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Shape Design Sensitivity Analysis of Axisymmetric Thermal Conducting Solids
Using Boundary Integral Equations
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Abstract

A generalized method is presented for shape design sensitivity analysis of axisymmetric
thermal conducting solids. The shape sensitivity formula of a general performance functional
arising in shape optimal design problem is derived using the material derivative concept and the
adjoint variable method. The method for deriving the formula is based on stand?rd axisymmetric
boundary integral equation formulation. It is then applied to obtain the sensitivity formulas for
temperature and heat flux constraints imposed over a small segment of the houndary. To show
the accuracy of the sensitivity analysis, numerical implementations are done for three examples.
Sensitivities calculated by the presented method are compared with analytic sensitivities for two
examples with analytic solutions, and compared with sensitivities by finite differences for a

cooling fin example.
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Table 1 Temperature sensitivities for the cylin-
der problem

Element ﬁAnalytic ] SDSA T .
o Ratio (%)

number sensitivity result
1 —5.58956 —5.69981 101.97
2 —14.58143 | —14.66438 100.57
3 —21.57130 | —21.62618 100.25
4 —27.21890 | —27.25627 100.14
5 —31.91611 | —31.94856 100.10
6 —33.98974 | —33.99187 100.01
7 —33.98974 | —33.98803 99.99
8 —-33.98974 | ~33.98901 100.00
9 —33.98974 | —33.98803 99.99
10 —33.98874 | —33.99187 100.01

Table 2 Heat flux sensitivities for the cylinder

problem
Element Ana'll?ftfc SDSA Ratio(9%)
number sensitivity result
6 —339.897 -339.919 100.01
7 —339.897 | —339.880 99.99
8 —339.897 | —339.890 100.00
9 —339.897 | ~339.880 99.99
10 —339.897 —339.919 100.01
16 —9033.700 | —9035.390 100.02
17 —9033.700 | —9030.970 99.97
18 —9033.700 | —9035.774 100.02
19 —9033.700 | —9030.970 99.97
20 —9()33.700J —9035.390J 100.02
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Fig. 4 A sphere problem
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Table 3 Temperature sensitivities for the sphere

by, Ten2 Aosiolch, AAMSES 97 b2 A3 problem
2 REFZAS vlEse d44 UgEE Fx3
gom HBZo) o] 42yt Lxel 9% o Element Ana.llyt‘ic SDSA Ratio (%)
Far YETAYG TAGA A (30) oz Aoy number sensitivity result
o L% WEAsE 943 AAzAC NHY AA) 1 —211.4529 | —211.4531 |  100.00
oA, 221 94 WHREE OB 2ol A 2 —211.4529 | —211.4525 | 100.00
AAN Ak s o) 3 —211.4629 | —211.4522 |  100.00
Fig. 59} 7o) F9] whsig 15709 23 #AALA 4 —211.4529 | —211.4487 100.00
2 Bk 97 b} AWML mE Ao 5 —211.4529 | —211.4609 100.00
A AAEEE cho 2ok 6 —214.5826 | —214.5818 |  100.00
7 —218.4948 | —218.4908 | 100.00
Va=3b and V;=0, on ' 8 —220.6682 | —220.6620 | 100.00
V,=0 and VS=Z:Z&7, on Iy (34) 9 —221.9332 | —221.9039 99.99
10 —222.6887 | —222.7505 | 100.03
V,=0 and m:—Z’:Zab, on Iy 11 —222.9449 | —222.9664 | 100.01
12 —222.9449 | —222.929 99.99
71X pr T FANA AHALY Hrxe ut 13 —222.9449 | —222.9419 |  100.00
ZUAE vebdch AAME 974 bl A Ul 14 —222.9449 | —222.9361 |  100.00
15 —222.9449 | —222.9515 |  100.00

Table 4 Heat flux sensitivities for the sphere

problem

Element Ane?l?rtfc SDSA Ratio (%)

number sensitivity result
1 —4229.058 | —4229.061 100.00
2 —4229.058 | —4229.051 100.00
3 —4229.058 | —4229.043 100.00
4 —4229.058 | —4228.973 100.00
5 —4229.058 | —4229.217 100.00
11 —2229.449 | —2229.664 100.00
12 —2229.449 | —2229.296 99.99
-— - ‘ 13 —2229.449 | —2229.419 100.00
6 7 8 9 10 14 ~2229.449 | —2229.361 |  100.00
Fig. 5 Quadratic boundary element medel and ele- 15 —92229.449 | —2229 515 100.00

ment numbers for the sphere probiem
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Fig. 6 A cooling fin problem
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Fig. 7 Quadratic boundary element model and ele
ment numbers for the cooling fin problem
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Table 5 Temperature sensitivities for the cooling fin problem
Flement o o 40 o; 04/ 40X 100
number
1 —0.4530 —0.4528 0.1367E—-03 0.1369E—03 100.13
2 —0.4469 —0.4468 0.1339E—03 0.1341E—03 100.14
3 —0.4387 —-0.4386 0.1278E—03 0.1280E—03 100.14
4 ~0.4288 —0.4287 0.1208E—03 0.1210E—03 100.14
5 —~0.4174 —0.4173 0.1139E—03 0.1141E—03 100.16
6 —0.4044 —0.4043 0.1062E—03 0.1063E—03 100.17
7 —0.3900 —0.3899 0.9699E — 04 0.9716E—04 100.17
8 —0.3741 —0.3741 0.8688E—04 0.8704E—04 100.19
9 —0.3567 —0.3566 0.7569E — 04 0.7585E—04 100.22
10 —0.3376 —0.3376 0.6260E—04 0.6276E—04 100.26
11 —0.3167 —0.3167 0.4854E—04 0.4865E — 04 100.24
12 —0.2936 —0.2936 0.3758E—04 0.3590E—04 100.32
13 —0.2679 —0.2678 0.1802E—04 0.1830E—04 101.56
14 —0.2386 —-0.2387 —0.2190E-04 |—0.2163E—04 98.76
15 —0.2042 ~0.2042 —0.8247TE—~04 [—0.8280E—04 100.41
16 —0.1581 —0.1582 —0.1252E—-03 |—0.1244E—03 99.35
Table 6 Heat flux sensitivities for the cooling fin problem
Element )
o o 40, o7 Qo 40, X100
number
1 0.2410 0.2415 0.4101E-03 0.4107E—-03 100.13
2 0.2593 0.2597 0.4016E—03 0.4022E—03 100.14
3 0.2838 0.2842 0.3834E—03 0.3839E—03 100.14
4 0.3135 0.3139 0.3623E—03 0.3629E—03 100.14
5 0.3479 0.3483 0.3418E—-03 0.3423E-03 100.16
6 0.3868 0.3871 0.3185E—-03 0.3190E—03 100.17
7 0.4300 0.4303 0.2910E-03 0.2915E—03 100.17
8 0.4776 0.4779 0.2606E—03 0.2611E—03 100.19
9 0.5298 0.5301 0.2271E-03 0.2276E—03 100.22
10 0.5871 0.5873 0.1878E—03 0.1883E—03 100.26
11 0.6499 0.6501 0.1456E—03 0.1460E—03 100.24
12 0.7192 0.7193 0.1073E-03 0.1077E—-03 100.32
13 0.7964 0.7965 0.5405E—04 0.5489E—04 101.56
14 0.8841 0.8840 —0.6570E~04 |—0.6488E—04 98.76
15 0.9875 0.9873 —0.2474E—03 | —0.2484E—03 100.41
16 }.1257 1.1253 —0.3756E—~03 |—0.3732E—03 99.35
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