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Abstract

Most studies on the vibration analysis of a beam-column with ends elastically restrained
and various intermediate constraints have been based on the Euler beam theory, which is

inadequate for beam-columns of low slenderness ratios.

In this paper, analytical methods for vibration and dynamic sensitivity of a Timoshenko

beam-column with ends elastically restrained and various intermediate constraints are prese-
nted. Firstly, an exact solution method is shown. Since the exact method requires considerable
computational effort, a Rayleigh-Ritz analysis is also investigated. In the latter two kinds of
trial functions are examined for comparisions : eigenfunctions of the base system(the system
without intermediate constraints) and polynomials having properties corresponding to the eig-
enfunctions of the base system. The results of some numerical investigations show that the
Rayleigh-Ritz analysis using the characteristic polynomials is competitive with the exact solu-
tions in accuracy, and that it is much more efficient in computations than using the eigenf-
unctions of the base system, especially in the dynamic sensitivity analysis. In addition, the
prediction of the changes of natural frequencies due to the changes of design variables based
on the first order sensitivity is In good agreements with that by the ordinary reanalysis as

long as the changes of design variables are moderate.
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Fig. 1 A uniform Timoshenko beam-column with
ends elastically restrained and intermediate
constraints

A

Ho

(A + Y mub(z — mu)ii— KAG(Y" = )
=1

+ Py"+ Y kib(z — zu)y =0

=1

@

pId — EIY"— KAGl - )

+ Dkrib(z -z ) =0

=1
BAAzAY
KAG(yI - "9[’).:0 = kLLy_J==0 + P.V’J.tsb
2
EI¢'J==O = kﬂLd’J::O
KAG(y' - ¢):=l = —kLRyJ==l -+ Py'_'==l

@3)

_EI'/"J::l = kﬂR¢J==l

AZIAM yoon: B A, oo Yy FY
Z, pA S delD AR, ol Gl Hol g BABA,
El' 5734, KAG: B&734, P: 2(¢3E4), &
AT Y A w3 A e d(x) : Dirac delta §}5-9]

REGEREARE $30% 15 19935 25

i, - RTE A7 R xel 2% ulRoloh
Dol W3 =%

y(z,t) = Y(:)eiwt , 1/1(2, t) = \I,(z)eiul (4)

7Hgeta, ¥ dojgE 4 Ao 54x et

=2 B= pAl'Y? . _ o
i’ EI pADB
EI I 45 my )
3 _ — m— 2= — [
Y=gace PrEr-M=.m ©
kpl® kgl kri3
KL;?-——;I ,KR,'=EL}‘, Lb=~—g}
_ krrl® _karl _ krrl
Kip = 7T KR =g Kpr = 7+

§ 2UEE Y(x) 9 ¥x)ol #E uj 2wy

1 - BOYY"(&)+ {b’t’ + i b Mab(€ — Emi)

k=1

- imﬂ&—aﬁna#ﬂm=o

=1

6)
2P + {b’r’tl -1 - Z": Kga;t*6(¢ — f,,)} T(¢)
7=1
+ —-—Y'f‘f) =0

o] dolx:, AAZAA (2 2 DL ey ol
#d9d.

YO) = Y0 - ¥} - 7=Y'0)

(]
¥(0) = }{—};\P‘(O)
Y1) = -V - Y0} + Y ()

®)
W) = =)

Laplace @3y & €83t (6) dural g 7+¢&
Aste o #oh



128

Y(§)

¥(£)

1—b3p3gd
(1- Pu)l(a, ;1)) {[ reTE sinh(abf)

1 - birag2

-Tpﬂ—-in(ﬂbﬁ] 2(0)

[ cosh(arb) — cos(ﬂbf)] @

[((1 - B')(a’ +77) + bg,) cosh(abf)
(1 - P2)p* - ") - Z;:) to:(ﬂb{)] @

7)) Gah(abe)

(1~ PY-1+ 2b%(a?
B3ha
(1= P£3)(1 + 3b*(82 - £2))
13538
2, My Y (bmi)ul€ ~ mi)
hzs:l k mkbl &

[L‘L’ﬂ:ﬁiﬂ sink(abf TF)

353732 _ L2
1+tb‘(9ﬂ r )sin(ﬂbf—-_f,,.;)]
> K (€ )u(€ =€)
.{; »i

[f&a’_gr_’)_—_l sinh(abE ‘_fh')

¥'(0)
]

sin(Bb¢ )]

tlbl(ﬂZ - 1.2) +1
8

n K .
2 "I;?lw(fn)"(f = fr;')
j=1

sin(Ab€ — £ )]

[ cosh(abE = Fy;) — cos(BHE= e,,)]} ©)

1
(a® +8%)(1 - Pt3)
{[(1 ~ Bt?)t*ab? + 1 4 t4p?

5 cosh(abf)

- P -1 - 2
-7 m"ﬁ:”: 1-t% con(ﬂbf)] #(0)

[((1 - PtYa

b Tha
[51; sinh(ab€) - %lin(ﬁbf)] 4"_)

a t_’::t’) cos(ﬁbf)] -l:-‘[(i)

) sinh(abt)

[(1 ;gt’) cosh(abf) -
Z“: Mky(fmk)u(f e Emk)

k=1 !

[ cosh(abf — Emg ) cos(BbE — fmk)]

BARE, 5435, A34

" KiY (6 )ul€ ~ ui
_ g Li (Ehb);;(f €ui)

[ cosh{abf — £x;) — cos(BbE — € )]
+ i KRz'w(Erl'zu(e - frz')

=1

[(:z_z + a(l - Pt?))sinh(abf = &)

b B - P ,,-)]} 10

9 2 (10)NA w(@)= unit step functione] i,
a, B AL d& .

b
1
; } = [m(%\xu,)] y A > (D

I

= 1
(82 +r¥) + B(~tr + b_’)

{[(t’ -r) + P(t*? - ElT)r + ,;—4,-}*

A

A

ged, Qus @) 2 10F FAZAY () R
®=FE DRAEA FYH T, 229H 1832

T % 2/ErE 7€ 5 Ak

7|Z=H

FRPE2A0l P S F, 71240 BT A
A © 2 Q0NN Z(I=3()= (=0
o2 #¥ Ao wetd § Yursie AAzAY
™M % @258 7EA LHAEA7 AT

3. Rayleigh-Ritz 844

MEAA 713 viel Zo] WERY HYFSR
A A1EAL] TREFE ol &3t AfolE AR
ol & Holth ¢4, AAF F AHEA F(71(19
91)¢] Mindlin ®-§3 7274 ] Rayleigh-Ritz 314 &
& AEFERHE A5 2A Timoshenko B¢
AAE Ze thad g Fota, o] & ol &3te By
o] W& HALAYS FAA B AFdAME [7)
o F3lo 71EAY nREF AL Fe vhay
%, EA4TUYAE =& olE olgste WHol
HEHAS

Transactions of SNAK, Vol. 30, No. 1, February 1993



TUTEHERUE de YOYd T4 Timoshenko H-7159 A% L FEAHYT HA 129

3.1 BACHEA

MM F207% 20¢E AT 235
@l tid e HYPA LS JdL g 0 2 AT
G Zo] Hod 7|2 E =Yty o)
dojH}.

(4

— (Y - IW — PEY") + V(29" + Zl- -¥)=0(12)

Y¥td 0 2 Timoshenko® JEEoA H{AAPE
e AGHP ARG of§ Fos=g (12)904
=02 FHH=2HA YO ¥ AL g
Zo] #¥dE

Y =¥ -2 - 13)

¥, 712A LHPSFY FRRARBANL
ohg3 2t

/ N (pAYnYs + pTUmT)dE = b (14)

A7V m, ne JEAF0)1 S, Kronecker delta
o},

(13), (14) 2 ZAARAY @), 8 o1 &3l [7]
o 4 ¥ ado2 EANUYANSE 528 4 Ul
T Adce dgn go

V,(6) = A(An +Ané+ Anl +6)
15)
Yi(€) = Ad[An + (Ao — 22 An)
+ %(Au - 67)¢* + %Anfa + %E‘]
714
An = ‘kl;(———;:i‘f;’;‘ Y . Au = Knz Ao,
_ b+ nb o2
Ay = ( ‘hﬂ] — ‘7-1&—" ) , Az = KLL An,

Ay m=n=1° H3td (14)& HF3& PF A+
1 1
B = L+ =+ =),
2 3
By = (1+E) ) ﬁs=(1+m)'

REEASAH K M30% 1M 19935 28

= L ! + B( 1 AR S )
M TR 2 Kir = KuKne  KirKeo”
1 = 1 1 F
= 22~ =+ 2(1 - Pt¥) o+ ——) 4 —,
T2 3 + ( )( KLL KLR) KLR

1 P 61— Pt
= W e —
™ 4 Kir Kir

a(f) = As(Aos + Anaf + Ané® + Anl® +¢%)
(16)
Yi(§) = Ad [An + (Aoa — 22 An )¢
+ %(A,, - 6t A3y)E?
+ E);'(An - 12098 + %Anf‘ + %f']
4714
An = ('Eé.jn"l + 7(%) y Au= (—%;-el + e3),

A* A*
An = (-"B;ea+cq) ; A= ——,

2 A
Ada = R:;(-Btea*et),

Az m=n=2° 5 (148 DFste F A+

P, e
a = [{l- + (g - 2

Lo b oy, lalh
+ geatt+ e 12t)£+5£}1
£

+ r? [E;_L + eaf + eol® + f’] Wl}df’

1
B =/ {[*K—L;Hm—?t’ez)f
¢ S o]
R P R LA TS
(7283 —1Ba)yi=1
1 (7381 — 11Ba)i =2

B (1B~ 1h1) | (1B —vBa)i=3
(7481 = MmBy),i =4

Y B, i=1,2,3: (150 A2 2.

_aa_ L P 12(1- Py
Ye=4t 3 + Xin + o ,
4
Be=14 Kon’
k=3,4,---0ll &)



130

Ya(€) = Aul(€ — Bu)Ya-1(£) — CuYa-a(£)]
(17)
W) = Ael(€ — Bu)¥i-r(§) — Cu¥a-a(§) + Ya-r (O]
3714
B o= | oAV, + pIU2_,)dt
Co = [ E(oAYirrYocs + pIWus Bucr)it

Ar:m=n=kQd W (1) FFs= JTHAF.

YE) =S aXi(6) . ¥E) =3 U6 (1)

=1 =1

714 YHE), WA, ij=1,23,-.n& EATIFY T
NEA L FFolTh

Fig.19lA ®<¢l Al9) Rayleigh quotient R(Y, ¥)
AR AA HYAF AN R Vyon 8t 7| E TN
A T(=Tparle®) 222 Fg 3} 2o},

+ LKLY jeseu + 2 Koy o=t

=1 i=1

Vmaz =

+ KppY?)e=o + KRLW? emo + KirY?J¢=1
1
2 - }3 Yll }
+ Kpr¥?|¢=1 -/o 13

EI
el 19
e an: ( )

+ Z Mkyz_'(:E,‘.}

k=1

f’%f- (20)

R(Y, O)=Vyox/ "] 4% Z, min. R=w?] th 3}
©e°l FE AFsae g =98 @ Ritz

AN &=H g AFAEA =

OVas _ 00T _

Ba; e = 0, i=12.--,n
21
WVimaz 0T .
¥ = =12,
ac,‘ b Bc, o ! "

o d3A%E MEY2: Yoz Hsnay
ot ol F4dE 4 ok

(K - M| {X} = {0} (22)
33 SEM UE
AAMS M0 e 242 2 nadEe 2
g AP EPA2A 9, 10/ of& Faich
(228 ral R{HAF daf 7lestd
(K1{X}, = B}[M]{X}, @3
g 23, AR IBANLe e 2ot

{X}T [MI{X},
(X} [K1{X},

6"
b26.s 29

o 71X J.+= Kronecker delta o]t}

AARF v, j=1,2,---p2 WA o1& rz} THA
el A= Bye (23)% voll #s) vRsn M) 2
Kol 3R 248 gsatngy

B; = {X} (K], - 8[M],;){X}, (25)

o ol AL @rIA, jE vl B olEg
xn

r3} ZHAE (0,9 yel HE BE (8 BA
9% 48

{X},; = f: ar5 {X}, (26)

3 2o Ve o714 N (M) 2 (K18l A%o)
3, ape (28 983224

—;-{X}Z'[M].J{X}, , 8$=r
Grje = (27)

(X)'.g[K].g-—bilMl.i)(X},_. , s#r

Transactions of SNAK, Vol. 30, No. 1, February 1993



H7E&zNe e G99 7+E Timoshenko B-71% 9]

ol

o) A"
weld AAESE ve] | syol i ZHA R
g ol Mstage dAWMAF Acha 7Y

i)

P
AF = OB by

§=1

» (28)
A {X}r = Z} {X}r." 61’,‘

o o8 23" F Uk

Tabie 1 Comparison of numerical results of the frequency parameter b =wF

AF 2 FEARE ;Y

131
ng

3190 718 E4034 & o] &3 Rayleigh-Ritz
A o] FxA A dlg Table 1o 24t} (@)= 71&
Al tisl Jadas} viagd Relx, e FLTSH
Zdel A o dIE 2 NFEA nhHEFolE
Rayleigh-Ritz |4 Z 3o} vlmd Ro|rt. A5
o tsiAE 12 2 23 AFANE Fig2d 2H
t}.

P4
EI ]

7!'2
(steel beam of 25.4 mm squarex 366 mm -—g—=% K=f- A=3.6%x107, A=11.7x10"
:same as in [2])
Order Exact R-Ritz njzethod : ' System
sol. polynomials,n=10 in (18)
1 13.82 13.82 Kao Krr
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3 55.52 55.52
K=K p=1000.0
4 79.33 79.41 Kri=Krr=10.0
P =10
5 104.34 104.35
(@)
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Exact . .
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) n=15 in (18) n==15 in (18)
1 9.72 9.84 9.85
2 26.69 26.80 26.81
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Ti * 48. R
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i I P
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(b) : model shown in
Table 1-(b)

(a) : model shown in
Table 1-(a)

Fig. 2 Comparisons of mode shapes between
Rayleigh-Rit z analysis and exact solutions
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F 1022 43t A9 dxslxz Us, Table
1-b)?! A5 FHYF 152 42 AFH7A 3
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Table 2 The first order sensitivity of frequency parameter b[ =wl® 'lé—, ] : model shown in Table 1-(b)

Design variables

Order Trial func. M KL KRr KLL KrL KLr Krr

. p* —2.113 0.006 0.020 0.000 0.099 0.000 0.005

E* —2.111 0.006 0.019 0.000 0.100 0.000 0.005

9 P —0.135 0.018 0.034 0.000 0.000 0.001 0.251

E —0.135 0.018 0.034 0.000 0.000 0.001 0.251

P -0.201 0.020 0.280 0.001 0.000 0.003 0.045

3 E —0.202 0.020 0.280 0.001 0.000 0.003 0.045

4 P —0.118 0.000 0.176 0.009 0.002 0.003 0.000

E —-0.123 0.000 0.176 0.009 0.002 0.003 0.000

P —0.689 0.003 0.144 0.005 0.001 0.005 0.008

5 E —0.694 0.003 0.142 0.005 0.001 0.005 0.008
time** P 27.8 in total
(sec.) E 90.9 in total

* P :using polynomials, E : using base system eigenfunctions

*x CPU time using IMB PC/AT

A . .
Table 3 Comparisons of changes of frequency parameter b[ =wli?® V 'DE—I ] between ordinary reanalysis

and prediction using first order sensitivity : model shown in Table 1-(b)

o oM 8Ky SKg
! 10 % 30 % 10 % 30 % 10 % 30 %
ethod. * -

Order Reana. | Predi. | Reana | Predi | Reana. | Predi. | Reana. | Predi | Reana. | Predi, | Reana. | Predi.
1 0452 | 0423 | 1577 | 1268 | 0133 | 0125 | 0453 | 0376 | 0004 | 0004 | 0021 | 0020
2 0030 | 0027 | 0155 | 008 | 0365 | 0355 | 1157 | 1066 | 0007 | 0007 | 0036 | 0034
3 004 | 0040 | 0165 | 0120 | 0305 | 0394 | 118 | 1183 | 0057 | 0056 | 0297 | 0280
4 002 | 0024 | 0094 | 0070 | 0003 | 0003 | 0008 | 0008 | 0036 | 0035 | 018 | 0176
5 0152 | 0138 | 0577 | 0413 | 0059 | 0060 | 0176 | o179 | 0029 | 002 | 0148 | 014

* Ordinary reanalysis using polynomials

== Prediction using 1st order sensitivity based on polynomials
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