 1. The space (maps(X, y), r) is a Gbrewise conver
gence space over B.

PROOF. Define a projection p : mapB(X> F) —► 3 by p(g) = b for 
g € map(Xb,赤).Then p is a well-defined function. Now we will show 
this projection p is continuous. Let j* E {fi | 九：Xf mapB(X, Y) 
is a function over B such that />(^)(^) = fi(的 Then po玉=pi
for all z G I, where pi is the projection from Xi to B. Since the 
family {fi}iei is a final family and p, is continuous for all i e I, the 
projection p is continuous. Therefore the space (mapB(X, K), F) with 
the projection p is a fibrewise convergence space over B.

Since the category Convs has an initial structure, we can consider 
the subspace structures. Let X, Y £ Couvb. Then the fibre product 
X XbY with the initial structure with respect to 난le family (prx : 
X Xb Y t X,pr2 : JV Xb y —> V}, is the product of X and Y in the 
category Codvb [7].

THEOREM 2. If {£ : X、T ^}iei is a final family in Conv^ then 
{lx fi :W Xb Xf t W Xb Y}iei is also a final family in Conv^ for 
any W € Convp.

PROOF. Clearly the projections pri : W Xb Xi W are con
tinuous for all i G I. Since the map £ : X, t Y is continuous, 
fi o : W Xb Xi —> Y is also continuous for all z 6 I. But 
pi2 o (1 x fi) = /, o pt2 : W Xb Xi Y and pri o (1 x /,) = pri : 
W Xb Xi W. Hence the map 1 x fi : W Xb Xi W XbY is 
continuous for all i G I.
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Next, we investigate 1 x is a map over B・ Let pi and q be 
projections of Xi and F, respectively. Then q。fi = Pi for all i 6 /. 
Hence for the point (w, x) EWxbX\ we have (?opr2)o(lx/j)(w, x)= 
(g o pr2)(w,/i(x)) = q(fi(x)) = (q。fi)(x) = pi(x) = (p, o pr2)(w,x). 
Thus (q o pr2) o (1 x £) = p, o pr2 for all i e I. That is, 1 x is a 
map over B.

It remains to show that for any Z G Cohvb and any function 
h : W Xb y t Z in Set^, is a map in Conv^ if and only if 
A o (1 x /,) : Xb —► Z is a map in Convjj for all i G I. The 
only if part is trivial. Suppose that h o (1 x fi) : W x^Xj-rZisa 
map in Conv^ for all i G I. Since /i is a map in Sets, it is enough to 
show that h is continuous. Let the filter generated by the filter base 
:Fxb9 = {」F〉〈b 이尸 e :F and G £ G} converge to (w,y) in WxqY. 
Then the filter :F converges to w in W, and the filter Q converges to 
y in Y.

Suppose (w, t/) U (lx£)(WxBXj). Then the filter contains 
iei

the ultrafilter ((w, t/)) generated by the singleton set {(w, y)). Then 
方〉3。=((叫，)). Hence/z(戶xg) = = 0(w,g)). Thus
the filter h，(:F Xb Q) converges to h(w^y). Hence h is continuous.

Next, suppose that (w, j/) € (1 x fiQ)(W xb Xm) for some 姑 G I. Let 
(1 x /to)(w^«o) = (m,g) for some x,0 6 XiQ. From the fact that Q 
converges to y and Y has the final convergence structure, we know 

n
that 0 D (y) or G D Q JL%) where Hy is convergent to ⑦知 in 

t=i
Xki and 이Q = y-

If the filter Q contains the filter (y) = (£o(R))) = J3(So))，then the 
filter contains the filter T7X b/to((^to)) = (1x /»o)(^x B (^i0) )•
Thus D ho(l x fiQ)^ x b By the hypothesis, ho (lx
Jt0) is continuous. Since the filter :F Xb (^t0) converges to (w,a：i0), 
the filter A o (1 x £())(戶 xB (xio)) converges to o (1 x £())(m,：z&).
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Thus the filter h(丁 Xb G) converges to 力。(1 x £o)(叫^祐)・ But 
ho(l x fio)(w^i0) = /i(w,/i0(xi0)) = h(w^y). Hence h is continuous. 
If D fki(^ki )H * * * A fkn(Hkn) for some filters 払 which converges n
to xki in Xki and =饥 then :F XbG 3 A XB J爲("知)=

i=l
n / n 、

P) (lx J爲)(戶Xb"加).Thus h(:FxbG) 3 h I Q (1 x 力x)(辭〉3 ”如) 

i=i \i=i )n
QJi o (1 x J爲)(•归 xb Tiki)- Note that h o (1 x J爲)is continuous. 

»=i
Since •戶 Xb，偽 converges to (叫⑦如)for all f = 1, • • • , n, the filter 
ho (lx fkN：F xB Hk) converges to /i o (1 x 力x)(迪双知)=K (叫 g), 

n
and hence the filter Q Ko(l x fkNF xb Hr) converges to the point 

t=i
7i(w, g). Thus h(:F x b G) converges to h(w^ y). Hence h is continuous. 
In all cases, we have that h is continuous. Hence the theorem follows.

4. Cartesian Closedness of the Category Conv^
In order to investigate the cartesian closedness of the category of 

fibrewise convergence spaces, we first show that the evaluation map 
e : X Xb mapB(X「Y) t Y is continuous.

THEOREM 3. The map e : X Xb map」B(X, Y) t Y defined by 
e(x^f) = f(x) is continuous.

PROOF. Clearly e is a map in Set】3・ Let : X xX, —► F be an 
arbitrary map in Convp. Then, as a function, fi belongs to the family 

of all functions such that : X xb X, —* K is a function over 
B. Since {/J/> : Xi t mapB(X, Y) with JL(z)(z) = is a
final family, {1 x fi : X Xb K —> X xbmapB(X, is also a final 
family by the above theorem. Since e o (1 x /,) = fi : X x^Xj— 
and fi are continuous for all i € I, the evaluation map e is continuous.

Note that the fibre product X XbK with the initial structure is the 
product of X and Y in the category Cohvb，Now, we will show that 
the functor X x b — ： Cohvb t Convjg has a right adjoint functor.
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THEOREM 4. For 히ay convergence space X over B, the functor 
X Xb — : ConvB 一스 Convs has a right adjoint functor. That is, 
知 each Y G ConvB? there exist Yx G ConvB and a map e: X xB 

t Y € ConvB satisfying the following property : for any Z E 
f onvB and 히?y map f : X xB Z Y e ConvB there is a unique 
f ： Z t Yx e ConvB with e o (lz x J) = /.

PROOF. Take Yx = (map^(X, Y), P) 히id the map e as in the 
above theorem. For any (Z,r) 6 ConvB and any function f : 
XxbZ —> Y € Cohvb, define the function / : Z —» Yx by = 
f(xj^ Then for any G and e Xb, 了(z)(z) = f(x, z) e Yb. 
Thus f is a function from Xb to Yb. That is, 了(z) e map(X>y»). 
Hence (p o f)(z) = b =尸(z), where p is the projection of the conver
gence space Yx. Then f G Set^. Since f is continuous, f C Conv^. 
Clearly eo(l x/) = f. It remains to show that such a map f is unique. 
Suppose that there exists another map g : Z t Yx G Convp with 
e o (1 x g〉= f. Then g(z)(G) = e(x,g(z)) = (e o (1 x g))(x,z)= 
f(x^) = 7(^)(^)Jor all (x,z) EX xBZ. Hence g(z) = f(z) for all 
z C Z, Thus g = f. Hence such a map / is unique.

From the above theorem, we have the following result.

Theorem 5. The category ConvB is cartesian closed.

References

1. J. Adamek, H. Her이ich and G. E. Strecker, Abstract and Concrete Cate
gories, John Wiley and Sons Inc., New York, 1990.

2. E. Binz, Continuous Convergence on C(X), Lecture Notes in Mathematics 
It 469, Springer-Verlag, Berlin, 1975.
R. Brown, Elements of Modem Topology, McGraw-Hill, London, 1968.

4・ I. M. James, Gen打이 topology over a base, Aspects of Topology, London 
Math. Soc. Lecture Notes || 93, 1984.

5・ I. M. James, Spaces, Bull. London Math. Soc. 18 (1986), 529-559.



52 SEOK JONG LEE, SEUNG ON LEE AND JONG SUL LIM

6. I. M. James, Fibrewise TopologyCambridge University Press, London, 
1989.

7. S. J. Lee, S. O. Lee and E. P. Lee, Limits and colimits in fibrewise conver
gence spaces^ J. Chungcheong Math. Soc. 4 (1991), 75-84.

8. K. C. Min and S. J. Lee, Fibrewise convergence and exponential laws, 
Tsukuba J. Math. 16 no. 1 (1992).

9. G. Preuss, Theory of Topological Structures^ D. Reidel Publishing Co., Dor
drecht, Holland, 1988.

Department of mathematics

Chungbuk National University

Cheongju, 360-763, Korea

Departmen꼬 of mathematics Education*
Chungbuk National University

Cheongju, 360-763, Korea


