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SPECTRAL ANALYSIS OF JACOBI
POLYNOMIALS IN KREIN SPACE

S. S. HAN and K. H. Kwonr

1. Introduction

The Jacobi polynomials {Pnn’ﬂ)(x)};,";o are polynomial solutions of
the second order Strum-Liouville differential ¢ quation of the form

(= 1)y" +H(a++2e+(a=P)l = n(ntatbilly, n=01,...,

where «, f#, and a + 8 + 1 are not negative integers, and they are
orthogonal with respect to the distributional weight

(1.1) w(z)=(1-2)§(1+2)].

When a, f# > —1, w(z) is a locally integrable junction given by
. { (1-2)*(1+2)?, -1 <2z <1,

w(z) =

0, otherwise.

(1.2)
When a or # < —1, a regularization of (1 — 2)*(1 4 z)# is required

[7  -N~1<a<-N,-M-—1<f < —M, where N and M are
positive integers, we have for any smooth function ¢(z)

(w’\¢) :(F(a +I;()?:_ﬂi-§)2£)a+ﬂ+l) (/:(J —x)” ((1 +a) ()

ZEﬁ IL' N
Z(H ) o) . (-1)’(1—m)’)dr

r=1

¥ / _Ulu ¥ m)ﬂ((l ~2)7d(a)

Z ((1 _ x)a¢(x))(k) (1 -+ .’E)k) dz
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((1+ w)ﬂsb(x))(’) _ =1y
+ Z =1 (a +147)
(- z) ¢(I))(“ 1
* Z ! !z:—-l (ﬂ+1+k))

For the so called classical orthogonal polynomial sets, i.e. Jacobi, La-
guerre, Hermite, and Bessel polynomials, all of which satisfy second
order Sturm-Liouville differential equation of the forra (see [5]),

(1.4) p(z)y" +q(z)y' + r(z)y = Ay,

the spectral analysis of the associated Strum-Liouville problems is well
advanced except for the Bessel polynomials and the Jucobi polynomials
(PP (2)}52y when a or B < —1 [5].

Recently the spectral theory for the Bessel polynoriials in a suitable
Krein space is partially developed using a hyperfunctional weight. In
case of Jacobi polynomials {P(a’ﬂ)} for a or f < —1, the regularization
(1.3) generates an indefinite inner product (f,g) = ( , fg), in contrast
to the ordinary inner product

15 (fa)= [ @@ -0+ dz, af> 1

In this work, we construct an appropriate indefin:te inner product
space (which turns out to be a Krein space) in which the Jacobi operator

(1.6) £=(c* ~1)D? + [(a+ B +2)z + (a — f)|D

is self-adjoint and the Jacobi polynomials {P,(,a’ﬂ) (z)} «re complete with
real discrete eigenvalues n(n +a+ 8+ 1), n=0,1,....

Since the analysis for distinct pairs of a and 3 are essentially the
same, we study here the special case —N — 1 < a, 8 < —N and
—2N —-1<a+pA+1< —2N, N is an even integer.
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2. Spectral Analysis

In [7] it was shown that the Jacobi polynomials {P,E“"”(x)};gﬂ are
orthogonal with respect to the sesquilinear form

(2.1) (f,9) = (w, f§),
and
(2.2)
(PiP (), PPN (x))
_ Ta+B+2)T(a+1+n)(8+1+n) p
S Da+)T(B+ 1)l (a+B+1+n)(at B +1 +on)n! ™™

m,n >0

where é,,, is the Kroneker delta.
It naturally leads us to define spaces J¥ to be the span of

(P | (P{R),) > 0} and {PLP) | (P9, Pl < o),

respectively.
Precisely, when N = 2M, J* is spanned by

PPy, k=01, M-1,
szi"ﬂ’(a:,), k=M+1,M+2, .. 2M,

and

PlP(z), n=4M+1,4M +2,... .
J ™ is spanned by

PP(), k=0,1,...,2M,
and
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Piefie), k=M+1,M+2,... 2M—1.

On the space J = J* @ J~, define a new positive defiaite inner product
by

(2.3) [f.9] =D (f,el)(el?, g)
0

where »
£ (2) = |(PL), PL9)| ¥ PP )

is the normalization of P,Ea’ﬂ)(x). Then [f,9] = (f,9) on JT and [f,¢] =
|(f,9)| on J~ and the space J with [, ] becomes a pre-Hilbert space.
Let K* be the completions of J* respectively with respect to [, -] and
let K=Kt@ K.

We note that

oo o0
Kt = {Z cn€l®P | elP) ¢ J+,Z len]? < oo},

0 0

K- = {cheg«m el € 77, feaf? < oo},
()]

0

o o«
K= {Z cnel®P) IZIC"‘Z < oo}
0 ‘

o

Moreover, the space K with the indefinite inner product (-,-) (resp.
[,-]) is a Krein space (resp. a Hilbert space). For more details on
Krein spaces, we refer to Bognar [1].

The Jacobi operator £ in (1.6) is densely defined symmetric operator
in K with domain J given by

N
(2.4) £f = Zn(n+a+/3+ 1)cne£:”ﬂ),
0
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X (@8)
forany f =3 cpen™ in J.
0

Define another linear operator L in K by

(2.5) Lf= Zn('n+a+,3+ De,el®?)
0
N ()
forany f =) cpen "’ in D, where
0

D= {chegm €KY In(ntatf+1)ff < oo}.
0

0
Since J C D, L is also densely defined in K.

LEMMA 1. L is symmetric, that is, for any f and ginD

(2.6) (Lf,9) =(f,Lg).

Proof. This is straightforward.

LEMMA 2. For any complex number A # a(n +a + 8 + 1),n >0
integer, (L — AI)D = K and L — Al has an inverse which is bounded
with respect to [-,-] and so the operator L is self-adjoint in K.

oo
Proof. For any g = Edneg]’ﬂ) in K, consider (L — AI)f = g. If
= (enB) i
f=3 Cnen’ , then we have
0

; dn
2.7) n = , >0.
(2.7) ¢ nn+a+p+1)—-2 n20

For any A # n(n+a+ B+ 1), n > 0, both ¥ len|? and 307 In(n +
0

@+ # + 1)c,|?* are finite so that f must be in D. Moreovcr if we set

- = mf |)\~n(n+a+ﬂ+1)| > 0, thenZ]c |2 <52Z|d |, so that

&

(L — /\I) ~! is bounded and for such real /\ (45— AI)™ 1 is self-adjoint
since it is defined on the whole space K. Thus L is also self-adjoint.

As a consequence of Lemma 1 and Lemma 2, we now have
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THEOREM 3. (a) L is a self-adjoint extension of £ in K.
(b) The spectrum of L consists of only eigenvaluss n(n + a + 8 +

1), n > 0, with multiplicity 1 and Jacobi polynomials {P,(,a’ﬂ)(:r)} as
corresponding eigenfunctions.

Proof. (a) This is immediate consequence of Lemraa 2.

{b) Since Lf’,(,a’ﬂ)(z) =n{n+a+pf+ 1)P,(.a’ﬂ)(1::), n > 0 and there
are no other points in the spectrum of L, for if A # a(n+ a+ §+ 1),
n 2 0 integer, then (L — XI) is invertible and its racge coincides with

K, hence the spectrum of L consists of only eigenvalues n(n+a+pg+1),

n > (), with single corresponding eigenfunction pLf
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