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Free Vibration Analysis of Arches with Thickness varying in a Discontinuous Fashion
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ABSTRACT

The main purpose of this paper is to present an analytical method for free vibration of arches with

thickness varying in a discontinuous fashion. The ordinary differential equations governing the free

vibration of these arches are derived as nondimensional forms including the effect of rotatory inertia.

The governing equations are solved numerically for the circular and sinusoidal arches with hinged-

hinged-hinged end clamped-clamped end constraints. As the numerical results, the effect of rotatory

inertia on the natural frequencies is reported. The lowest four natural frequencies are presented as the

functions of four nondimensional system parameters:the rise to span length ratio, the slenderness

ratio, the section ratio and the ratio of discontinuous section.
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Table 1 Comparison of frequency parameter C; between this study and finite element method(SAP90)

Frequency parameter, C; Deviation*
Geometry of arch ]

SAP90 This study (%)
Circular 1 49.21 50.06 1.73
Hinged-Hinged 2 79.66 80.42 0.95
/=01, s=100 3 109.2 108.6 0.55
n=2, =02 4 218.9 217.8 0.50
Circular 1 32.20 31.90 0.93
Clamped-Clamped 2 62.14 61.77 0.60
=03, s=120 3 113.7 112.9 0.70
n=0.8, a=0.3 4 162.1 161.6 0.31
Sinusoidal(3=0.5) 1 40.14 40.63 1.22
Hinged-Hinged 2 72.81 73.49 0.93
=01, s=100 3 95.60 95.21 0.41
n=15, a=0.3 4 177.6 176.9 0.39
Sinusoidal(3=0.5) 1 23.90 23.71 0.79
Clamped-Clamped 2 56.62 56.00 1.10
=03, s=120 3 102.7 101.9 0.78
n=0.6, a=0.2 4 150.1 149.2 0.60

* Deviation(%)=|SAP90—this study|x 100/SAP90
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Table 2 Effect of rotatory inertia on frequency parameter C;

Geometry of arch ) R=0(A) R=1(B) Effect(%)*
Circular 1 20.46 20.44 —0.10
Hinged-Hinged 2 55.17 55.03 —0.25
=03, s=100 3 105.2 104.6 —0.57
n=12, a=0.3 4 149.5 148.9 —0.40
Circular 1 31.92 31.90 —0.06
Clamped-Clamped 2 61.85 61.77 —0.13
=03, s=120 3 113.2 112.9 —0.27
n=0.8, a=0.3 4 162.1 161.6 —0.31
Sinusoidal(8=0.5) 1 42.07 41.98 —0.21
Hinged-Hinged 2 77.28 77.26 —0.03
=01, s=100 3 106.2 105.3 —0.85
n=2, a=0.3 4 195.5 193.1 —1.23
Sinusoidal(3=0.5) 1 25.82 25.81 —0.04
Clamped-Clamped 2 60.36 60.28 —0.13
=04, s=120 3 99.86 99.62 —0.24
n=0.8, =03 4 152.0 151.4 —0.39

* Effect(%)=(B— A)x100/B

250
hinged—hinged, depth varying
T =100, n=0.8, a=0.2, R=1
i : sinusoidal arch(8=0.5)
200 I 2 circular arch
L i=1,2,3,4 : mode number
(&) N
5 I
0 150 -
€ L
o L
o] L
a
3100 +
c .
)
ot L
o -
L
L L
50 +
>I|IA|AIII|IIIIIIIIILJIII
8.0 0.1 0.2 0.3 0.4 0.5

Rise to span length ratio, f

Fig. 4 Variation of frequency parameter C; with rise
to span length ratio f (hinged-hinged)

336 AR LBUSSEEX] A 3H A 435, 19939

250
| clamped—clamped, depth varying
I s=100, n=0.8, a=0.2, R=
i : sinusoidal arch(f=0.5)
s00k T circular arch

I i=1,2,3,4 : mode number

&) L

- L

8 L

150 -

£ L

8 -

o L

O

5100 F

j L

©

L L

o L

L L

“ 50
r||||I1|||l||||||||||||||

8.0 0.1 0.2 0.3 0.4 0.5

Rise to span length ratio, f

Fig. 5 Variation of frequency parameter C; with rise
to span length ratio f (clamped-clamped)



rod4 Wt olxe) A4AE a4
250 200
I hinged—hinged, depth qurquc‘; r hinged— hmgoeéi de%tg vgryl]ng
r f=0.2, n=0.8, a=0.2, R= I f=0.2, s=1 @
- —— sinusoidal Grch(ﬁ 0.5) |  —— : sinusoidal Gk:Ch(ﬁ 0.5)
[ ----: circular arch ~~-- : circular arc
2OOj i=1,2,3,4 1 mode number f i=1,2,3,4 : mode number
[} L o 150
N L =4 . . r
5ot 5o
v 150 . [ +
IS F L2 g N
o] L - hat
6 L < =3 o 100 +
1 O L
5100 | 2 |
C - [ L
L8] (8]
& i T -
e B e == £ s0n
50 L
[ =1 [
Oknn PR ST N VA S VU SN SO RU VORI SR SR E U 'llll|ll|l|1kkl\k\ll|l|ll
0 50 100 150 200 8.0 0.2 0.4 0.6 0.8 1.0

Slenderness ratio, s

Fig. 6 Variation of frequency parameter C; with slen-
derness ratio s (hinged-hinged)

250
[ clamped—clamped, depth varying
| =02, n=0.38, a=0.2, R=1
| ——— : sinusoidal arch(B=0.5)
---- 1 circular arch
ZOOT i=1,2,3,4 . mode number é
) = =4 "7
5 1
© 150 -
€ L
o L
[s] L
a -
5100 -
C -
L
L L
o L
l L
“ 50k
O_lkllllllllilkllllll
0 50 100 150 200

Sienderness ratio, s

Fig. 7 Variation of frequency parameter C; with slen-
derness ratio s (clamped-clamped)

A1) Y5t AHAAEE 38T FF(R=1)
FAZ A (R=0) W3t M AH}E vl2g
ojt}t, o] FellA IAHBAAL IAAFTTE FHA2A]
£ selojAwt 2 e oF 1% R w5
vaghs 4 5 Aok

Fig. 4, 5+ s=100, #=0.8, a=0.20]32 ©¢X|A]
- R], 24Y-3AH Y HEE —% Zhe fd3ehA

o o e

Section ratio, n

Fig. 8 Variation of frequency parameter C; with sec-
tion ratio n (hinged-hinged)

200

- clamped—-clamped, depth varying
' f=0.2, s=100, «=0.2, R=1
| ——" sinusoidal arch(=0.5)
| ---- : circular arch

150 L =1,2,3,4 1 mode number

U |-

o L

L

° L

£ L

E

v} WOO r

a -

P L

Q

C

S L

2 =

g

= SOj
7\|lk|1lk|1£lllllllfl!ll

8.0 0.2 0.4 0.6 0.8 1.0

Section ratio, n

Fig. 9 Variation of frequency parameter C, with sec-
tion ratio n (clamped-clamped)

sh AgobA (8=0.5 ) T THUEF .o} of
A1) AN f9) BA% ehd Aoz
Hog e obAE R obAel uls AANFF

4gs ¥ + Aok e YIFAAE A%

o7} Zrlakd LHAEFI} Fobske A9 e
d olb ohAFel} ol HE 34T AL A
Sol tlg 4] AR THAEST} FAbske A

pZASTNEZEE|X| /A 3H Al43, 19933, 337



22 Aud, E=3 O T FAe] wA}
e 2SS AT 5 sled olv FYI 2fAl
ol et WAAFH RARFTE e 2709
Rert B ouigic}, Fig 4, 5elA 5dF o}
A Fo] Azl fE %}h A5 AR AHHolx]
7} [Zolx|of vld] ZAREFFI =3, 7 2o
TE 1zl o 71%% & =

250
| hinged—hinged, depth varyin
L 9 g p ying
| f=0.2, s=100, n=0.8, R=1
[ —: sinusoidal arch(8=0.5)
200 - T circular arch
| 1=1,2,3,4 : mode number
&) L
50
0150
e L
E :___-____kl=_4_‘ ______________ =
o = — -
e ==
5100 === =3
e L
I}
L L
o L
g
B L
7A1A||]|IJII]|III1I11AILl
80 0.1 0.2 0.3 0.4 0.5
o

Fig. 10 Variation of frequency parameter C; with the
ratio of discontinuous section ¢ (hinged-hinged)

250
clamped—clamped, depth varying
[ f=0.2, =100, n=0.8, R=1
[ : sinusoidal arch(8=0.5)
200 77T circular arch

i=1,2,3,4 : mode number

Ci

150

100

Frequency parameter,

50

S Y S W [ T U T T N TN S S NN M TS S RS N S R

8.0 0.1 0.2 0.3 0.4 0.5
o

Fig. 11 Variation of frequency parameter C; with the
ratio of discontinuous section ¢ (clamped-
clamped)

338 /DA SFSZEHEX| /A 3W A 45, 1993

Fig. 6, 7& f=0.2, #=0.8, a=0.20]% ©$3]x]
-FEAA], aY-mAHL) AARAL ZE Y3olH
ot A&l (B=0.5)o] st T3} 7HAES
C:gb AR s #AE Jehd Aolth o] 2UE
A AAR7} FIIEFE FAY 2RAFTE 2
7bhe Ae & 5 Uk 2@y 7 2y 343
Fre 94 gog $dsrby 53] XA ae

N
F‘

dETe 2 F7He] v rlade &+ 9
=3 Fig 6, 7ol 4] A AAwE 2= 49 o
Moz HYolxrt Azopxel s nHAFFY
o 2T AEE Fokstes 2 Aol AL o
48 ¢ 5 Uk

T

S

Fig. 8, 9% 7=0.2, s=100, a=0.29] YZo}x9}
AEotA (B=0.5)e 3 T ZHAFSF G
Srdu] n Abo]e] AALE JEehd 740]4 °l adE
A whEu] no] FVIEFE FAY) IRAFSTE
F7HHE & 5 den, b W EH u}-&

AAAFTe] Wt ws 1 wslgo] A3 F&
& 4 9leh, Fig. 8, 9414 diAl2 Zébdow 7}

3
ofAfel] wld wHAFTI ol F& & 5 o,
53] All, 22 A7 AX Agolxe mf

sinusoidal arch(=0.5) _
clamped—clamped, depth varying
s=100, n=0.8, a=0.2, R=1

f=0.2,

Sisymmetric mode A:anti—sym. mode

Fig. 12 Example of mode shapes



oS sk

obal o} A2 E o4

AF57 o 23 GEn] go] 1d LR F oo}
2|7k 2HAETT iM“ o AZAE & 5 sloh

Fig. 10, 118 f=0.2, s=100, »=0.82 7 $-oj|
W3k Fad —I-'rrxlo'r Cist BdE 73] o8 @
AE Jepd Zlolth, o] AYHEANA FAL ]
ot s S afAeTe S 9
T ol

ARZ f=0.2, s=100, »=0.8, @=0.22 <F=t
1A ARl (8=0.52] ZFF& Fig 124 e}
Wk,

ok A 0}2]-?-_7:‘_E/H th4e 2] 2] -k ] 7]
176"—’;‘6‘—4 ﬂlﬂ L 7= -‘{J__‘;;_o].;'( 3

S ARAE B4 AN AR BT Seold

v_CIJ__
Cerel, 9 wes *}01—4 W %
)

(1) E. Volterra and J. D. Morell, 1961, “Lowest
Natural Frequencies of Elastic Hinged Arcs”,
Journal of the Acoustical Society of America, Vol.
33, No. 12, pp. 1787~1790.

2) J. A. Wolf, Jr., 1971, “Natural Frequencies of
Circular Arches”, Journal of the Structural Divi-
sion, ASCE, Vol. 97, No. ST9, pp. 2337~2350.

(3) B. K. Lee and J. F. Wilson, 1990, “Free Vibra-
tions of Arches with Variable Curvature”, Journal
of Sound and Vibration, Vol. 136, No. 1, pp. 75~89.

(4) L. H. Royster, 1966, “Effect of Linear Taper on
the Lowest Natural Extensional Frequency of
Elastic Arcs”, Journal of the Applied Mechanics,
ASME, Vol. 33, pp. 2111~2112.

(5) T. M. Wang, 1972, “Lowest Natural Frequency
of Clamped Parabolic Arcs”, Journal of the Stur-
ctural Division, ASCE, Vol. 98, No. ST1, pp. 407
~411.

(6) T. Sakiyama, 1985, “Free Vibrations of Arches
with Variable Cross Section and Non-
Symmetrical Axis”, Journal of Sound and Vibra-
tion, Vol. 102, pp. 448~452.

(7) M.]J. Maurizi, R. E. Rossi and P. M. Belles, 1991,
“Lowest Natural Frequency of Clamped Circular
Arcs of Linearly Tapered Width”, Journal of
Sound and Vibration, Vol. 144, No. 2, pp. 357~361.

(8) o, 4=, =Awy, Ak, 1992, “H3}
& HIdH ol AfxlE sAT, BT
283 =3, A48 A4E, pp. 107~117.

(9) P. A, A. Laura and P. L. Verniere de Irassar,
1988, “A Note on Vibrations of a Circumferential
Arch with Thickness Varying in a Discontinuous
Fashion”, Journal of Sound and Vibration, Vol.
120, No. 1, pp. 95~105.

(10) S. F. Borg and J. J. Gennaro, 1965, Advanced
Structural Analysis, Van Nostrand Company, pp.
21~33.

(11) S. P. Timoshenko, D. H. Young and W.
Weaver, Jr., 1974, Vibration Problems in Engineer-
ing, John Wiley & Sons, p. 254.

(12) A. W. Al-Khafaji and J. R. Tooley, 1986,
Numerical Methods in Engineering Practice, Holt,
Rinehart and Winston, Inc., pp. 419~424.

(13) J. W. Leonard, 1988, Tension Structures,
McGraw-Hill, pp. 300~ 304.

rok
H
B>
ulo
oﬁ

SE3IX A 3H Al43F, 19933, 339



