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An Analysis of Fully Developed Turbulent Heat
Transfer and Flow in an Annulus with the

Square-Ribbed Roughness on Both Walls
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Nomenclature(see also Fig. 1) P  pitch between roughness elements
Prt turbulent Prandtl number
a  thermal diffusivity r, R radius
C constant, 5.52 q heat flux
¢ specific heat Ri" Riltp/p)**v
K von Karman’ s constant S Roe-Ri
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Tj* (Tri - THCry/lar.(t/p)°7]
U™ Uiltgo/p)**
y  distance
yit ytp)h
Zrj imaginary location where Uj=0
o  radius ratio, R/R,
omo Rm/Ro

| Rm—Rj |
&' /R
eddy diffusivity
roughness height
mixing length
yi'/&”
kinematic viscosity

density
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shear stress
Subsecripts :

H Heat
i nner

ioro

.

m corresponding to the location of
maximum velocity

momentum

outer

radius

rough

smooth

e»m'-x;gog

turbulent

1. Introduction

A well - known method to increase the heat
transfer from a surface is to roughen the
surface either randomly with a sand grain or
by use of regular geometric roughness elements
on the surface. However, since the increase in
heat transfer is accompanied by an increase in
the resistance to fluid flow, the heat transfer
per unit pumping power expended may not be

improved. Therefore, it is desirable to obtain

optimum or advantageous geometrical shapes
and arrangements of the surface roughness
elements.

Lee(1) has shown that certain artificial
roughness elements can be used to enhance
heat transfer rates with advantages from th
overall efficiency point of view. The patterns
and effects of surface roughness on turbulent
flow can not effectively described by any single
parameter, such as the average roughness
height, . Nevertheless, many studies proceed-
ed as if ¢ alone were sufficient to describe the
flow induced by the surface roughness.
Schlichting (2) introduced the concept of equiv-
alent sand grain roughness, Ks, as means of
characterizing different types of surface rough-
ness by referring to the equivalent net effect
produced by Nikuradse’s experiments, which
were carried out in pipes that were artificially
roughened with uniform grains of sand. Allan
& Sharma (3) and Musker & Lewkowicz (4)
also attempted to set up models of turbulent
flow over rough surfaces.

Unfortunately, all these models require a pri-
or knowledge of the function to describe a par-
ticular set of shapes and arragements of
surface roughness elements. For such cases,
there seems to be no reliable prediction for
momentum and heat transfer available in the
literature. In our previous report (5) a different
approach from these models was used to
indirectly describe a particular surface rough-
ness for the prediction pressure loss and heat
transfer rate in an asymmetric flow induced by
the given roughness elements. This approach
was taken because, with asymmetric bound-
aries, the flow exhibits some characteristic
aspects by virtue of symmetry that have been
hidden.

In this study, it is assumed that the surface
roughness affects only locally on the velocity
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profiles and therefore an empirical roughnes
correlation previously obtained for the flow
between two parallel plates with square -
ribbed surface roughness elements on the one
surface only (1) could be used in the analysis.
This assumption is tested and proved to be
realistic (5). The resultant effect of artificial
roughness is determined from a comparison of
rough and smooth surface with regard to the
heat transfer increase relative to the increase

in pressure losses.
2. Analysis

Since the energy equation is linear and
homogeneous, superposition models are used
to obtain solutions for the inner wall heated

with the outer insulated.
2. 1 Assumptions(see Fig. 1).

(1) The annulus is concentric. Both the
outer wall and the inner core surface are
“square — ribbed”.

(ii) Velocity and temperature fields in the
annulus are fully developed.

(iii) The line of the maximum velocity
coincides with the line of the zero shear stress.

(iv) For the rough wull regions, a modified

logarithmic velocity profile is used. The surface

Fig. 1 Idealized Model

roughness affects only locally on the velocity
profiles.

2. 2 Velocity and Temperature
Distributions

For the
distributions, use is made of the concept of
eddy diffusivity, €y, and the turbulent Prandtl
number, Pr,. The basic equations governing the

velocity and temperature

transport of momentum and heat can thus be

written as :
T U,
P =(V+ey) 3y @)
q _ aT
s ={(a+eg) or (2)

For the velocity profiles, we use the following
which proved to be reasonable (5) :

U&= Kijma,/(z:j/s;n

(Z5185)<§,<1 (3)
er =Ymr EXP [(UTR(J / UTRi)
{1.(S =y, X Utro/ V)+C K,l] 4)

and from Ref. (5), we obtains :

¥, = 0.299S Re" ¥ (S/e)**°(P1S)**! (5)

The term, (Utg;/(Utg,), must be obtained
from the case of annular flow where an inner
core has the roughness elements and the outer
wall is smooth (5). Now, from Egs. [1] and {2],
we obtain(see Appendix ) :

8U}(1+§VM) (q;/qx)
=% J

ok, ( 1,+J_—€—‘i) (r;/ tx)
J

aT; _

(6)
E Prt v

The shear stress distributions, t/tg;, and the
heat flux distribution, gi/qri, are obtained from
force and energy balances, respectively, as

follows :
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2. 3 Eddy Diffusivity for Momentum, €
The eddy diffusivity is defined as :

f’_g_f,
dy

2

(ex), =1 (11)

J

where [ =Kj(yj - Zr)
Eq. (11) can be made dimensionless as :

lea/ V], = K85/ E511=(Z,;:8, 1 E ) F (1) (12)

where for j=i, F(1)=Utri/Utre and for j=o, F
(=1,

2. 4 Reynolds Number, Friction
Factor and Nusselt Number.

The definition of Reynolds number is given
by :

Re=U,2(R,~R)/v=2U;(R;-R)) 13)

Eq.(13) in dimensionless parameters is :

Re = [%][53 j(lz;h/zs;;(l'*’ AEIULAE,
+ észfz;n,m;)(l— A,,E,.,,)U,t(gn)dgn] (14)

The average value of friction factor is defined

as :
— 2n(fiRi+foRo)
f= 2r(R;+R,) (15)
In dimensionless parameters, we have :
(1—a)2[1+99?&] N2
/=8 L e JIf Ro (16)
(1+o) Re
The definition of Nusselt number is :
Nu= 2B R) ol 1o R Er (17)
k o T:

And the dimensionless bulk temperature in

dimensionless parameters becomes :

T; (00871 50 1+ AU T

= —*74 R
Re(1+o)
+ 2801 i (1= B UL TS dE, (18)

2. 5 Boundary and Matching
Conditions

From a force balance, we obtain the shear

stress ratio as follow :

T ( R.— Zkuj R:—(R+Zr) (19)
- . 2 2
Tre \ Ri+*Zri )| (R,—Zr,)°— R%

It is well established that the standard
universal velocity is not fully adequate for the
inner velocity distribution of concentric
annulus (6, 7). Therefore, while a fixed value of
0.4 for Ko is taken, the value of Ki is to be
calculated from the appropriate boundary
condition. From the continuity of the qddy
diffusivity at the location of the maximum
velocity(r=Rm), we may obtain the following

relation from equations (3) :

+ + 12
K=K, 84: [,lj(,z,@/,sf)ﬂ]% Utg, (20)
& [1H(ZR! 81 Utn
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From the continuity of velocities at the
location of the maximum velocity, at r=Rm,
Uim= Uom and from the definition, at r=Ri+Zri
and Ro - Zr, Uj=0. The equality of temperature
at the location of the maximum velocity,
(r=Rm), and

*T: _ °T,
N =

The matching conditions (21) and (22) are
required because the derivative of temperature
profile is locally diverged at the point of the
maximum velocity. To obtain the results for a
given Reynolds number, first of all, a Reynolds
number should be given ; however, the
Reynolds number is actually obtained from the
velocity profile, and the velocity profile is
obtained from the given Reynolds number.

Therefore, a two — dimensional iteration
method is used ; one is for the velocity, and the
other is for the Reynolds number. For the ini-
tial guess, a dimensionless sublayer thickness
(Esub) is used, and the dimensionless sublayer
thickness(Esub) is the number between 0 and 1,
so that Ro” and Rm*/Ro” are the variables of
Reynolds number. With the guessed Rm*/Ro”,
the velocity profiles in the smooth and rough
parts are obtained, where we use the 5 - point
Gaussian quadrature integration method. At
the maximum velocity position, we check the
equality of velocity. With the condition that
velocities of both parts are equal, the Reynolds
number is calculated with the velocity profiles
obtained from Simpson’ s integration method
with the number of nodes equal to 5000. If the
velocities are not equal, we reguess the value
of Rm"/Ro". If the calculated Reynolds number
is equal to the given Reynolds number, the
velocity profile is obtained. Finally, the friction

Table 1 Parameters used in calculation

class range
Input a 0.2,0.4,0.5,0.8 and 0.9
Ro* in terms of R. : 10* to 10°
Pr 0.1,0.72, 1.0, 2, 7 and 30
parameters | Ple 2,4 and 8
Sle 9.7,19.4 and 25
Prt fixed at one for this paper

factor, temperature profile, bulk temperature,
and Nusselt number are calculated. And we
use the parameters in calculation as follows :

3. Results and Discussion

Representative velocity profiles from the
analysis are shown in Fig. 2. The previous
analytical and experimental study for the case
of an annulus which had the same roughness
element as those of the present study on the

1.4 _@=0.4
Re = 44,000
S/e = 19.4

1.2

1.0

P/e=4

5
£
5 0.6 P/e=2
Ple=4
B
0.4 Smooth \
/I — - — Rough, Both
-_— - Rough, Both \
0.2 —_ o~ Rough, Core only \

a Experiment

(Rough, Core only
P/g=4)
0 | ! 1 |
0 0.2 0.4 0.6 0.8 1
¥/ (Ro-Ry)

Fig. 2 Velocity distribution
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Fig. 3 Friction factor

core surface only (5) is also shown in the figure
as a reference.

The loci of the maximum velocity of the
present case where the roughness elements are
on both wall surfaces are closer to the core
tube.
analogous to that of the concentric annuli with

This is expected as the present case is

smooth wall surfaces. The data for other
ranges of parameters showed similar trend.
Although we do not have any experimental
data, it may be deduced from our previous
study (8), the velocity profiles predicted must
be very close to the actual measurement.

It is expected that the assumption used in
the analysis diverges from the reality with
increasing value of P/e because of Eq. (5). It is
obvious from the figure that the friction factor
is strongly affected by the roughness density,
P/e. It was also seen that f was also affected by
the relative height of roughness, S/, as well as
by the geometry of roughness elements. The
figure also illustrates the deficiency of the

Moody's diagram.

100

a = 0.5
S/e = 19.4 Phe

Both
P/e=8 -

YT

T
\

P
10 ///// Core only
- P/e=8 7 —
[ 7 g -
- -
i - Both P/e=2
- -— T T~
- - N
// - ~
- ~
//—’_—-—__—7\\
1.0F
F L Core only
L P/e=2
0.5 i 11l 1 oo 3 31}
104 105 106

Re
Fig.4 Friction factor ratio. F

In Fig. 4, the increase in pressure losses in
terms of friction factor due to the roughness
elements on the both wall surfaces is
normalized by that of the smooth case. The

normalized friction factor is defined as ;
F=f1F, (23)

The effect of P/e is significant.

The effect of S/e on F is also seen but is less
and the trend is opposite, that is, F decreases
with increasing S/e for the range of the
parameters studied.

Heat transfer in terms of Nu is also

normalized as :

H = Nu,/ Nu, (24)

The effects of P/e and Pr on H are seen in
Fig. 5 to be similar to the trends observed for
the annuli with roughness on the core tube
surface only (5). However, the magnitude of the
values of H is always higher than that of the
latter. The additional roughness on the outer

wall must have contributed to the increase in
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100 -
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Fig. 5 Heat Transfer Ratio, H

heat trasnfer as was the case of F as seen in
Fig. 4. The values of H are seen to be slightly
less than those of H for the same conditions.
The resultant effect of artificial roughness is
determined from a comparison of rough and
smooth surfaces with respect to the heat
transfer increase relative to the increase in
pressure losses. This is expressed in terms of a
non - dimensional parameter, H/F, which is

defined as :

H/F=(Nu,!Nu)/(f./f) (25)

(H/F)>1 suggests that the increase in heat
transfer due to roughness is greater than the
increase in pressure loss due to roughness and
therefore it is advantageous to have the
particular roughness elements from the overall
efficiency point of view.

Fig. 6 shows the effects of P/e and Pr on H/F
for the case of the annuli with roughness on
the core only, the ratio H/F is always greater
than unity, for Pr=0.7 and 30, implying that

the increase in heat transfer due to the

100
r a= 0.5 /e
- s/e = 19.4 Core only 2
i — — — «— Core only 8
1 — — — — Both 2
H ——— — =~ Both 8

Pr=30

— - - \
- e ——
0.5 s TR WY S i T S ST I Y
104 105 108
Re

Fig. 6 The effects of P/e and Pr on H/F

presence of the roughness element is greater
than the increase in the pressure drop.
However, for the present case, the values of
H/F for Pr=0.7 are less than unity. This is due
to the fact that the presence of the roughness
elements on the outer wall increases the
pressure drop more than the case where only
the core wall has the roughness elements.
However, the effect of increasing Prandtl
number is to increase the ratio H/F for the

1.5
Pr =07 -
a=05 —
M Pre=2 /—
- Core S/ ¢ = 9.7
3 ,,/ Core S/ ¢ = 25
H/F /
1.0
oo o ---74
Tl m e e - -
Pl ety - - -
_ {Z&,
Both S/ ¢ = 9.7
0.5 L N N RS TN | I
104 . 10° 3x10°
Re
Fig.7
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range of Prandtl number studied.

The effect of Reynolds number on the ratio is
seen to be not so simple. H/F decreased with
increasing Reynolds number up to about 10.
However, a further increase in Reynolds

number brings an increase in H/F.

5. Conclusion

The effects of the radius ratio, roughness
density, relative roughness height, Reynolds
and Prandtl numbers on the parameter H/F
are identified for a turbulent flow induced by
square — ribbed surface roughness elements on
the both walls of a concentric annulus. The
study demonstrates that additional presence of
roughness elements on the other wall
contributes to the increase in pressure drop but
certain artificial roughness elements can still
be used to enhance heat transfer rates with
advantages from the overall efficiency point of
view. The required pumping power per unit
heat transfer rate decreases with increasing
value of P/e, the decreasing values of S/e and «,
and increasing Prandtl number for the ranges

of parameters studied.
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Appendix

Derivation of Equation (6)

We have to consider two cases of momentum
and energy equations ; for j=j and for j=0.
Considering the situation for j=i first and
dividing equation (2) by equation (1), the
temperature gradient is obtained :

T _ oU:/dy,(1+ex/Vv)q,(pC)

%, 1 LEM)
(Pr+Pn i/ Ti/p

(A1

Using the dimensionless velocity gradient
parameter, 2 Ui/ a2 yi=(a Ui/ a2 &)} Utg,/v)
(1/8i"), and the definition of dimensionless
temperature, 2 T/ a2 yi= — (2 Ti'/ 2 £E)(Utg,7v)
(1/8i" ) X qgi/C1ge, and then, substituting these
into equation (A.1), we obtain :

ar; aU:<1+§5£)i(qi/QRi).

B gL ,L?M)
95 A+ 8 ()

(A.2)

i
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Next, using the same method with that of Adding equation (A.2) to (A.3), the equation
j=0, we obtain : (6) is given by :
o140 (%) @700
o aUn(1+ " )o(qv/qm) oT; BUJ( v ), q;/ qp;
a&o =- 1 L e (A.3) —aa— =t 1 1 s (A.4)
o 4L M s L EM .
aio( Pr Pr v jo(r,,/m,) / ag’(Pr+Pr, Y ]J(‘tj/mj)
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